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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 The Three Watershed Moments in Macroeconomics

Why financial crises are so important? Figure 1.1 depicts the striking resilience of
the economy of the United States. The US GDP bounced back after most recessions
and returned to the previous trend growth, i.e., the economy made up previous output
losses. There are two exceptions: the Great Depression in the 1930s for which the re-
covery took almost a decade and the global financial crisis (GFC) after 2008. In other
words, Figure 1.1 suggests that regular business cycles come and go, but the economy

is less resilient after financial crises.

Logarithm of US Real GDP (millions of 2017 dollars) Logarithm of US Real GDP (millions of 2017 dollars)

Great
recession

9.8

Global
Financial
Crisis

dotcom

Great

depression 94

R I I I AR  APC I LU PC A I T T I PN N L

Figure 1.1: Panel A depicts the log-level of US GDP, while Panel B zooms in log GDP-
level from 1996 onwards. The shaded areas show recession periods.

After the great depression in the 1930s, the economy did not bounce back for a long
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CHAPTER 1. INTRODUCTION

time, and arguably it required the fiscal spending associated with WWII to return to the
previous GDP trendline. The Global Financial Crisis in 2008 led to the Great Recession,
also because - as some observer argued - the fiscal spending was not aggressive enough.
Panel B zooms in to stress that after 2008 both the level of GDP and the subsequent
growth rate are depressed. So far, there has been no bounce back. Remarkably, the US
economy was resilient to the Covid19 pandemic shock: US GDP returned to its post-
GEFC trend.

1.2 What is Macrofinance?

Macrofinance studies examine how finance impacts the macroeconomy. This field
reached new prominence after the global financial crisis, but its roots go far back in his-
tory of economic thought. In fact, arguably all eminent economists throughout history

have been concerned with the relationship between the macroeconomy and finance.

Macrofinance deals with big issues in macroeconomics, growth and efficiency, as
well as with stability of the financial sector as well as the whole macroeconomy. It
encompasses many strands of models and empirical analysis. All models involve a
dynamic general equilibrium analysis. In most macrofinance models with financial
frictions and heterogeneous agents the distribution of wealth matters. Indeed, wealth
shares are important state variables. Hence, inequality is also an important policy con-

cern for macrofinance besides growth and stability.

Macrofinance is a “broad church” that touches on most subfields of economics and
tinance. In finance, it is tightly connected to asset pricing, intermediary finance, cor-
porate, household, and behavioral finance. In economics, the overlap with monetary

economics and public finance is arguably the largest.

1.3 Continuous-Time Modeling

Continuous-Time macro-finance models will be the main workhorse of this class.

Continuous-time modeling has several attractive features. First, there is a sharp distinc-
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CHAPTER 1. INTRODUCTION

tion between stocks and flows. Rate changes only affect the stock over a time interval
of strictly positive length. Importantly, there is no distinction between beginning-of-
period and end-of-period stocks. For example, wealth is equal in the beginning and
end of the period, so that consumption is the time-preference rate times the end of pe-
riod wealth (for log utility). Second, when solving optimal stopping problems, one

does not face integer issues.

Third, it helps overcoming time aggregation of data. Different data come in different
frequencies. For example, GDP is quarterly, whereas financial data is of much higher
frequency. Continuous time models provide an easy framework to deal with these

discrepancies.

Fourth, continuous time modeling sometimes squares better with reality. We live
in a continuous-time world and do not consume only at the end of the quarter, even
though the aggregate macroeconomic data commonly come in quarterly. In discrete
time modeling, consumption within periods is simply summed up. This creates an
artificial distinction between consumption substitution within and across quarters. Im-
plicitly, the elasticity of intertemporal substitution in a quarterly discrete time model
is infinity within quarters, while across quarters it is given by the curvature of the
per-period utility function. In contrast, in continuous-time models the elasticity of in-

tertemporal substitution is the same within and across periods.

Besides, continuous-time modeling is often more tractable and allows for a tighter
characterization of economic models. For example, in the models discussed in these
notes, we can fully characterize the whole dynamical system including the volatility
dynamics instead of simply studying a log-linearized representation around the steady
state. The well-known Kolmogorov Forward Equation (Fokker Planck Equation) re-
veals state variables” distribution evolution path starting from any initial distribution,
while the impulse response functions in discrete time capture only the expected path
after a shock that starts at the steady state.! Also, the stationary distribution can be bi-
modal and exhibit large swings, unlike stable normal distributions that log-linearized

models imply.

!We will introduce its continuous-time version: “distributional impulse response" in Chapter 3.
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CHAPTER 1. INTRODUCTION

Moreover, continuous time allows one to derive more analytical steps and “more”
closed form characterizations of the equilibrium before resorting to a numerical analy-
sis. For example, the evolutions of capital, price, net worth are captured by the closed
form stochastic differential equations. One can also derive explicit closed-form expres-
sions for amplification terms, as only the slope of the price function is necessary to
characterize amplification. In contrast, in discrete-time settings the whole price func-
tion is needed, as the jump size may vary. On the other hand, the numerical procedure
is more straightforward and faster? than discrete time as one no longer needs to search

the grid when looking for policy functions.

In terms of tractability, one of the largest benefits of continuous-time models for
macrofinance arises in the context of portfolio choice problems. To appreciate this, let
us briefly describe a fundamental difficulty of analytically handling portfolio choice in
a discrete-time environment. Suppose there are | assets, j = 1, ..., |, with (gross) returns
R{. In the cross section, returns aggregate additively to portfolio returns. The portfo-
lio assigning weight 0{ on asset j has a return of 2}21 G{R{;. To retain tractability in the
cross-section, we typically assume that R} is normally distributed, so that the portfolio
return payoff also follows a normal distribution. However, in the time dimension, re-
turns aggregate multiplicatively. The return of asset j over time is R{ X R{; 4 X+ The
returns can only be aggregated over time within the same family of distribution if they
are log-normally distributed. To tackle this problem in discrete-time models, it is com-
mon place to log-linearize the first-order conditions around the steady state. However,
a first-order approximation ignores all volatility terms and makes all assets equivalent.
A second-order approximation around steady state is only a partial resolution: it elim-
inates time-varying volatility, making it impossible to study volatility dynamics. Often
one resorts to a log-linearization approximation beyond the steady state a la Campbell
and Shiller, (1988a, 1988b), that mimics the continuous time portfolio choice problem

and is precise in the continuous time limit.

Admittedly, some of these features are not due to continuous time per se but due

to the continuous nature of a particular class of stochastic processes that is typically

ZNumerical implementations will be studied in Chapter 3. The equilibrium is characterized by par-
tial different equations and solved numerically.
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CHAPTER 1. INTRODUCTION

assumed in continuous-time modeling, so-called Itd Processes. An It6 process is a pro-
cess whose changes over infinitesimally small time intervals are normally distributed.
If X; is the value of a stochastic process at time ¢, we denote by dX; its time differential,
which is to be interpreted as “X;, ;s — X;” for a small (infinitesimal) time increment dt.

An It6 process X; satisfies
dXt = ‘l/lX,tdt + U'X,tdZt.

Here, dZ; is the time differential of a Brownian motion. Intuitively, one can think of
dZ; as the continuous-time analog of normal white noise, i.e., i.i.d. standard normal
shocks, in discrete time time series models. We discuss Brownian motion in the next
subsection. The coefficients yx ; and ox; are called the (arithmetic) drift and volatility
of the It process at time t. The volatility dynamics are fully loaded on the Brownian
shocks dZ;, instead of some probabilistic states as is commonly the case in discrete-
time models (e.g., a Lucas tree). Importantly, even if the time differential dX; of the Itd
process is normal at any given time, the time increments X; — X of the process over
any positive-length time interval [s, t] can nevertheless be non-normal and exhibit, for

example, skewness when the drift and volatility are time-varying.

An important property of Itd processes is that their paths are continuous. In eco-
nomic models, this means information arrives smoothly in a continuous manner. Im-
plicitly, it also assumes that agents can react continuously to a continuous information
flow, so there are no jumps of any variables. On the one hand, continuous paths can
greatly simplify analysis and numerical computations. For example, the discrete-time
collateral constraint b;R; ;11 < min{g; 1 tk; becomes by < (g; + dg¢)k: in continuous
time. Since continuous paths rule out jumps, dg; is infinitesimal compared to g;, hence
the condition simplifies to b; < g:k;. On the other hand, continuous paths can be re-
strictive. For example, in an environment with only Itd processes, investors can delever
continuously to avoid default, which emboldens investors ex ante and makes it impos-
sible to study default in equilibrium. For more general purposes, one might use Lévy

processes which allow for jumps.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

Chapter 2

Portfolio and Consumption Choice in

Partial Equilibrium

To start with, we introduce the basic terminology and results we will follow in this
course and apply them to solve Merton’s portfolio choice problem. The main objective
of this lecture is to introduce the basic techniques to solve continuous-time macrofi-

nance models.

2.1 It6 Calculus

2.1.1 Brownian Motion

As described, a Brownian motion is a process Z; whose time differentials dZ; play
the role of normally distributed white noise. This can be motivated from a discrete-time
approximation as a binomial tree over shrinking time periods At, with shrinking steps
h, = o+/At/n. Figure 2.1 shows processes for different n. Even though the individ-
ual time steps in the discrete tree are not normally distributed (they have a Bernoulli
distribution), the change in the tree over a fixed number of time units sums over more
and more time steps as we refine the tree (increase 1) and, by the central limit theorem,
are normally distributed in the limit n — oco. In Section 2.1, we introduce a formal

definition of a Brownian motion on a filtered probability space.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM
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Figure 2.1: Binomial trees for different n.

This section will more formally introduce the basics of 1t6 calculus, which will be

extensively used during the course.

Consider a filtered probability space (Q, F, (Ft)¢>0, P) and let X; be a Fi-measurable

process, and let us start by defining Brownian motions and It6 processes.

Definition 2.1. A Brownian motion Z; on (Q, F, (Ft)t>o, IP) satisfies
Zy=0

Z; is almost surely continuous

Z; has independent increments

Zy—Zs ~N(0,t —s) fors € [0,1]

Z1 is Fy-measurable

Gk b =

Definition 2.2. An It0 process X; is defined as

t t
Xy = Xo +/O Jx,sds +/O 0x,s4Zs

with (ux t)1>0 a predictable Lebesque integrable process and (0x 1 )0 a predictable Z-integrable
process. That is, fot (0% s + lux,s|)ds < oo for all t. Differentiation with respect to time yields
the representation

dXt = ,uX,tdt + O'X,tdzt,
where ux ; and ox ¢ are the arithmetic drift and volatility of X;.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

The previous definition introduced an arithmetic It6 process. However, in this
course, we will work mainly with a geometric representation of Itd processes,
dX
—t — yfdt + ofdz,,
Xt
where the geometric drift and volatility are defined as uX = ux;/X; and o = ox;/ Xs.
This representation is well-defined if the process is always positive or always negative.

Throughout, we use the notation convention that subscripts refer to arithmetic and

superscripts refer to geometric drift and volatility.

2.1.2 It6’s Lemma

Let us now introduce three important formulas: Itd’s lemma, It6’s product rule, and

Itd’s quotient rule. The latter two are corollaries of Itd’s lemma in two dimensions.

Lemma 2.1. [td’s lemma. For any twice-differentiable function f : R — R, f(X;) is also
an Itd process with

df (Xe) = [ /(X)) (uiXe) + %f”(Xt)(UtXXt)Z dt + f'(X¢) (07 X¢)dZ,

Moreover, if the function is such that f(t, X;) depends explicitly on time, then the drift
of f(t, Xy) includes d;f (t, X¢).

Corollary 2.1. It6’s product and quotient rule. For any geometric It0 processes X¢, Yy, Xt Y}
and Xy /Yy are Ito processes with

d(X:Y,
(Xth) _ (V£<+y2(+atxag)dt+ ((TtX—l-(TtY)de'
tYt
d(X:/Y,
(Xtthtt) = [Vg(_.l’l}/+0'}/(0'i}/_0—5():| dt + (07 — 0}")dZs.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

2.2 A Simple Portfolio Choice Problem

In this section we describe a simple version of the Merton portfolio choice problem
with a single risky asset and a single Brownian shock process. Both assumptions are
for ease of exposition only and can be generalized without additional conceptual or

practical difficulties.
Preferences. Consider an agent who chooses a lifetime stream of consumption {c;}{2,
and portfolio weights {6;}> ; to maximize

IEO/ e Ptu(cy)dt.
0

where u(c) = (¢!=7 1) /(1 —9).

Net worth evolution. The agent’s net worth at t = 0 is given by 1 and thereafter it
evolves as follows

dnt — _Ctdt —+ 14 [Gtrtdt + (1 — Qt)di’ﬂ

for all t > 0 subject to a solvency constraint n; > 0. r; is the risk-free rate and dr{ =

(r¢ + 07 )dt + o7 dZ; is the risky asset return process with risk premium 7.

State space. Suppose that returns are a function of an external state variable 7; so that

re = r(ne), 07 = 6%(n:) and of = o (1¢) where 1 evolves according to a diffusion process

digs = p () medt + o} (1) dZy

with g given.

Hence, the decision problem has two states variables (7, ;) where n; is a controlled

state and #; is an external state.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

2.3 Solving Stochastic Control Problems: Hamilton-Jacobi-
Bellman Equation, Pontryagin Stochastic Maximum

Principle, and Martingale Method

We will now present three methods to solve this optimization in continuous time:
the Hamilton-Jacobi-Bellman (HJB) Equation, Pontryagin’s Stochastic Maximum Prin-

ciple, and the Martingale Method.

2.3.1 Hamilton-Jacobi-Bellman (HJB) Equation

The HJB equation is the continuous-time analogue to the Bellman equation. To de-
rive the HJB equation, let A(n,77) be the set of admissible choices {c;, 6;}7°, given the
initial condition 19 = 1,19 = 17 and Ar(n, 17) be the set of policies {ct, 0;} L, over [0, T]
that have admissible extensions to [0,0), {ct, 0}, C A(n,77). The value function

V(n,n) of the decision problem is defined to be

V(n,y):= E /oo —pt dt].
(n.17) [0t} EA() t[o e uler)

Notice that V satisfies the Bellman principle of optimality: for all T > 0 so that

V(n,n) = max E;
{Btzct}tT:()CAT(nfﬂ)

T
0

where nt depends on the choice {6;, ct}fzo over [0, T|.

With V; := V(ny, 1¢), we can write the principle of optimality as:

0= max IE;
{thct}Z:OCAT(n”?)

T
/ e Ptu(cy)dt +e PTvr — Vg
0
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

Integrating e T Vr — Vj by parts yields
T T
e PtV — vy = —p/ epttht—i—/ e Ptd V.
0 0
Thus,

0= max E;

T T
e P (u(cy) — Vt)dt+/ e Ptdv;| .
{gt,Ct}ZZOC.AT(l’l,}Y) ~/O p 0

We can now divide by T and take the limit as T | 0 to obtain the stochastic version
of the HJB

pVidt = max{u(c;)dt + E[dV;]} (2.1)

ct, 0t

Now we will transform the previous equation into a non-stochastic differential equa-
tion. To do so, recall that V; = V (1, ;) and by 1t6’s lemma

1
E[dVi] = |0aV (e, 110) pn + 0y V (e, 110 )iyt + 5 (annv(nt/ )% ¢ +8,7,,V(nt,17t)0,?,f) + Oy V (114, 171) O 0y 1 | At

where ‘I/ln,t = —C(¢ + ng [7’(1’]15) + (1 — 91})5“(171})] and Ont = Ylt(l — Gt)O'a(ﬁt).

Hence, Equation 2.1 can be written as
oV(n,7) = max {u(c) —0,V(n,n)c} + max {anV(n,iy)n [r(17) + (1 — 0)8° ()]
(G V ()1 = 0)0" (1) + DugV n, e ) ) 1 = 9)0“(17)}

1 2
+ oy V() py (i) + 59y V(1 1) (‘7’7(’7)>

which is a nonlinear partial differential equation in V (1, 7).
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

Special case: constant returns

Assume that returns are constant so that r; = r,6f = 6%, 0f = ¢“. Then, we can drop

1 from the problem and write the HJB as

pV(n) = max {u(c) = V'(n)c} + max {V’(n)n [r+(1—-0)5"] + %V”(n)n2 ((1- 9)0‘1)2}

The first-order conditions yield the optimal consumption and portfolio choices

u'(c) = V'(n)

-1
[ V'(n)n 57
: "‘( w(n)) Cak

where —V" (n)n/V'(n) is the relative risk aversion coefficient.

To solve this problem, we will guess a functional form for the value function V(n) =

u(wn)/p for some constant w > 0. Plugging this guess into the HJB equation yields

A\ 2
logw +1logn =logp +logn — 1 +% (r+ % (%) ) if v = 1(log utility)

(wn)'™ 1/, 11/ (wn) 77 _ 1 () ()
T — pl/ 11 W (g 7)(r+27(ﬂ)) S ify £ 1

Notice that in both cases, n cancels out, thus verifying our guess, and we can then

solve for w. The full solution is given by

V(n) = ”(:’”)
c(n) = "7V rn
1 - 0(n) = }Y((f:)z

v
11 1 /6\2\\""
“’P(“%ﬁ(f”ﬁ(ﬁ)))

Let us analyze the optimal consumption choice. We can denote the consumption
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

net worth ratio by ¢ and write it as
pi=ci/ny = p/ w717

where w can be referred to as "investment opportunities”. The reaction of ¢/n to invest-
ment opportunities depends on the elasticity of intertemporal substitution ¢ := 1/.

In particular

i. if < 1, then better investment opportunities lead to an increase in consumption

and a decrease in savings

ii. if ¢ > 1, then better investment opportunities lead to a decrease in consumption

and an increase in savings

iii. if = 1, then the consumption to wealth ratio is independent of investment

opportunities.

Behind these results are income and substitution effects. On the one hand, better in-
vestment opportunities make the agent wealthier, and she responds by increasing con-
sumption in all periods. On the other hand, these better investment opportunities make
saving more attractive, and to benefit from it, the agent needs to postpone consumption
today to get more consumption in the future. Whenever ¢ < 1, the substitution effect,
a desire to smooth consumption, is weak and the income effect dominates. However, if
¢ > 1, the investor is less averse to variation in consumption and the substitution effect

dominates.

Special case: time-varying returns

When returns are time-varying, we can use the same approach as before where now
we guess V(n,1) = u(w(n)n)/p. This yields the following optimal consumption and
portfolio choices

e(n, ) = /" (w ()7 n

J/

-~

pim
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

L) -y S
v (0"()> (0?(17))?

-~

myopic demand hedging demand

1—0(n,1n) =

where now investment opportunities w(7) are state-dependent. Notice that there is an
additional hedging demand term that depends on the covariance c“¢” of investment
opportunities with asset returns. To obtain a solution for w(#), we need to plug in the
optimal choices into the HJB equation which will yield an ODE for w(#) that can be

solved numerically.

What is the role of a hedging demand? The variation in future investment oppor-
tunities is relevant for portfolio choice for two opposing motives. First, if investment
opportunities are good, it is valuable to have available resources. Then, it is reasonable
to invest in assets that pay off in states in which investment opportunities are good.
However, if investment opportunities are bad, that is a bad time for the investor and
additional wealth is valuable. Then it makes sense to invest in assets that pay off in
states in which investment opportunities are bad. Which of the two dominates de-
pends on 7. If v < 1, the investor is not very risk averse and prefers to have resources
available when it is profitable to invest. If v > 1, the investor is sufficiently risk averse
to want to hedge against bad times. When 7y = 1, the two forces cancel out and the
investor acts myopically. Notice that a very conservative investor (v — o0) cares only

about the hedging component.

2.3.2 Pontryagin’s Stochastic Maximum Principle

Pontryagin’s maximum principle is a method to solve optimal control problems,

which is complementary to dynamic programming.

Stochastic maximum principle. Consider a control problem
dX; = ‘Z/I(Xt, At)dt -+ O'(Xt, At)dZt,

where A; are the controls and X; are the states. The stochastic maximum principle
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is formulated for finite-horizon problems with the objective function of the form

T
E, /0 ¢ (t Xy, A dt+G (X1) |,

where the payoff flow g (¢, X;, A¢) depends on t and hence can accommodate dis-

counting.

To solve the optimization problem, one can work with the special adjoint pro-
cess pt, which is the dynamic Lagrange multiplier on the state variable X;. We label
pt and its volatility g; as costates of the system, and then optimize the Hamiltonian

H=g(t,X,A) + (p,u(X, A)) + tr [qTa(X,A)} . (2.2)

Under necessary convexity conditions”, the stochastic maximum principle says that p;
must satisfy the BSDE

dpr = —Hx (t, X, At, pr, q¢) dt + q:d Z; (2.3)

with terminal condition pr = G'(X7).

See the convexity conditions in Yuliy’s “Overview of Stochastic Calculus."

To solve Merton’s portfolio choice problem, let ¢; be the costate and —¢;¢; be its

volatility. Then, the Hamiltonian is given by

—ptcgi,y —1 n 1
Hy=e B + Cenpty — GrGinoy

_C —1
=e ptt—ry —+ gt [—Ct + nt(l - 9t)(7’t + 5?) + nbpre — Qtnt(l - Qt)O'ﬂ

The first-order conditions with respect to {c;, 6;} yield

e Pl =G

a a
0f = Gt0y
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The costate equation is given by

d¢ = —0,Hdt — ¢¢dZ;
= —Ci [re 4+ (1—6:)(0F — grof) ] dt — ¢18pd Zy
= —rCpdt — i CrdZy

where the last line uses the first-order condition with respect to portfolio holdings.

Under the assumption dc; = pjc; dt + oy c; dZ;, the first-order condition with respect

to consumption implies by Itd’s lemma
1
dgr = — |+ ypi = 57(1+7)(0f)?| &edt — 7078dZ,

Consider the special case of constant returns and log-utility and assume ¢; = an; for

some constanta > 0. Then yf = ! = —a+r+ (1 —6;)0" and of = 0}' = (1 —6;)0".

The costate equation then implies

r=p—a+r+(1-6)"—(1-0)%*c")?
¢c=(1-06)0"

Combining the last equation with the first order condition with respect to portfolio
holdings yields 1 — 6 = %. Putting this result back into the drift of ¢; implies that
a = p, which confirms our guess. Therefore, we obtain the same solution as with the

HJB equation.

2.3.3 Martingale Method

Now we introduce the martingale approach, a powerful tool for many macro-finance

models.

Martingale approach in discrete time.
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Consider a standard dynamic portfolio choice problem in discrete time:

> 1
max [E; [Z (1+—p)T_tu(CT)]

{0rcc}, T=t

s.t. (-)tpt = Bt,l(pt + dt) — Ct Vt,

where {6;, p;, d;} are the vectors of holdings, prices and dividends of different as-
sets. WLOG, we focus on an environment with one asset. The FOC w.r.t. 6; is

Ctpr = Bt [Cry1(pryr +diy)],

where §; = Wz’((ié))

ing strategy A where one reinvests dividend d; in every period. The price of the

is the (multi-period) SDF. Consider a self-financing trad-

strategy p;' satisfies
&t = Ky [Ctﬂpfﬂ] ,

i.e., the process &p; is a martingale.

Martingale approach in continuous time.

Consider a similar portfolio choice problem in continuous time:

max [E {/ eptu(ct)dt}
0

{46,0F,ce }72
dn; Ct i1 .
s.t. — = ——dt+ Z 0,dr, + labor income/endowment/taxes
n nt ;
)
np given.

Here n; is the net worth of the agent. r{ denotes the return of asset j. Let x{* be
the value of a self-financing trading strategy A where one reinvests all dividends.
Again, define the SDF as & = e **u'(cl). Then it must be that &x{! follows a mar-
tingale. (For proof, see Brunnermeier and Sannikov (2016, pg. 19) or separate notes
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prepared by Sebastian.) Let

dxA
x—; = uidt + 0/*dz;.
t

Assume that the SDF follows

dé

= —rdt — ¢;dZ;.
& t Cta Ly

Using Itd’s product rule,

d(Ctxf‘)
Ctxf

= [—rt + uft — ot | dt + volatility terms.

Since & x{* follows a martingale, its drift equals zero, i.e.,

uit =i+ guoft.
Example 1. For risk-free asset, (TtA = 0. Hence, rf =1t

Example 2. For any two assets A, B, we have uf! — uf = ¢;(c/* — oP).

Risky Asset as Asset A and Bonds as Asset B. The bond follows the return process

drP = r,dt,
and the risky asset follows the return process
drt = (r; + 07)dt + ¢fdZ;.
Then, the martingale asset pricing condition is

E; [dr{l - drtB] /dt = ¢i(of —0)

< (1 +97) —rr = g0}

which yields

a a
51‘ - gto-t .
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We can then recover ¢; by Itd’s lemma. Indeed, ¢; is e Ptu'(c;) = e‘Ptct_ 7. [Note:

der = pScedt + ofcrdZ;]. And, note u”’ = —yc™ 7L u" = y(y +1)c 772,

dé: _

1
o+ yul — Zq(y+1 acz>dt— of dZ;.
z, Kp i = 57(r +1)(eF) vo; dZi
~~ - Gt

f

T

Consider the special case of constant returns and log-utility and assume ¢; = an; for
some constant a > 0. Then uf = uff = —a+r+ (1 —6;)0" and of = 0] = (1 —6;)0".
Then, by (2.4) and the previous equation,

o
o

which reduces to the same solution as before

1-0=

()

Net Worth as Asset A and Bonds as Asset B. We can use a self-financing strategy that
reinvests consisting of an agent’s net worth with consumption reinvested. The return

on this strategy is

m?zéﬂgﬁff:mnw+41—@mﬁ
t
= Oirpdt + (1 — Gt)(rt —+ 5?)dt + (1 — Gt)adet

= (T’t + (1 — Gt)(S?)df + (1 — Ot)(deZt,
The martingale asset pricing condition is therefore

]Et [di’;l — d?’t] /dt = gt(l — 91})0’?
<~ (Vt + (1 — 91})5?) — 1= gt(l — 9,5)0}”
N (1 — Qt)éf = gt(l — Qt)(?'f

< 7 = ¢iof
which is the same as (2.4).
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2.4 Exercises

241 Solving Differential Equations

1. Read Section 1 of Sebastian’s notes on differential equations.

2. Solve the following ODEs

y =y (2.5)
y' = xcos(x?)y? (2.6)
y'=-y (27)

on the interval [0, 10] with the initial condition y(0) = 1 for all three equations
and an additional initial condition y(0) = 0 for equation 2.7 using the following

three methods:

(a) explicit Euler method (Section 1.2.1);

(b) implicit Euler method (Section 1.2.2), using a built-in root-finder of your

numerical software;

(c) abuilt-in ODE solver of your numerical software.

Compare the accuracy of explicit and implicit methods across different grid sizes
(N = 11,51,501,10001). For each of the three equations, find the grid size that
you like the most and plot the results from the three approximation methods to-

gether with the respective true solution. These are given by:

1

— 1/20 —

y(x) = cos x

. Now consider a variation of the implicit method: instead of using a built-in root-
tinder, perform one step of Newton’s method. It is an iterative root-finding algo-

rithm that solves F(y) = 0 starting from an initial guess y° and updating via

y =yt = (N TEW")
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where J" is the Jacobian of F(y"), so that Ji = oF:(y")/ dy; for the multivariate

n+1 where

case. The idea is to compute the tangent of F(-) at ¥ and find the point y
this tangent intersects zero. Instead of iterating the algorithm until convergence,
we can make a single step and hopefully save some time without losing a lot of
accuracy. For our purposes, define F;(-) at every grid point as follows:
_ YY1
F(y) = 2721 o(x,
i) =1 — . ~ 8y
where g(x;,y) is the RHS of the explicitly written ODE (see equation (2) in Se-
bastian’s notes). In each step, use y;_; as the initial guess and compute y; via
one step of the Newton’s method. Compare the results with the "fully-fledged"

implicit method. When does the variation work well and when does it fail?
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Chapter 3

Simple Macrofinance Models

In the last chapter, we studied the Merton portfolio choice problem as an intro-
duction to continuous-time modeling. The main objective of this lecture is to illus-
trate some main building blocks of a large body of macro-finance models that employs
continuous-time methods. First, we develop a general model with a leverage constraint
and risk. Then we cover three specific examples of this model: a complete markets
benchmark with no risk, the Basak-Cuoco model (Basak and Cuoco, 1998) which fea-
tures risk but no leverage constraint, and the Kiyotaki-Moore (Kiyotaki and Moore,

1997) model which features a leverage constraint but no risk.

3.1 Setup with Two-Type of Agents

3.1.1 Model Setup

Environment. Time is continuous. There is no labor and hence capital is the only
factor used in production. The economy consists of two types of agents — experts and
households. We denote the two types by i = {e, h}.! There is a continuum (with mass

one) of both types, i € [0,1].> Aggregate capital stock evolves exogenously according

!In general, i can denote different types/sectors, or different subgroups within the same sector.
2Individual-specific analysis will only be needed in environments with idiosyncratic risk.
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to

K
dk: _ gdt +odz;,
K

with ¢ > 0 and ¢ > 0 model parameters. Notice there is no investment in capital.

Notation. We denote the net worth of each sector as Nti while N; is the net worth of the
economy. The single endogenous state variable is the wealth share of experts, denoted
by 7: = Nf/N;. The share of the aggregate capital stock held by the expert sector is
denoted as «;. The portfolio share on capital held by each sector is Gf(’i. We denote 7; as
the risk free rate and rf’i as the rate of return on capital for each sector. In general, the

sector capital stock is obtained by
i [Ny
K; = / ki di.
0

Since in this model there is only aggregate risk, K = ki’{ for all 7 in each sector. The

same is true for Consumption
j Vil
1 — ; H
Ct = /0 Cy dl,

where Ci = ci’; for all 7 in each sector. The price of capital is denoted by g; and sector
capital holdings are denoted by K¢ = x;K; and K' = (1 — x;)K;. The net worth of the
economy is given by the value of the aggregate capital stock so that N; = ;K.

Financial Frictions. No equity issuance is allowed. There is debt issuance D; from

experts to households, but with the collateral constraint D < (x7q;K;. This can be

rearranged to %e < EK’K;fKt & —(1-61) < 185 o (1 - 065 < 1. £ is an exoge-

nous parameter measuring the degree of the collateral constraint. Finally, each sector is

subject to a non-negativity constraint on capital holdings.

Experts’ Problem. Experts have a CRS production function y{ = a°k{. Denote ex-

perts’ consumption by ¢¢.> Since experts invest GtK'e of their net worth into capital and

3 Again, we will suppress the superscript i throughout this chapter.
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consume at rate ¢j their net worth process follows

d e
dntt — [—cf + n§ (rt + 95’3(7’{(’6 — rt)ﬂ )

Experts have a log-utility function and solve the following optimization problem

max/ e P tu(ct)dt, st
S

c¢ ke
(1-0)85° <1,
0, >0,

dné
d_tt - [—cf +nf (Tt + Gf’e(rf(’e — rt)ﬂ )

Households’ Problem. Households’ production function a’ (1 — x; )k is a function of
(aggregate) x/'. Productivity a"(1 —x;) < a°, with equality for x = 1 and is strictly
decreasing in 1 — . This means output is given by y/ = a (1 — x;)k! = a"(-)(1 — x;)K;.
Households consume cf'. Since households invest Gf(’h of their net worth into capital,

their net worth process follows

dnlt
d_tt = {—ci‘ + (rt + 95’}’(1’{(’}1 — rt)ﬂ .

Households have a log-utility function and solve the following optimization problem

max/ "ty (chdt, st
S

ci’,BtK’h
0" >0,
dn’
d_tt = {—ci‘ + nlf (rt + GtK’h(rf’h — rt)ﬂ .

Market Clearing. We have that the final goods market clears, following

C§ + Cl = a®KS + a" (1 — x) KT
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The capital market clears, such that

K{ + K} = K.

3.2 A Complete Markets Benchmark

In this subsection, we study a frictionless case in which there is no risk, i.e. ¢ = 0,
and the leverage constraint £ is not active. These assumptions imply that markets are
complete (risk-free assets span all possible payoffs without risk and, without a con-

straint, they can be traded frictionlessly).

3.2.1 Solution Method
Step1 Goods Market Clearing
The final goods market must clear at each ¢, giving the following condition

CS+ Cl = a®K¢ + a" (1 — x4)K?

For the case of log-utility, we know from Chapter 2 that the consumption-net worth
ratio is equal to the discount rate so that C{ = p°Nf = p°y:q:K;. Analogously, CI' =
o"(1 — 1;)g:K;. Plugging this in and manipulating yields

a4+ a"(1—x) (1 — 1K)
o+ (A =me)

qt

Step 2 Portfolio choice

Let us first obtain the return processes for capital for each sector. Each return process

is composed of a dividend yield as well as a capital gain term so that

Ke 0@° 1 dg;
T + qt dt
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h
Kh ﬂ(l—Kt) 1dqt
r =49+ ——
t qt 8 qt dt

By virtue of ah(l —x¢) < a°, we have that rf’h < rf’e so that experts always have

a higher rate of return on capital relative to households. This implies that the non-
negativity constraint on capital holdings for the household sector must bind. Since the
capital market must clear in equilibrium, we have that experts hold all the capital, i.e.

k¢ = 1. Hence the price of capital is given by

ae

et Ao =)

qt

which is a function of the net worth share of experts.

Since there is no leverage constraint, the experts instantly take out loans to finance
the purchase of all available capital in the economy. Because of the capital market
clearing condition

QtK’eﬂtQth + 9{%(1 —11)9:Ke = 9Ky,

this implies that Qf’e = 1/n; instantaneously. Then, in the transition, experts repay their

loans to households which in turn finances their consumption.

The non-negativity constraint on capital holdings for the household sector binding
also implies that the risk-free rate must equal the return on capital if held by experts.

This is since only experts will have an interior solution.

Step 3 Evolution of the net worth share

To find the evolution of the net worth share, recall that 77; = Nf/N; so that by Itd’s

e e h . e h
lemma pi] = pN* — N = (1= ) (" — p}") since pl¥ = L9580 = il + (1= )",

The evolution of the net worth for experts is given by

N = —p® 41+ GK'e(rf’e — 1) = —p° + 14,
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since rf’e = r¢. The evolution of the net worth for households is given by

h
u = =" e O =) = =",

GK’h

since = 0. Putting these together yields the evolution of the net worth share

ul = —1—n) (" —p").

Step4 Solving the ODE

Notice that the evolution of the net worth share can be written as the following ODE

d
= —m1— )" —p")

Solving this with an initial condition for 7 yields the following closed-form expres-

sion for 177

e_(Pe_Ph)t

Mt = 3=
1710 4 o= (po—pMt
o Te

Hence, for p° > p" we have 15; — 0 as t — co while 17; — 1 for p° < p". On the other

hand, if p¢ = p", then 1; = 79 is constant over time.

3.2.2 Benchmark Model Conclusions

This frictionless model shows that

i) capital is always held by the most efficient sector which in this case are the experts,

ii) the consumption allocation is determined by the initial wealth distribution and
wealth only moves due to differences in preferences for the timing of consump-
tion, i.e. p° — p". For p¢ = p", every initial condition leads to a steady state, while

for different time preferences, the model converges in the long run to a boundary
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n = 0 for p° > p" or 7 = 1 for p° < p". However, these dynamics do not affect

production,

iii) the price of capital is constant for when there are no differences in discount rates
but otherwise, it rises over time because the agents with the lower marginal propen-

sity to consume become richer as time goes by.

3.3 Basak-Cuoco Model

In this Section we study the heterogeneous agents model of Basak and Cuoco (1998),

a simple yet classic model. This model is a special case of the general model in which

h

there is no leverage constraint ¢, and households cannot produce, i.e. a" — —oo.

3.3.1 Solution Method

Step1 Postulate aggregates, price processes and obtain return processes

In general, the aggregate capital stock is obtained by
1 v ~
K; = / Koidi.
0

With only aggregate risk, all experts (households) are identical (i.e., kf’; = k¢, Vi), so
total capital stock, expert net worth and household net worth can be simply obtained

by Ki = ki, N{ = ng, Nth = n?.

Denote the price of capital by q;. The total wealth of the economy is q;K;. The wealth
share of experts is 17; = Nf / (Nf + NJ') = Nf/q:K;. We then postulate that g; follows

% — uldt + oldz;.
t

Importantly, volatility of price loads on the same Brownian motion as capital stock.

Given the price process and the consumption decision of experts, we can calculate the
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return rate to capital, rf’e.‘l Using Itd’s product rule,

Dividend Yield ~ Capital Gain

‘ d(g:k?)
arke = Za 4 S0
t qi qek

e
% +g+ul +ool|dt+ (o +0])dZ;. (3.1)

We then postulate that the stochastic discount factor (SDF, e.g., & = ety (cl))isa
diffusion process:
d¢i i i .
% —ubdt+ofdz, ie{eh},
t

As we showed in Chapter 2, it turns out that its drift pt%” is the negative of the risk-free

rate r;, and its volatility loading O'El is the negative of the price of risk ¢i. As a result,

the SDF follows

dg; i :
? = —rdt — gidZ;, i€{eh}, (3.2)
t

Step 2 For given SDF processes, derive individual equilibrium conditions

Since all experts are identical, aggregate capital stock K; also follows

% = gdt + U'dZt.
K

We use the Stochastic Maximum Principle to solve the optimization problems. Fol-

lowing the exposition in Chapter 2, the Hamiltonian for the experts is given by
Hi = e "M log ) + &fnipl — ¢iginiol”

e at
— gt 1 |~ i (v ot =) |- o+ o

4For superscripts, we use lowercase letters for different types and capital letters for different assets.
1% p yp p
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The first-order conditions for the expert’s choices of consumption ¢ and capital

K,e .
shares 6, are given by

e () =

ae
a+g+ﬁ+mﬁ—n=éw+dﬁ

The costate equation reads by virtue of the

9H?
dee = — 2t dt — ceeedz,
t anf tot

= —11Gy — ¢4GidZy

where the equality follows from the first-order condition for 91{('6.

Using the first-order condition for consumption, we also find by It6’s lemma that

d e € € e
é%=[—ﬁ—ui+@ffcﬁ—ﬁdL
t

We already know that for the case of log-utility ¢f = p°n$, so that u{° = u}* and

C

of" = ¢/ Then the price of risk is given by ¢¢ = 0f = ¢/ = 95 “lo+a).

Similarly, the household sector will consume according to cf = p/n/.

Finally, we combine two sectors’ problems with market clearing conditions and
solve the model. We will see the price of capital g; is actually a constant in section
Step 4.

Step 3 Evolution of state variable 7;

In this model, agents start with some initial endowments of capital. Over time, they
allocate their wealth between the assets available to them by solving their respective
utility maximization problems, subject to budget constraints and taking prices as given.

Given prices, markets for capital and consumption goods have to clear.
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Recall that

e

Nt
= e [0,1].
1t 0iK; [0, 1]

The total wealth of experts N; follows

dNy _ dnj ¢ Ke [ 1,K
L TR TR [d . dt]
Nf n? l’lf + Tt + t rt Ty

ae
o TetH oo

e
= —C—tedt + rdt + Gg('e {
n
t

dt + (o + (Tf)dZt}

CE
— _n—%dt + redt + 017 {g‘;(a+ ol )dt + (o + af)dzt} .

Also,

d(q¢Kt)
q: Ky

= [y?—i—g—kaatﬂ dt + (o +0/)dZ;

e
= [T’t — ;— +¢i(c+al)| dt + (o +0])dZ:.
t

Apply Itd’s quotient rule to #; = Nf/q:Ky:

G + “ (1—65°) (o +a]) (ge — (0+0‘7)>
o t t) 6t :

dne _

v dt — (1 - 05 (o + 01)dZ;.
t

(3.3)

Using what we found in the previous step for ¢f = p°n{ and ¢f = 95 “(o+0]), we

have

dipe

; dt — (165 (c+0dz;.  (34)
t

e
—of + % + (1= 65)2(0 + o)
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Step4 Market clearing

Finally, we can close the model using market clearing conditions. Consumption
good market clearing yields
ae

o°ne + " (1 — 171)

Cr = p°Nf + p"N/' = p°mqiKe + 0" (1 — 1)Ky = a°Ky = q; =

Capital market clearing yields

K 1
e — T2 _ 2 3.5
t Ni 39)
Then, the law of motion of 7; is
diy ey, L= 02 11— q
——=1=m) | = (= p") + —5—(c+0/)°| dt + ——— (0 +¢/)dZ;. (3.6)
;71' ﬂt 771’
where by It6’s lemma
e __ Ah
q PP 1

0y =

— d,
oo+t -yt

Hence ’
o = L=mp m+pe(1 —1),
t p

and

1y [P+t - m)r )

e o | dt

0t (e __ Ak
n (T=mt) | (" —p") + " TaE

L= nepnet P =) g

+ e
Tt Y

a simple one-dimensional stochastic differential equation (SDE).

Numerical example. The figure below shows the price of capital, its volatility, the
arithmetic drift and volatility of net worth as a function of net worth #. The parameter
values are p® = 0.06, ph =0.04,a° =0.11, ¢ = 0.10 and g=0.1.
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Figure 3.1: Basak-Cuoco numerical example

3.4 Kiyotaki-Moore Model

The third specific example of the general model is the Kiyotaki-Moore model. It
is a deterministic model with a single zero probability shock rather than a model that
features risk, i.e. ¢ = 0. Here we present a modified version of the model in Kiyotaki
and Moore (1997). In particular, we convert the discrete-time model into a continuous-

time setting.
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3.4.1 Solution Method

Step1 Postulate aggregates, price processes and obtain return processes

We postulate that g; follows

d

qt
Importantly, there is no stochasticity as ¢ = 0. Given the price process and the con-
sumption decision of experts, we can calculate their return rate to capital, 75’6.5 Using
Itd’s product rule,

Dividend Yield Capital Gain
e N, ~

‘ d(g:k;)
drfe = (L 4 ¢ )dt+ f
t <4t g) qek

ae

qt

+g+ul|dt (3.7)

Similarly,

h 1 —
drfh = [a(q—tx) +g+ul|dt (3.8)

We then postulate that the stochastic discount factor (SDF, e.g., i = e 'ty (ci)) is

the process:

d¢ i
é = ytg dt, i€{eh},
Ch
As we showed in Chapter 2, it turns out that its drift yfi is the negative of the risk-free
rate r;. As a result, the SDF follows

i
dé; = —rdt, i€{eh}, (3.9)

&l

SFor superscripts, we use lowercase letters for different types and capital letters for different assets.
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Step 2 For given SDF processes, derive individual equilibrium conditions

The Hamiltonians can be constructed as

e
n e
My Ty
7\

Ve

My =e tu(ch) + & {—cf + 1y <7’t + 01 (rf* — n))] +ENSAL (1 —(1- 5)95@),

_h
HE = () b [~ (o0 - ) |

where the ¢! is the multiplier on the budget constraint and the &n¢A{ is the multi-
plier on the leverage constraint. Later we show that co-state variable ¢ equals SDF,
which for log-utility = e’Pitp%ni. Note that the Fisher Separation Theorem between con-
sumption and portfolio choice applies. That is the first order conditions with respect to
consumption, ¢!, and portfolio choice, Gfﬁ are independent. The first order conditions

with respect to ¢! and 95’1' are given by

e () =g
= c; = p'ny, under log utility
—plt 10 h h
e ' (cf) =G

and,

rf’e —r=(1- E)/\f

rf’h —r; = 0.

The additional first order condition is given by the costate equation,

_dH;

dél =
G i

4

which yields

agy = ((re+el 0 —n0) + 21 (1- 1 08) )

dgy =gt (ﬁ + 67" (" = Vt)) :
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Plugging in the first order conditions for portfolio choices yields, as expected,

% = —ridt, i€{eh}. (3.10)
t

Step 3 Evolution of state variable 7;

In this model, agents start with some initial endowments of capital. Over time, they
allocate their wealth between the assets available to them by solving their respective
utility maximization problems, subject to budget constraints and taking prices as given.
Given prices, markets for capital and consumption goods have to clear. To think about
dynamics first note that equilibrium objects are functions of the single state, the net

worth share, 17; = N _ N The state dynamics are solved by notin
17 N; th y y g

dNe _ Nf N
Nat — = ‘dt —+ dt
lth Nt Nt Pl + Nt ‘Ut
Mt (1=m:)

such that,

B

e h
wl=u —ut = Q=) (u —pl)

=0 from above

——
= (L=m) [~ (0" = p") + 67 (5 — 1) — 67" (1" —1y)

e h(1 _
= () | (- o | T T
qt qt

[\ J
-~

Ke Kh
=TT
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Step4 Market clearing

Finally, we can close the model using market clearing conditions. Consumption

good market clearing yields
9Kelo s + 0" (1= me)] = [a%§ +a" (1 — 1) (1 — w1) Ko

Capital market clearing yields

05 qiKs + 05 (1 — ) iKs = qiKy (3.11)
1
=Kt =1—x;

Equilibrium Conditions Summary. The equilibrium objects (, g, ) are functions of

the state 77;. Following some algebra, they are pinned down by the following conditions,

3.4.2 Solution and Comments

Global Non-Linear Solution. Figure 3.2 plots the global solution to this model for the

parameter values specified.

When experts have a low share of the total wealth their collateral constraint is bind-
ing. They put twice their wealth in capital (Gf’K = 2). They would like to lever up
more but cannot and hence we observe an excess return over the households, which is
increasing as the experts net worth share decreases. For larger wealth shares the port-
folio choice of the experts becomes an interior solution. The excess return is then 0 as

the constraint is slack.

Furthermore, the price of capital, gq;, is decreasing as wealth share decreases, in the

binding collateral constraint region. The reason for this is that as the experts” wealth
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0 0.2 0.4 0.6 0.8 1
Yl

n n

Figure 3.2: Global non-linear solution for parameters: p¢ = 0.06, o = 0.04, ¢ =
0.05, a° = 1.0, a"(1 — ) = a°x

share decreases they can hold less and less capital due to the collateral constraint. As
capital is in fixed supply, households hold more and more, meaning each marginal
value unit of capital becomes less productive, depressing the price. For high # values
the decline in the price is from the fact that experts are less patient than households.
The steady state is 0.4. For any value of # above this # drifts down, and for any value

below # drifts up.

Impulse Responses. One can do analysis of an unanticipated shock to the steady
state. Figure 3.3 plots impulse response functions for the same system above, for a 30%
(of 77) negative redistribution shock. We can observe the wealth share and price drifting

back up to the steady state.

Aside: Understanding Asset Prices. With some proper initial conditions, the price

dynamics are given by the solution of the following differential equation,

1dg: N a"(1 —xy)
q: dt qt

=T
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0 20 40 60 80 100 "o 20 40 60 80 100

Figure 3.3: Impulse response function with 30% (of 77) negative redistribution shock.
Parameters: p¢ = 0.06, ph =0.04,£ =05,a° = 1.0,a" (1 — k) = a’k

which is

gt = / e~ e ritah (1 — appal)ds.
t

The discrete time analogy for this is the difference equation and it’s solution,

Ji+1 — gt n a"(1 —xy)
qt qt

=T,

qr = i [H m] a"(1 = Kiys).

s=0 | u=0

That is, the asset price is the sum of discounted dividend flows, and is solved back-

wards.

3.4.3 Log-linearized Dynamics around Steady State

The way the Kiyotaki-Moore model was solved originally, also in discrete time, was
through a log-linearization around the steady state. We will now cover this and com-
pare. First we derive the steady state with u7 = 0 and its” properties. Then we will

log-linearize and characterize the dynamical system locally around the steady state.

The Steady State. First note that the collateral constraint always binds in the steady

K.e K,h

state. If the collateral constraint were not binding A{ = 0 and hence r*¢ = K/ ie. a¢ =

a"(-). The constraint does not need to bind only if x; = 1. Then x| = (1 — 1;)(p" — p°)
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and since p¢ > p", we have u < 0, i.e. 7 declines. Now, since the collateral constraint

binds, the steady state capital share is given by

SS
(Ss— 1
1/
The expert sector’s net worth share is 77; := :]K, is constant, i.e. y] = % = 0. From the

good’s market clearing condition and the last equation of the equilibrium conditions,

9% [(p° = ") + ") = Kssaf + (1 «55)a" (1 — «59)

SS o ah(l . KSS)
(0°—p") = for u" = 0.
;755 qSS
Combining the above,
KSSae_KSSah(l ) +qSSph — KSSae+ (1 SS)ah(l —KSS)
= ¢ =d"(1-«5%)/p",
where the steady state x°° is implicitly given by:
pe_ph B 1 ae_ah(l_KSS)
ot 1—4 ah(1—x5S)
Finally, for specific functional form a"(1 — ;) = a’xs,
ss 1 ss 1-¢

S G et A € )Y ey e

One can do comparative statics with this derivation. For example for higher leverage,
?, (i.e. less tight collateral constraint)

o 55 SS-capital share, is higher.

. 1755 , SS-net worth share, is lower.

al

e 55 = % price of capital, is higher. g°°K, total wealth in the economy, is higher

=

too.
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o N%%5 SS-experts’ net worth, is higher (Check?)

Comparative statics analyzes a permanent (long-run) shift to new steady state, but not
the dynamics between them. It compares two separate steady states. To analyze dy-

namics we can log-linearize.

Log-linearized Dynamics. Analytical solutions to 7, q; dynamics are hard to obtain.

Expanding around the steady state,

log(17:/11°7) = 7t
log(q:/4°°) = 4
1og(rt/rss) =7
log(af /a"*%) = a}

As an exercise one can derive an expression for 4,4/ as a function of #; with a first

order Taylor approximation. The state dynamics and price dynamics become,

dy 1_ 1755 ( 2SS g af— ah,ssq )
4, — t

dt — 1—-¢ \ 4% %= 55
dgq s A A
% = % (P + G — 7).

This works well for small shocks around the steady state, where the drift of 7 is
close to linear. However, further away from the steady state the log-linearization can

lead to misleading conclusions about dynamics of the system.
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0.1

0.08

0.06

n

> 0.04

0.02

-0.02

Figure 3.4: Global vs. Log-linearized Solution for 7-drift. Note: x-axis is log(#), since
we log-linearized.

3.4.4 Decomposing Amplification Effects

To decompose amplification effects, we first start at the steady state {g°°, 755, x5%}.
We then shock the system by redistributing a fraction of experts” net worth share to
households. In the original Kiyoataki-Moore model, the productivity shock lasts for
one period (not for an instant), which causes initial redistribution. With determenis-
tic recovery the immediate impacts, at t = 0, are as follows. First there is a direct
redistributive effect/shock. Second, there is a price-net worth effect. The decline in g;
reduces experts’ net worth share as they are levered, which feeds back into the price-net
worth effect. Third, there is a price-collateral effect. The decline in g; tightens collateral

constraints, which also feeds back into price-net worth effect. Subsequent impact t > 0

feeds back into immediate impacts.

To carry out a decomposition, we switch off the price-collateral effect by assuming
that the collateral constraint is determined by SS-price ¢°° instead of the equilibrium

price q;. Formally, the collateral constraint, x; < 1%, becomes x; < . Figure

Nt
1—€q55 /gy
3.5 plots the impulse response function of this decomposition, for a 30% (of 77) negative
redistribution shock. Because of this amplification, when all channels are on this trans-
lates to just over a 50% negative redistribution. If we switch off the the price-collateral

effect the amplification translates to just under a 40% negative redistribution. The dif-
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ference in amplification effects at t = 0 is also clear for the difference in price.

0 T T T O
0.1+ -0.05
-0.2 + -0.1
Tle-03} T -0.15
S S
0.4} -0.2
-0.5 q-constraint -0.25 gi-constraint
¢*-constraint q*-constraint
-0.6 - - - - -0.3 - - - -
0 20 40 60 80 100 0 20 40 60 80 100
4 t

Figure 3.5: Impulse resgonse function with 30% (of #) negative redistribution shock.
Parameters: o° = 0.06, 0" = 0.04,¢ = 0.5,a° = 1.0,a" (1 — k) =«

To show more clearly how this works, consider that economy is at steady state
{g%%,455,x5%}. There is then a negative initial/direct redistributive shock 1’ = (1 —

€)n°°. The new price g, and capital holding x’ solve,

, wla®+ (1 —«)a"(1—«")

(0° — o)y’ + oF , (Goods market)
SS(1 _
K =1 1(1_ / e), (g¢-constraint)
SS(1 _
K= 1;7 — 2755 2/ (9°°-constraint)

However, the debt contract was signed by the old price 4°° so 57 drops further. The first

round effect is done by considering the balance sheet,

/

Ui I _ ¢ ! _SS "1

To then get the full full convergence result, we need to do this procedure iteratively,

both with the g;-constraint and the g%°-constraint.
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The global solution for the ¢t > 0 decomposition of amplification is plotted in Figure
3.6. The blue line (g;-constraint) is the same as the global solution from before, in Figure
3.2. With the g°°-constraint, the constraint is less binding as it takes into account the
higher, steady-state, price of capital. This means that for lower 7 the excess return
will be lower than the g;-constraint since experts will hold more capital (as they are
allowed to lever up more). It also means that the capital price is not so depressed as
the experts hold a higher share of capital (and they are more productive). This portrays
the additional amplification from keeping the price-collateral effect channel open. One
interesting point is that with the g;-constraint the system recovers faster. The drift of 7

is higher since the excess return is higher.

5

q;-constraint qi-constraint
n g*-constraint | ¢*-constraint |
3+
<
o
2
1t
0 . . .
0 0.2 0.4 0.6 0.8 1 0.6 0.8 1
n Y
25 0.1
q;-constraint q-constraint
20 L ¢*-constraint | 0.08 ¢*-constraint
15
S:‘ S
10 F
5
0 .
0 0.2 0.4 0.6 0.8 1
Ul n

Figure 3.6: Decomposing Amplification for ¢+ > 0 (global solution). Parameters: p° =
0.06,0" = 0.04,¢ = 0.5,a¢ = 1.0,a" (1 — x) = a’x

For the log-linearized solution, we can also decompose the amplification for ¢ > 0.

The dynamics are given by
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* Price dynamics:

da

t _ ,SSs _ .SSsh_ .SSaA
dt

=1r77f — 1770 + 177

* State dynamics with g;-collateral constraint:

dfe  1-— ,755 < 2SS g a— ass )

dt — 1-¢ \ 4% = 55 1t

e State dynamics with g5°-collateral constraint:

%_ 1_,755< ah'SSAh 1 ae_ah,SSA>

dt ~ 1-¢ \ st T 1o g5
Note that 4y, di’, 7+ are different with the different constraints. For large changes in %

there will be a significant difference between these dynamics and the global solution.

3.5 Introducing Physical Investment

So far, we have considered a two sector model in which aggregate capital K; evolves
exogenously. We now add physical investment to it. Consumption goods can be
converted in new capital. The conversion is not necessarily one-for-one, but concave
in the investment rate 1, an agent’s new physical investment divided by his capital.®
This is captured by the concave capital conversion function ®(:) with the assumption
®'(-) > 0,9"(-) < 0. In addition, capital depreciates at a rate of . For example, con-
sider an agent with capital k; at an investment rate i at time t. His real investment
is 1tkt, and the capital accumulation is (®() — d)k;. This is equivalent to a convex

adjustment cost assumption. More generally, capital accumulation follows

dk;

k_ = (q)(lt) — (S) dt + U'de
t

®Assuming that ®(-) is concave in investment rate I;/K; rather than the investment I; ensures
tractable aggregate across agents.
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where dZ; is a Brownian motion capturing shocks to the capital accumulation process.

Note that investment is an intraperiod/static decision in models, in which capital
does not take “time to build”. Hence, maximizing agents” Hamiltonian with respect to
1 only enters via individual agent’s capital return r¥. The capital return consists of two
terms: a dividend yield term as well as a capital gain term. We can write the return on

capital as a function of the investment rate ¢; as

a—1 d(q:k a—1
q—fdt + ;’7;( ) ; S+ @(y) — S+ pf + oo | dt+ (0 +07)dZ;.
t tht t
——— ——
dividend yield capital gain

dr]t‘(tt) =

The agent will now choose the investment rate 1; to maximize their expected return

on capital accumulation. That is,

max Edr¥ (1) /dt
Lt

This yields the following Tobin Q optimality condition

1
— = (D/(lt).
qt
For the investment conversion function of the form ®(i) = %log(cpt + 1), this im-

plies the following relationship between the investment rate and the price of capital
(Plt =4qt— 1.

This investment conversion function has a parameter ¢ that measures the degree of
investment adjustment costs. As ¢ — 0, ®(1) — ¢ so that there are no adjustment costs
in capital investment. However, as ¢ — oo these costs become infinitely large and all

new investment is lost, that is, ®(1) — 0.
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3.6 Exercises

3.6.1 Coding Continuous Time Kiyotaki-Moore Model

Please replicate the global solution figures (of Figure 3.2) for the case with /-investments.

3.6.2 Capital (Quality) and Technology Shocks

Consider the simple model from chapter 3. There, we assumed that expert capital

follows
dk{ .
t
and produces an output flow”
y; = akj. (3.13)

In this problem set you are asked to consider a different specification with consumption-
specific technology shocks instead of capital shocks. Specifically, suppose instead of

equations (3.12) and (3.13) that capital evolves according to
dki a.,

Y = atkt (315)

and produces an output flow

where a; is now a stochastic process given by®

dat

= (loga —loga;) dt + cdZ;. (3.16)
t

7T use here a instead of a from the lecture to distinguish this more clearly from the process a defined
below.

80ne gets to this equation by imposing that loga; follows an Ornstein-Uhlenbeck process, the
continuous-time equivalent of a discrete-time AR(1) process, and correcting by a deterministic time drift,
such that the long-run mean of A; is not growing/shrinking over time. The equivalent in discrete time
is often taken as a productivity process in standard macro models.
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For ¢ = 0 this specification implies a geometric Brownian motion for productivity, for
¢ > 0, a; mean-reverts to the level 4 in the long run. The additional term a/a; in the ®

function implies that only consumption production is impacted by changes of a;.

(a) Show that without productivity mean reversion (¢ = 0), the model with capi-
tal shocks (evolution (3.12) and output (3.13)) and the model with consumption-
specific technology shocks (capital evolution (3.14), output (3.15) and productiv-
ity process (3.16)) are isomorphic in the sense that they imply the same dynamics
for output, consumption, net worth, the expert wealth share #° and the risk-free

rate.
(b) How are the two models related, if ¢ > 0?

(c) Explain economically, why the two shock types are not equivalent for neutral
technology shocks (i.e. if the investment technology is ® (1)) and an inconstant

1 function (1-2 sentences are sufficient).

3.6.3 The Basak-Cuoco Model with Heterogeneous Discount Rates

Consider the Basak-Cuoco Model of the slides. Now we introduce the investment

conversion function ®(1) = %log(qbt +1). Assume that households are more patient
than experts, i.e. they have a discount rate p" < p°. This is the simplest way to gen-
erate both a nondegenerate stationary distribution and some endogenous capital price

dynamics.

1. Derive closed-form expressions for 1, q, 0, u and ¢ as functions of 7 and model

parameters:

(a) Start with goods market clearing condition and use p(17) = 7 + " (1 —7)
to ease notation. Derive g(7) and (7).

(b) Use (1) and the law of motion for 7 to find ¢() and o' (7).
(c) Derive u'(y).
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2. Replicate the figure 3.1, setting ¢ = 10 and § = 0.035, then add to each plot
the corresponding line for the model with p° = 5% and p" = 2% (and all other

parameters as before).

3. Assume ¢ > 0. Show that in this model asset price movements mitigate exoge-
nous risk (i.e. 07 + o < o). Explain economically why this happens and why the

effect disappears if ¢ = 0.

4. Argue that the model must have a nondegenerate stationary distribution (just

give some intuition, not a formal proof).
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Chapter 4

A Macro-Model with Endogenous Risk
Dynamics: Amplification, Fire-sales,

and Speculation

In last chapter, we studied simple models to illustrate the basic structure of continuous-

time macro-finance models.

In this chapter, we present a more complex model in which apart from risk-free
debt, experts can also issue outside equity. In terms of economic insights, we enrich the

model to obtain the following properties:

* The risk as well as the price of risk is endogenous and hence time-varying de-
pending on the wealth distribution across the heterogeneous agents in the econ-

omy.

¢ Equilibrium dynamics contains two regimes — a normal regime around the steady
state and a crisis regime. The economy should be relatively stable near the steady
state, where experts are adequately capitalized and able to absorb most shocks.
However, an unexpected large shock or a series of negative shocks can signifi-
cantly damage the experts and bring the economy to the crisis regime. In a crisis,
experts are undercapitalized and financially constrained. As a result, market lig-

uidity can suddenly dry up and shocks do affect demand for and prices of assets.
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This generates endogenous risk and volatility through feedback effects of fire-sales

and financial constraints can become occasionally binding.

* Volatility is high in the crisis regime, which might push experts” net worth to-
wards zero. In this case, the economy needs a long time to recover. Ex ante, the
system will spend a large amount of time away from the steady state and the

stationary distribution can be bimodal.
* Assets are more correlated during crises due to endogenous risk.

* Endogenous risk-taking gives rise to a volatility paradox, which means that the
economy does not become more stable when the fundamental risk ¢ is lower.
This is because when risk is lower, experts take on greater leverage, making the

economy more prone to crises.

* Financial innovations (e.g., securitization) that improve risk-sharing among ex-
perts might destabilize the economy in equilibrium. The logic is similar. Be-
ing able to diversify (idiosyncratic) risk emboldens the experts, leading to higher

leverage and amplifying systemic risk.

In terms of modeling, we highlight the essential techniques for solving large-scale

macro-finance models in continuous time:

e We introduce an occasionally binding constraint in this setting. The “skin in the
game constraint” is not binding in the normal regime, while it binds in the crisis

regime in which fire sales occur and volatility spikes.

* We rely on the “Fisher separation theorem” in order to solve the model from the

viewpoint of a “price-taking” social planner.

¢ We introduce a change from a consumption numeraire to a total wealth numeraire,

which simplifies many algebraic steps.

This chapter builds on Brunnermeier and Sannikov (2016), which expands on Brunner-

meier and Sannikov (2014).
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4.1 Model Setup

Environment. Like before, there is no labor and the economy is populated by experts
and households, i € {e,h}. However, now households can also produce consumption
goods but with an inferior technology. Agents can issue both equity and debt, but
subject to certain financial frictions. Upon death of an expert/household, a new agent
takes their place, inherits their wealth, and becomes an expert with probability (¢ &
(0,1).

Experts. Experts have a CRS technology y; = a°k{. Denote their consumption and

investment rate by c¢, 1. Experts’ capital stock evolves according to
Y Ct, - BEXP P g

e
dk—ljf — (D) — 5)dt + 0dZs.
t

Still, we have only aggregate risk in the environment. Experts have a log utility function

and they each maximize

Eo

T
/ e Fotlog c‘fdt]
0

where T is exponentially distributed with parameter p§. Define p® := pf + p5. The

objective is equivalent to infinite lifetime with higher discount rate p°
o0 e
Eog {/ e Pllog cfdt} :
0

Households. Households also have a CRS technology y/ = a’k]! with a" < a°. House-

holds’ capital accumulation process is

dki’ n
k_h = (q)(lt) — (S)dt —+ UdZt.
t

We let households hold capital to capture fire-sales. Households are more patient than
the experts, i.e., p" < p°. As we have discussed in section 3, assuming that households

are more patient than the experts, i.e., p" < ¢, is a modeling trick to ensure that the
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experts do not hold all the capital in the long run. However, here we achieve the same

outcome by introducing death. The households maximize

T
Eo / e‘pgtlogc?dt]
0

where T is exponentially distributed with parameter pg. Similarly, the objective is

equivalent to infinite lifetime with higher discount rate p" := pft + pZ
Eo {/ et log ci’dt} .
0

Financial Friction. The financial friction in this chapter is due to incomplete markets
(see, e.g., Dumas and Luciano, 2017). Although experts are allowed to issue equity,
they must hold at least « fraction of their risk. The balance sheets of the two sectors are

as following:

A Expert L A Household L
Debt Loans
Capital Net worth
Kk K, =quity qf Ky — N¢

Capital
K?q{(Kt

Xt = axf

Figure 4.1: Balance sheets of experts and households

The skin-in-the-game constraint can be expressed as x§ > ax;, where x7 is the frac-
tion of risk held by experts and «j is the fraction of capital held by experts. We will

discuss carefully this relationship in later sections.
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4.2 Solution Method

4.2.0 Postulate aggregates, price processes and obtain return processes

Again, with only aggregate risk, all experts (households) are identical, so total cap-
ital stock and net worth in each sector are obtained by Ki = ki, N = nl,i = {e, h}.
Denote the price of capital by g;. The total wealth of the economy is g; Y; Ki = q:K; =
N; = ¥; Ni. Define the capital shares as

i K
Kt = — =,
Y K}
and the net worth share as
i NN
Tt Yo NI gk

We then postulate that g; follows

d
ST~ dt + 07dZ,.
qt
Given the price process and the consumption-investment decision of the expert, we can

calculate the return rate to capital for both sectors, ri’K (). Same as (3.7), we have

i_ i
at — i

drK (i) —
) = |

+ &) =6+ ul +ool | dt + (o + o] )dZ;. (4.1)

We then postulate that SDF (& = e~/ (c)) follows
i ‘
% = —Ttdt — gltdZt, (42)
t

where 7, is the risk-free rate.
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4.2.1 For given SDF processes, derive individual equilibrium condi-

tions

With an additional asset available, sector i’s problem becomes

max [y [/ e_pitlogcidt}
0

{1,000t}
dni Ci iK 1.i,K/ i i,OE 1.0F i,D
s.t. L = ——dt+ 60, dry () + 077 dry s 4 07 rdt (4.3)
i i t t t t
t t
né given,

where r9F is the return to outside equity. Note that the outside equity has the same risk
(volatility) as capital but possibly different expected returns (drifts) due to the skin-in-

the-game constraint. The experts” allocation satisfies
0K >0, —(1—-a)p® <9 <0, 9P <0, and 67K +6°OF 1090 =1. (44)
The households” allocation satisfies

oK >0, oMOF >0, 6P >0, and OMK4eMOF LoD =1, (4.5)

Optimal investment ;. The choice of investment rate is still a static and time-separable
problem. An agent chooses /i to maximize her return rK(i}). The first-order condition

yields the Tobin’s g equation

— =@ (). (4.6)
With the special functional form ®(1) = %log(@ +1), ¢pit = q¢ — 1.

Asset and risk allocation. We solve the portfolio choice problem via the “price-taking
planner’s problem”, which is widely applicable to environments with multiple assets.
Intuitively, the price-taking planner’s Theorem means that a social planner that takes

prices as given chooses a real asset (capital) allocation x; and risk allocation x; that

coincides with the choices implied by all individuals” portfolio choices. The planner’s
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problem is often of the form

max [E [Capital Return| — (weighted ave. price of risk) x (incremental capital risk),

{rx}

s.t. Financial Friction(s).

Let’s see how this seemingly magical result works in our environment. The price-

taking planner’s problem is

(Weighted) Risk Premium

. . K
max E; [drf(;ct)} /dt — Y cixi x o s.t. Xi > kg
{reexe} N -~ _ i={eh} Egl-: ~—

Expected Return Financial Friction

——— —
(Weighted) Price of Risk

Here K (x;) is the overall return to capital: (1 = &£ = i} = %(qt - 1))
zK Y Kiai — kb
drf (x) thdrt = q—~|—<I>( u) =0+ ul +ool | dt + (o +a])dZ;.
t
Hence, the planner’s problem can be written as!
Xi Kta — b g e e
max ZGtXt (c+0/) st xp = ak;. 4.7)
{rexe} qt

Theorem 4.1. The equilibrium allocation of physical capital, k7, as well as the allocation of
risk, x{, that arises from agents’ portfolio decisions can be more directly obtained by solving the

“price-taking social planner problem” (4.7).

Proof. The proof takes three steps

2

1. By Fisher’s Separation Theorem~, each individual’s portfolio maximization is

equivalent to the following maximization problem of a “firm”. In our model,

INote that D) — 6+ ]/tt + (T(Tt does not depend on «, x;.
2We postpone the proof of this result till chapter 7. See also Kelsey and Milne (2006) for more details.
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individuals in sector i solve®

max  0/KE, [dr;?K(ﬂ;)] /dt + 07°FE, [dr?ﬂ /At + 07 — ¢ (07K + g1OF )"

{675, 0;°F, 07}
(44) ifi=e

s.t. .
(4.5) ifi=h

2. Aggregate {5;}-weighted sum of the two sectors’ problems:*

max Y yi0f B [dr ()] /dt+ Ynio} O E: [drPF| /dt+ e} Pre
{01 izgeny i ; -

— Y Gy (0 4+ 01F)or", st (44)and (45).
i
3. Market clearing conditions are

Capital: 6y =xi, ;6 +6,°F) = xi,
Outside Equity: Z qi@i’OE =0,

1
Debt: Y yio/P =o.
i
Note that (4.4) togerther with the capital market clearing condition implies
K ,OE K Ky _
Xi =i [67" + 6777 = (677 — (1 - a)6i7] = .

Therefore, the aggregated problem can be simplified to

{max} Y KiE, [dr;K(ﬂt)] /dt — (Zg@x’t) o, st xS > axd,
Kt Xt i i

which is equivalent to the planner’s problem (4.7).

3Recall that outside equity and capital have the same risk (volatility).
4 #iK K .
Note that 0™ = 0" as the two sectors face the same aggregate risk.
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Although we proved the theorem for this specific model, the three-step argument is
generally valid for more complicated models. Now we can solve the planner’s problem

(4.7) to obtain the risk/capital allocations. The KKT conditions are

Xt: min {g‘j — gi‘,)(f — aKf} =0, (4.8)

. a¢ —a" e h q e
Kt :  min P a(ci—¢i)(oc+0/),1—xfy =0. (4.9)
t

The derivation of the KKT conditions and how these conditions overlap may not
be obvious, first notice that apart from the financial friction constraint stated in 4.7, we
have another constraint on the capital holding by experts, which is x{ < 1. Hence the

Lagrangian reads

Cxéa+ (1 —xf)a — B
qt

L

(gt + (1= Xi)sh) (o + o) + (x5 — anf) + (1 = x)

where [4, [; are the Lagrangian multipliers.

Then we focus on y, taking FOC and the complementary slackness gives
(6§ — ¢ (o +07) = 0,xF —af > 0, (c§ — ¢1) (7 + o) (xf — ax) =0
Hence we have two cases here,

Casel:¢5(c+0]) > ¢l o+al), x¢ = axt,

I
t
Case2:¢S(c+0)) =clo+ah), x§ > axt.

Now under Case 1, we plug x{ = axj into the Lagrangian and take FOC and com-

plementary slackness regarding to xj, we get cases 1a and 1b,

a¢ — a"

qt
e . h
Case 1b: ~ p - a(ct —ch),xt < 1.
t

Case 1a: > a(cs —¢h),x8 =1,
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Under Case 2, there is no such relationship between x} and «;, so the conditions are

e h

a —a
qt
e ah

qt

Case 2a: >0,k =1,

Case 2b: 2 =0,xf < 1.

where 2b is impossible because a¢ > a”.

al

Intuitively, is the benefit of shifting a unit of capital from households to experts

2
and a(g¢ —¢h) ((Tq;— o/) is the associated cost, which is the difference in the required risk
premium. When the “skin in the game” constraint binds, there might be an interior
solution where the cost and benefit equalizes, and experts do not hold all the capital,
which is case 1a, there might also be a corner solution where experts already hold all
the capital but the benefit still exceeds the cost, which is case 1b. If the “skin in the
game” constraint does not bind, then the cost of shifting capital is zero as they require

the same risk premium, hence there is only a corner solution given by case 2a.

The FOCs can be visualized as following:

K <1 ki =1
A A
ae—ah ae_ah
— = alst = st + o)

> a(sf —¢t)(o+af)

Y Y
XE = g XE > g

Figure 4.2: First-order conditions of the planner’s problem

4.2.2 Evolution of state variable #;

The definition of equilibrium is similar to the previous chapter — a map from histo-

ries of shocks to equilibrium prices.

Definition 4.1. Given any initial allocation of capital among the agents, an equilibrium is a
map from histories {Zs,s € [0,t]} to price q;, investment rate ii, price of risk ¢ and capital/risk

allocation Ki, )(1;, such that
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(1) all agents choose portfolios and consumption rates to maximize utility,

(2) all markets, for capital, equity and consumption goods, clear.

Drift of 7i. One might solve for the process of the state variable i = N'/(q;K!) by
brute-force, i.e., combining process (6.1) and the market clearing conditions by It6’s
quotient rule. However, this method involves a formidable amount of algebra and
is thus error-prone. As an alternative, we introduce a new method — “change of nu-

meraire” — to compute the drift of wealth shares, p. .

Note that as a ratio of two equilibrium quantities, the wealth share 7! (and its

volatility) remain unchanged under a different numeraire, so the change-of-numeraire
i
method does not provide any new information on ¢ .

Change of Numeraire.

Consider two different numeraires — call them dollars ($) and euros (€). Let x{‘

be the value of a self-financing strategy in $. Denote the exchange rate by Y}:

4y,

= pldt +0)dz;.
Y}

Then, x{'/Y; is the value of the self-financing strategy in €. Applying the martin-
gale approach, Cfxf‘ and Z€(x{/Y) are both martingales. Recall that for any two

assets A, B, the martingale approach implies

uit — b =Gt - of),
Ut — uBY = (A — oBY),

By It6’s quotient rule,

uit Y = = (it —

o — otV = (o' o)~ (of — o) =o' —f
Hence,
(4 =) = o (of = o) = 6§ (of* = of)
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= (¢} ) (o] —of) = (oft — P)

— |¢f=c8 | (4.10)

We change the numeraire from consumption goods to the total wealth in the econ-

omy N; = Y; Ni. Consider two assets:

* Asset A: sector i’s portfolio return in terms of total wealth, that is Nti /Ny = 17%.
Extra drift terms are included due to reshuffling (death). The return to this asset

is

dni + (Ci/Ny)dt
1t

i C i

N
* Asset B: a benchmark asset that everyone can hold (e.g., risk-free asset or money
in terms of total wealth). In this chapter, asset B is the risk-free loan from the
households to the experts, which has return r;dt. However, in new numeraire,
the previously riskfree asset is not riskfree and does not earn the same expected
return. Under N-numeraire, its risk is —c}N and we denote its expected return as

rit.
The martingale asset pricing formula implies

N i - e N e/ G D R CRAY
¢ ———
price of risk

i

Ui
B +

under N; numeraire

Aggregate {#; }-weighted sum of the two sectors

R Ct oy i!
Lept g = L — ) (e +a), (4.12)
N i
=0

where the first item equals zero because it is the drift of ) 17i/ = 1. Subtracting (4.12)
from (4.11), the drift of nf is

—i

i . il Ci Ct - 4 N
i = el o)~ St et v - (- ) e
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. i .y . i’ Cl C -
::@—o—ﬂxﬂ+v+d0—2¢ui—wﬂ&w?+a+ﬂ%—@¢—Nﬁ e
i t

where the second equality holds because N; = g:K;, and hence O'tN =0+ (th )

Volatility of 7i. Recall that the wealth share 7! is numeraire invariant, so we still use

Itd’s quotient rule to solve for its volatility. Since 71 = Ni/Nj,

Xt_.%(

t

(o+0/) = o +0),

uh il uh

: ) i i’
N _ N Xt i' Xt
of =0 —of = Z fol = [7_2’7t7

where the third equality follows from (6.1) and market clearing conditions, as

o = ol = (07 + ;%) (0 +of) = j; (0 +a)).
t

Amplification. Applying [td’s lemma to q(75),

/ e
o = 9 eonty _ AU XE =g ey
gl ) = S T )
The total volatility is
c+ol = 7 >0 (4.13)
t 4 (77t) Xt — i .
q/ng g

The amplification effect arises due to fire-sales of capital from the experts to the house-
holds. A negative shock increases market illiquidity, leading to expert losses on their
capital stock. Since the experts are levered, when hit by a negative shock, they are
forced to sell their capital stock to the households, causing a further price drop, and so

on — a loss spiral.
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4.2.3 Goods market clearing

Since both experts and households may hold capital, the goods market clearing
condition takes the form:
. Ci . C!
k' — =Y L= - 414
ZZ t t Z K, qt;m N (4.14)

i

4.2.4 The special case of log-utility and the Inner Loop

So far we have characterized the optimal investment decision (4.6), the capital and
risk allocation (4.8 and 4.9), the volatility of capital price (4.13) and the goods market
clearing condition (4.14). If we know the prices of risk gé and consumption-to-wealth
ratios Ci / N}, we can already solve the model. We see that under log-utility ¢} = (Tt”i =
7};—%(0 + o) and Ci/Ni = p'. Tt is straightforward to show that (4.8) and (4.9) reduce to

the following two conditions:

a° —a" Xt — 1 2 s o
0 > a -7 (o +0/)", with equality if x{ < 1 (4.15)
xi = max {axf, 1f }, (4.16)

It follows that for the case of log-utility we only need to solve a system of non-linear
equations, one of which is an ODE (4.13). We refer to the algorithm as the “inner loop”,

as it will also be part of solution procedure for more general types of preferences.

Inner loop. Our goal is to solve for equilibrium variables (Xi, Kf, (th , li, q¢) as functions
of n7{ using conditions (4.6), (4.13), (4.14), (4.15), (4.16), and given expressions for gff and
Ci/Ni. The algorithm goes as follows:

Start at g(0) (the autarky economy) and solve to the right. Use different procedures

for two 7° regions:

i. If x{ < 1, solve ODE for g(7{) using conditions (4.13), (4.14) and (4.15). Specifi-
cally, we have to first plug (4.6) into (4.14) and (4.16) into (4.15). Then solve the

three equilibrium conditions to the right using Newton’s method.
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q

ii. If x{ = 1, (4.15) is no longer informative about ¢,. Instead, we solve (4.6) and

(4.14) for q(%¢), again, using Newton’s method.

Newton’s Method.

The classic one-dimensional Newton’s Method finds the root of a real-valued
function by successively computing the intercept of the tangent line approximation

of this function. Mathematically, it iteratively computes

Zp41l = Zn — [f/(zn)]_lf(zn)~

Slope = f/(zn>\

Zn41 Zn
Figure 4.3: One-dimensional Newton’s method

For a multi-dimensional system F(z) = 0, the Newton’s method proceeds as

Zy1 =2y — ], 'F(zy), (4.17)

where ], is the Jacoban matrix, i.e., J;j = aﬁ(z)/az]-.

In the algorithm above, we use Newton’s method to approximate the solution to
our ODE. Specifically, we let F(-) be the the three equilibrium conditions and z =
{q,«%, (0 + 01)}. Starting from the autarky solution zj, we then iteratively compute
to the right z,, by (4.17) on the #° grid. Note that for each grid point, we essentially only

conduct the first step in the Newton’s method. It can be shown that the error is of order

73 / 315



CHAPTER 4. A MODEL FEATURING ENDOGENOUS RISK DYNAMICS UNDER LOG-UTILITY

O((z — z*)?), where z* is the true solution. Since our 7¢ grid will be very dense and all

variables are continuous in 7¢, the error should be negligible in practice.

If using only the first step is insufficient, one can easily switch to a multi-step New-
ton’s method. For example, in the inner loop function presented in Section 4.2.5, one
only needs to add an additional loop for codes between line 21 and 34. However, it is
important to keep in mind that Newton’s method does not guarantee global conver-
gence. In practice, a multi-step Newton’s method might diverge, and one should check

the gain from each additional step to deter possible divergence.

4.2.5 Implementation in MATLAB: log-utility

Following is main code executing the algorithm under the assumption of log-utility.

1 %% Parameters and grid

2 a_e = 0.11; a_h = 0.03; % production rates

3 tho_0 = 0.04; % time preference

4 rho_e_d = 0.01;rho_h_d = 0.01;% death rates

5 rho_e = rho_0 + rho_e_d; % expert’s discount rate

6 rho_h = rho_0 + rho_h_d; % household’s discount rate

7 zeta = 0.05; % probability of becoming an expert
8 delta = 0.05; sigma = 0.1; % decay rate/volatility

9 phi = 10; alpha = 0.5; % adjustment cost/equity constraint
10

11 N = 501; % grid size

12 eta = linspace(0.0001,0.999,N)’; 7 grid for \eta

14 %% Solution
15 % Solve for q(0)
16 q0 = (1 + a_h*phi)/(1 + rho_h*phi);

18 % Inner loop
19 [Q, SSQ, Kappa, Chi, Iota] = inner_loop_log(eta, q0, a_e, a_h, rho_e, rho_h, sigma, phi

, alpha);
20
218 = (Chi - eta).*SSQ; % \sigma_{\eta~e} -- arithmetic volatility of \eta~e
2 Sg_e = S./eta; % \sigma~{\eta~e} -- geometric volatility of \eta~e
23 Sg_h = -S./(1-eta); % \sigma~{\eta"h} -- geometric volatility of \eta~h
24
25 VarS_e = Chi./eta.*SSQ; % \varsigma~e -- experts’ price of risk
26 VarS_h = (1-Chi)./(1-eta) .*SSQ; 7’ \varsigma~h -- households’ price of risk
27
28 CN_e = rho_e; 7, experts’ consumption-to-networth ratio
29 CN_h = rho_h; % households’ consumption-to-networth ratio
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31 MU = eta .*x (l-eta) .* ((VarS_e - SSQ).*(Sg_e + SSQ) - (VarS_h - SSQ).*(Sg_h + SSQ) -
(CN_e - CN_h) + (rho_h_d.*zeta.*(l-eta)-rho_e_d.*(1l-zeta).*eta)./(eta.*x(1-eta))); %
\mu_{\eta~e} -- arithmetic drift of \eta~e

The inner loop procedure is implemented in the function inner_loop_log.m:

| function [Q, SSQ, Kappa, Chi, Iotal = inner_loop_log(eta, qO0, a_e, a_h, rho_e, rho_h,
sigma, phi, alpha)

3 N = length(eta);

4 deta = [eta(1l); diff(eta)]; % imposes the correct grid step for numerical derivative at
\eta~e = 0

5

6 % variables

7 Q = ones(N,1); % price of capital q

8 8SQ = zeros(N,1); % \sigma + \sigma~q

9 Kappa = zeros(N,1); % capital fraction of experts \kappa

10

11 Rho = eta*rho_e + (l-eta)*rho_h; ’ auxiliary variable: average consumption-to-networth
ratio

12

13 % Initiate the loop

14 kappa = 0; q_old = q0; q = q0; ssq = sigma;

15

16 % Iterte over eta

17 % At each step apply Newton’s method to F(z) = 0 where z = [q, kappa, ssql’

18 % Use chi = alphax*kappa

19 for i = 1:N

20 % Compute F(z_{n-13})

21 F = [kappa*(a_e - a_h) + a_h - (gq-1)/phi - g*Rho(i);

22 ssq*(q - (q - q_old)/deta(i) * (alphax*kappa - eta(i))) - sigmax*q;

23 a_e - a_h - qg*alphax*x(alpha*kappa - eta(i))/(eta(i)*(1-eta(i)))*ssq~2];

24

25 % Comnstruct Jacobian J~{n-1}

26 J = zeros(3,3);

27 J(1,:) = [-1/phi - Rho(i), a_e - a_h, 0];

28 J(2,:) = [ssq*x(1 - (alphax*kappa - eta(i))/deta(i)) - sigma,

29 -ssq*(q-q_old)/deta(i)*alpha, q - (gq-q_old)/deta(i)*(alphaxkappa - eta(i))];

30 J(3,:) = [- alpha*(alpha*kappa - eta(i))/(eta(i)*(1-eta(i)))*ssq~2,

31 -q*alpha~2/(eta(i)*(l1-eta(i)))*ssq~2, -2*q*alpha*(alpha*kappa - eta(i))/(eta(

i)*(1-eta(i)))*ssql;

33 % Iterate, obtain z_{n}

34 z = [q, kappa, ssql’ - J\F;

35

36 % If the new kappa is larger than 1, break
37 if z(2) >= 1

38 break;

39 end

40

4 % Update variables

42 q = z(1); kappa = z(2); ssq = z(3);
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44 % save results

45 Q(i) = q; Kappa(i) = kappa; SSQ(i) = ssq;

46 q_old = q;

47 end

48

49 % Set kappa = 1, use chi = max(alpha, eta) and compute the rest
50 nl = i

51 for 1 = n1:N

52 q = (1 + a_e*phi)/(1 + Rho(i)*phi);

gp = (g - q_old)/deta(i);

Q(i) = q; Kappa(i) = 1;
56 SSQ(i) = sigma/(1 - (max(alpha, eta(i)) - eta(i))*qp/q);
7 q_old = q;

58 end

60 % Compute chi, iota
1 Chi = max(alpha*Kappa, eta);
2 Iota = (Q - 1)/phi;

4.3 Stationary Distribution and Fan Charts

4.3.1 Stationary distribution

Recall that in the simple model in Chapter 2, experts hold all the capital in the long
run. In this chapter, we introduce death for experts and households to avoid a degen-
erate stationary distribution. Figure 4.4 shows the drift and volatility of #°. There exists
an 17" where the drift of 77° becomes zero. 17* can be viewed as the “steady state” of this
model. In the absence of shocks, the system will converge to and stay at the steady
state. In response to small shocks, drifts of #° can still push the economy back to the
steady state. Moving away from the crisis regime, risk premia decline, which boosts
experts” consumption and lowers the drift of #°. At r*, risk premia decline sufficiently
so experts” income is exactly offset by their consumption propensity, and hence their

wealth share stays constant.

The region where 17° > a = 0.5 reflects perfect risk sharing between experts and
households, where the volatility of 7° is zero. Since the drift is negative, the system
will never stay in this region. If we start there, the system deterministically moves to

n° = .
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Figure 4.4: Drift and Volatility of #°

The stationary distribution of the system can be derived using Kolmogorov Forward

Equation. Consider a n-dimensional It6 diffusion X with law of motion
dX = u(X)dt + o(X)dZ, (4.18)

where p : R" — R", 0 : R" — R"*" and Z is a m-dimensional Brownian motion. The

stationary KFE for fx is

Z ;M %le 9x,0%; (( )”(X)T>iij(x)) '

This is a linear equation for the function fx, namely Tfx = 0 with the differential

operator T defined by

Tf ::_Za %iiaxax] (( T)ijf>' (4.19)

One can show by integration by parts that

(1) g = [ fix (Zuz s +§fﬁ(cmT)l.]«x)aj;xjg(x)) d,
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so T is the adjoint of the operator S. We then discretize the differential operator S by a
matrix A. In finite dimensions, forming adjoints means taking transposes, so that AT
is a finite-dimensional approximation of T. We interpret A as the transition matrix of
a continuous-time Markov chain. Then its basis y (i.e., ATy = 0) is a multiple of the
invariant distribution of this Markov chain, so one can divide y by its (unweighted)
sum to obtain invariant probabilities. Then we can form the cumulative sum to get the

CDF and approximate the density by taking finite differences.

In next section we provide MATLAB program KFE.n to solve stationary and time-
dependent Kolmogorov forward equation. Figure 4.5 plots the stationary distribution.
Note that any monotone transformation of #° is also a valid state variable, including
the CDF of 7°.

8 T T T T T T T T T

0 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ne

Figure 4.5: Stationary distribution
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4.3.2 Fan Charts

In standard macroeconomic models with a fixed steady state, it is commonplace to
start at the deterministic steady state and shock the state variable with a one standard
deviation (negative) shock (bad unanticipated realization). Subsequently one can ob-
serve how the system/economy converges back to the steady state, i.e., by plotting the

the impulse response function.

The mathematical tool for studying transition paths in a continuous-time environ-
ment is given by the time-dependent Kolmogorov forward equation. For a process X

with the evolution (4.18), the KFE is

n

d d 1 LA T
St = = Lo (s ) +3 123 5 o (o), fi ()
or, shorter, dfx (x,t) /ot = [Tfx (-,t)] (x) with T as defined in (4.19). To solve such a
linear parabolic PDE, we can borrow the AT approximation matrix from the stationary

case and iterate the right hand side of KFE forward.”

The following MATLAB function outlines this solving method for both stationary

and time-dependent Kolmogorov forward equation:

function [pdf_stat,varargout] = KFE(X,MU,S,T,F0)
KFE Solve one dimensional stationary and time-dependent KFE by finite

% difference method The process being studied is dX = MU(X)dt + S(X)dZ_t.

W N =
=

5 % REQUIRED INPUT:

6 % X: [X(1), X(2) ... X(N)]’ is the state space (can be uneven grid)
7 % MU: a drift vector of length N, with MU(1) >= 0 and MU(N) <= O

8 % S: a volatility vector of length N, with S(1) = S(N) = 0

9 % OPTIONAL INPUT FOR TIME-DEPENDENT KFE:

10 % T: time grid, Mx*1

11 % FO: initial distribution vector, Nx*1

13 % IMPLEMENT
14 % 1. For stationary distribution, [pdf_stat] = KFE(X,MU,S);
15 % 2. For distribution diffusion, [pdf_stat,cdf] = KFE(X,MU,S,T,F0);

17 % NOTE: 1. Fokker Planck operator (KFE) is the adjoint operator of Feynman Kac
18 % operator (KBE). We first build Feynman Kac operator and then transpose it.

19 % 2. We use upwind scheme and implicit scheme for monotonicity and stability.

5In the one-dimensional case can also be solved with MATLAB built-in solver pdepe.
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21 N = length(X);

2 dX = X(2:N) - X(1:N-1);

23 %% 1. Build Fokker -Planck operator

24 % approximate drift terms with an upwind scheme

25 % upper diagonal

26 AU = max(MU(1:N-1),0)./dX;

27 % lower diagonal

28 AD = - min(MU(2:N),0)./dX;

29 % main diagonal

30 AO = zeros(N,1); AO(C1:N-1) = AO(1:N-1) - AU; AO(2:N) = AO0(2:N) - AD;
31 % matrix A

32 A = sparse(1:N,1:N,A0,N,N) + sparse(1:N-1,2:N,AU,N,N) + sparse(2:N,1:N-1,AD,N,N);

34 %, approximate volatility terms

35 % sigma~2/(x_{n+1} - x_{n-1})

3 S0 = zeros(N,1); SO0(2:N-1) = S(2:N-1).-2./(dX(1:N-2) + dX(2:N-1));
37 % upper diagonal

33 BU = SO0(1:N-1)./dX;

39 % lower diagonal

40 BD = S0(2:N)./dX;

41 % main diagonal

42 BO = zeros(N,1); BO(1:N-1)
43 % matrix B

4 B = sparse(1:N,1:N,BO,N,N) + sparse(1:N-1,2:N,BU,N,N) + sparse(2:N,1:N-1,BD,N,N);

BO(1:N-1) - BU; BO(2:N) = BO(2:N) - BD;

46 % Fokker Planck operator
47 FP = (A+B)’;

49 %% 2. Find stationary distribution.

50 % MATLAB doesn’t have build-in kernel solver for sparse matrix, for higher
51 % efficiency one can use online package like spnull, etc.

52 F_stat = null(full(FP));

53 cdf_stat = cumsum(F_stat(:,1)./sum(F_stat(:,1)));

54 pdf _stat = [0;(cdf_stat(2:end)-cdf_stat(l:end-1))./dX];

56 %% 3. Solve the time-dependent KFE.
5

57 if nargin ==

58 F = FO;

59 DT = [0 T(2:end)-T(l:end-1)1;

60 pdf _diffusion = zeros(length(T),length(F));
61

62 for i = 1:length(T)

63 F = (speye(N,N) - DT(i)*FP)\F;
64 pdf_diffusion(i,:) = F;

65 end

66 varargout{1} = pdf_diffusion;

67 end

68

69 end

To visualize the transition, we can use fan charts originally introduced by the Bank
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of England. The first type of fan chart plots the evolution of (the distribution of) the
state variable after a shock — the “distributional impulse response”. The idea is sim-
ilar to the impulse response function in the DSGE literature, but instead of imposing
a one-time shock, it studies the dynamics of the whole system. Figure 4.6 plots the
convergence back to the stationary distribution after a shock to an economy originally
at the median of the stationary distribution. To simulate a negative shock, we set the
original Brownian shock at its 1% quantile (dZ; = —2.32dt) for a period of At = 1.
The dashed lines indicate different quantiles of the distribution and the solid line is the

median response. The color is monotone in density.

0.45 - = -

0.4 Hll -

= 0.35
’ 1l

5 -
0.25 1l

Il — \ledian State
“2 | I 1 L

-10 0 25 50 75 100
Time ¢

Figure 4.6: Distributional impulse response at stochastic steady state

More interestingly, the second type of fan chart plots the difference between distribu-
tions with and without the shock. As we find in Figure 4.7, the difference converges to

zero in the long run.
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5 -0.02
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1 1 1
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Figure 4.7: Distributional impulse response (difference to unshocked path), o = 0.1

4.4 Discussions

In this section we study how specific parameters (a", o, a) affect the equilibrium.

Figure 4.8 shows the effect of o on the equilibrium. The steady state #* drops as
o declines, while risk premia fall in the normal region, until #* reaches the boundary
of the crisis region (the kink in 4).° A volatility paradox emerges: endogenous risk o}
does not necessarily fall as ¢ declines. Note that as ¢ — 0, the boundary of the crisis

region does not converge zero — there is always some positive endogenous risk.

®This happens for o = .01 in Figure 4.8.
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Figure 4.8: Equilibrium for o= .1 (blue), .07 (red) and .01 (black)

The effect of relaxed financial friction is similar. As shown in Figure 4.9, endogenous

risk (7;7 increases as « falls.
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13 0.06
1.2 -
SH = 0.04
11 ©
1 0.02
0.9
0
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
n n
0.25 0.06
09 0.05
0.04
0.15
% 5003
3
01 0.02
0.05 0.01
0
0
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 05

Figure 4.9: Equilibrium for a= .5 (blue), .2 (red) and .1 (black)

The household productivity a" has a major impact on stability of the system. a”

flects how households value capital, when they are forced to hold it. Figure 4.10 shows
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the equilibrium dynamics for different values of a”. Endogenous risk significantly in-
creases as a" declines while the behavior in the normal regime and #* are insensitive
to a7 Tt is surprising that although expert leverage responds to fundamental risk o, it

does not respond to endogenous tail risk.

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

0.5 0.1

0.4 0.08
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0.3

0.04

0.2
0.02
0.1 0
0 -0.02

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

o’
wn

Figure 4.10: Equilibrium for a"= .03 (blue), -.02 (red) and -.07 (black)

4,5 Exercises

4.5.1 Fire Sales

In this exercise you will solve the model from Lecture 04 numerically, under the

assumption of log utility.

1. Our goal is to construct functions 4q(7), (1), x(y) and ¢9(y) on the [0,1] grid.
Slides 47-48 provide the parameter values, and slide 46 provides the set of equa-

tions and the algorithm.

(a) Solve the model at the boundaries: fory = 0and 7 = 1.

7 As noted in Brunnermeier and Sannikov (2016), for log utility, it can be analytically proved that the
dynamics in the normal regime is independent of a".

84 / 315



CHAPTER 4. A MODEL FEATURING ENDOGENOUS RISK DYNAMICS UNDER LOG-UTILITY

(b) Create a uniform grid for # € [0.0001,0.9999] = {; = 0.0001, 72, ...,7N =
0.9999}.

(c) Using the implicit method with the one-step Newton’s algorithm, solve

the system of equations on slide 46 for #1,#3,... and so on.
(d) Stop once you reach ¥ > 1. From here on, set ¥ = 1, solve for g and ¢*.

(e) Verify your solution by plotting g(17) and ¢(#) and comparing it with the
graph on slide 50. Do your functions converge to the boundary solution
for 7 = 1 that you obtained in (a) as 7 — 1?

(f) Plot the remaining variables: (1), x (7).

(g) We can also look at the experts” balance sheet: derive expression for the

. . Dg . .
scaled version of issued debt: aik; and plot it against 77.

2. Recall from the lecture that drift and volatility of # in the general case are given
by:

W = (1= ) [<gi—a—cfﬁ><aﬁ+a+aﬁ>—

n g n g ceCr\ o phc(1—mn) —p(1 = Qe
—o— - to+ol |- =t - =t )+
(¢f —o—0) ( Tt Ut> (Nf NI G

K J—
(7;7 _ ke
Mt

(a) Which terms in the above equations can we simplify /substitute because of

(0 +0af)

log utility and why? Perform these substitutions and derive the drift and

volatility of 7 under log utility.

(b) Verify your solution by plotting #u" (1) and 70" (1) and comparing them
with the graph on slide 50.

4.5.2 Brunnermeier and Sannikov (2014)

In Brunnermeier and Sannikov (2014), experts and less productive households are

risk neutral. However, while consumption of households can go negative, for experts
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it has to stay non-negative. Hence, experts become extremely risk averse when con-

sumption approaches zero. As a result, the stationary distribution is bimodal.

Try to replicate the paper with tools studied in this chapter.
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Chapter 5

Contrasting Financial Frictions

In this chapter, we extend the previous model by including a leverage contrainst on

the amount of debt the expert sector can issue.

5.1 Model Setup

Environment. Like before, there is no labor and the economy is populated by experts
and households, i € {e,h}. However, now households can also produce consumption
goods but with an inferior technology. Agents can issue both equity and debt, but
subject to certain financial frictions. Upon death of an expert/household, a new agent
takes their place, inherits their wealth, and becomes an expert with probability (¢ &
(0,1).

Experts. Experts have a CRS technology y; = a°k;. Denote their consumption and

investment rate by cf, . Experts’ capital stock evolves according to

dke
k_‘;t = (O(8) — 8)dt + odZ; + dAM*
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Still, we have only aggregate risk in the environment. Experts have a log utility function

and they each maximize Experts have a log utility function and they each maximize

T e
/ e Fol log c‘;dt]
0

where T is exponentially distributed with parameter p4. Define p¢ := pj + p5. The

Eg

objective is equivalent to infinite lifetime with higher discount rate p°
o e
Eo {/ e Pllog cfdt} :
0

Households. Households also have a CRS technology y = a"k with a” < a°. House-
holds’ capital accumulation process is

dk! " K
k—? = (q)(lt) — 5)dt + U'dZt + dAi’/ .

We let households hold capital to capture fire-sales. As we have discussed in section 3,
assuming that households are more patient than the experts, i.e., o" < p¢, is a modeling
trick to ensure that the experts do not hold all the capital in the long run. However,
here we achieve the same outcome by introducing death. The households maximize

T
Eo / e 0! log c’fdt]
0

where T is exponentially distributed with parameter pg. Similarly, the objective is

equivalent to infinite lifetime with higher discount rate p' := pg‘ + pZ
—, h
Ey {/ e logctdt} .
0

Financial Friction. The financial friction in this chapter is due to incomplete markets
(see, e.g., Dumas and Luciano, 2017). Although experts are allowed to issue equity,
they must hold at least a fraction of their risk. At the same time, experts are subject

to a leverage constraint by which they can issue risk-free debt up to a fraction /¢ of the
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value of their capital holdings. As for households, they are subject to a no-short-selling

constraint on capital. The balance sheets of the two sectors are as following;:

A

< €Ki qeK;

Net worth

Capital :
Equity q:K: — Nf

K{qeKy
Capital
K?Qth

> akfqiK;

Figure 5.1: Balance sheets of experts and households

Letting 09K = k°qK/N¢, 0P = —D°/N¢ and °°F = OE®/N¥, the skin-in-the-game
constraint can be expressed as (1 — zx)@f’K + Bf’OE > 0 and the leverage constraint as
(1-¢ )GfK + Gf’OE < 1. In addition, the no-short-selling constraint for the household

sector is Qf’K > 0.

Leverage Constraints in Practice. The international regulation for leverage is im-
posed by the Basel Accords. In 1988 Basel I was published, setting minimal capital
requirements for credit risk. In 2004 this was updated to Basel II which introduced
risk dependent weights (which are not time varying) on capital requirements. Basel III,
introduced in 2010/11, tightened capital requirements and set a leverage ratio require-

ment.

5.2 Solution Method

We solve this problem using the Stochastic Maximum Problem.
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5.2.0 Agents’ portfolio choice

Experts’ portfolio choice. Let rf’j =E [drf’j ]/dt. Then the experts solve the following

optimization problem

max IE[/ epetu(cf)dt] subject to

a0 oyt L
dnf = {—c‘f + nf (rt + 09K (oK (1) — 7y) 4 09OF (r9OF — rt)ﬂ dt
(0K + 605 (0 + of )24
(1 —«)0" + 67°F > 0 (skin-in-the-game constraint)

(1—£)6°% +6°°F <1 (leverage constraint)

Denote by A! the multiplier on the leverage constraint and by A{ the multiplier on

the skin-in-the-game constraint. The Hamiltonian can be constructed as

e
n e
My T
7\

Hi = e u(ef) + & [—c? o (re+ 65 () — ) + 67O (70" m)}
ol nt

— G s (07 + 07 ) (o -+ of) + &AL [1— (1 0)67< — 670" |

+EmiAT | (1 — ) + 070" |

Notice that the objective function is linear in 8, hence the solution is of bang-bang
type: the agents are either indifferent or at a constraint. In addition to this, the Fisher
Separation Theorem applies between cf, "}, i since their first-order conditions are de-

coupled.

Households” portfolio choice. The households solve the following optimization prob-

lem

© _Ah
max E / e Ptu(cl)dt|, s.t.
i i ghK gl OE s
Croy O™ by
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dnff = {_c’; (e O (PR — )+ OPOF (1 OF () — rt))] dt
+ (6% +6,7%) (¢ + 0])dZ,

Of’K > 0 (household short-sale constraint)

Denote the multiplier on the no-short-selling constraint on capital as A. The Hamil-

tonian can be constructed as

h h
uy ”t

_,h
HE = e Mu(el) + 8 [l (v 615 PG = ) + OO GEOE - )|
h

h
n
Oy 1y
2\

— il (6, + 6y ) (o + o) + Einarer

which is also linear in 8 and Fisher Separation Theorem also applies.

f-choice. The first-order conditions with respect to s are

¢ Experts’ sector

er—rt = gi(a%—aﬁ) + (1 —E))\f— (1 —oc)/\i(
PO i =cl(o+ o)+ AL = Af

e Households” sector

h,K h h
it — e =gp(o +0) — Af
h
t

”?E—T’t o (UJFUf)

Taking the difference between them, we obtain

ae_ah

qt

= (¢ — ¢ (o +0f) + AT+ (1= 0 — (1 - a)A,

0= (¢ —¢H(c+a])+A{—AF,

Hence, if we focus on the return gaps r9F — r?’K and rf’K —r9F, we can write the
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FOCs as

rf’K —r9F = aAX — 1A}

Y

Let us now consider different cases in which the constraints may or may not bind.

e Household short-selling constraint not binding (A} =0 = r9F = r?’K)

- AX =0,A! > 0 is impossible because X > #K — yOE

- Af > 0,Af > 0or AY > 0,A/ = 0 are both possible. The skin-in-the-
game constraint always binds while the leverage constraint may or may
not bind.

* Household short selling constraint binding (/\]t1 > 0)

— If we define 7" to be the smallest #¢ such that A} > 0, then A} > 0 is
impossible because 1/%; < 1/#%*. Hence, only the skin-in-the-game con-
straint may bind. The intuition behind this is that outside equity cannot

generate a higher return than physical capital.

(x, x)— Asset/Risk Allocation. We now translate the constraints from the 6 space to

the x — x space. These become

Skin-in-the-game constraint x{ = iﬁ’KQf + i Gf’OE > akf
N———"
>—(1—a)xf
: e __ epneK epne,OE e e
Leverage constraint x; = #;0," +  #;0, < Ui + n;
N’

<(1-(1-0)65)

And the FOCs can be rewritten as

p > a(ct — (o + o), with equality if x{ < 1 and x{ < x{ + 75.
t - -~ g
A—risk premia

¢t >¢", with equality if xf > ax}
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With this in mind, we can now consider four different cases across # which are

summarized in the table and figure below

Cases Oa la 1b 2a

Leverage Xi =05 +nf | x5 < lxf+nf | x5 < Ui +ni | xi < 0k +nf
Skin-in-the-game | x§ = ax} Xi = oK} X = oKy Xi > &Ky
Short-sale K <1 K <1 ki =1 ki =1
A-risk premia > = > >
Risk-sharing Xt > 1t Xt > 1t Xt > 1t Xt =1t

Occasionally binding constraints:
Leverage constraint
Skin in the game constraint

, HH’s short-sale constraint
Experts’ leverage

constraint, HHs’ short-sale constraint of
Xt = txi +n¢ capital binds, kf =1
V—A—V 1
f \
| Case Oa | : | Case 1a | ! | Case 1b | I

| | | n

\ J
Y
Experts’ skin in the game
constraint binds, yf = akxf

5.2.1 Market Clearing

Determination of «, x. The determination of « is based on the difference in risk pre-

mia a(¢¢ — ¢#) (0 + o). Hence, « is determined by the FOC

a‘—a Xt — 1§
. > “q L ;78)276 (o +0]), with equality if xf < 1and x¢ < (k¢ + 5.
)i

The risk share of experts x§ is given by

Xt = max{axi, i}

while the determination of «§ in the leverage constrained region follows from

e
e __ 77t
t

K a—/
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Investment and capital prices. Optimal investment dictates

and from the previous lecture on amplification, we have that

q _ o q — 07'(’7?) e e q
o+ Ut B q’(ﬂf) Xf"?f = |0 q(;ﬁ) (Xt 771‘)(0 + Ut )
q(n)/mg i

Output good market clearing. This requires

(k6a® 4+ (1 — «$)a" — 1)K; = Cy
h

"]

= |kia®+ (1 —«f)a" — i = qe[mp® + (1 —11)p

5.2.2 Algorithm — Static Step

We have five static conditions,

1. (Plt:qt—l

o e. a°—a" XMl 7\2
2. Planner condition for «¢: m > (=R (c+0/)
t t

3. Planner condition for x§: x§ = max{ax{, 7;}

4. w¢af + (1 —«x8)a" — 1(qr) — qelmep® + (L= 3¢)p"] = 0

5. 07 = T8 (6 — i) (@ + o)
= Get q(17°), x* (), 7 (n°).

The algorithm strategy is to start at g(0), solve to the right, and use a different procedure

for the two 7 regions depending on «:

1. While «¢ < 1, solve ODE for g(#°)

e For given q(77), plug optimal investment (1) into (4)
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¢ Plug in the Planner’s condition of )

* Solve ODE using three equilibrium condition (2),(4) and (5) via Newton’s
method

o if x§ > lx{ + n{, replace «{ by a”—_fg, solve (3) (4) (5) for x(1°),q(n°),c1(n°)

2. When x¢ = 1, (2) is no longer informative, solve (1) (4) for q(n°)
(HINT: When constraint binds, we directly substitute in x°)

Aside: Newton’s Method The system of equations to use for Newton’s method in
this case is as follows,

q wfag + (1 —xf)a" — 1(qe) — qelmep” + (1= 7)p"] | [goods mkt
z,=| x |,Flz,) = q' () (x; — ) (0 + ) — (i) .| amplif
o+l (a° —a) — agy (ﬁ;fﬂ)fr]f (cr + Uf) Planner.

Slope = _,f"[:,.}-—_____)_

5.3 Numerical Solution and Model Properties

In this Section we cover the numerical solution, which was computed with the al-
gorithm covered above.
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5.3.1 Capital Price and Volatility

We first analyze the price of capital and amplification. Figure 5.2 plots these, for
the displayed parameters. Note that / = 0.55, which corresponds to one being able to
borrow up to 55% of their collateral. We observe four regions split by the dashed lines.
In the left most region both the leverage constraint ad outside equity constraint are
binding. In the second left most region the leverage constraint no longer binds. These
two regions make up the crisis regimes, where fire-sales are occurring and capital price

is increasing as a function of 7. The third region is where 100% of the capital is held by

the experts, and households are short-sale constrained. In the final, right most, region

there is perfect risk sharing, where xy = «.

Price of Capital Amplification

14t
1.3+
§
1.2+ &
I~} . st
S ~ s ~
3 E
&h 3 ~
L1f &0 & S
e 5 =
L2 g
g >
)
1+ Cj =
0.9 4
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n

Figure 5.2: p*"" = 0.05, %" = 0.04, 05" = 0.01, {¢ = 0.05, § =0.05, a° = 0.11, a = 0.03,
0=0.10,¢ =10, & = 0.8, £ = 0.55.

It is interesting to compare the volatility of the price of capital in the model over
different cases. Figure 5.2 plots this for the full model, with outside equity and leverage.
Figure 5.3 plots ¢ for a benchmark model (dashed black line) with no outside equity
and no leverage, as well as a model with outside equity only (red line). As outside
equity only is added to the model, the volatility goes up in the fire sale region. As the

leverage constraint is added on top of this, the fire-selling region in which it does not

bind (the second left most region) experiences more price volatility.
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O-1r — — Benchmark 0.1} — — Benchmark

Outside Equity Only
Outside Equity + Leverage

Outside Equity Only 0.09 +

n n

Figure 5.3: Same parameters as Figure 5.2, but black line has « = 1, £ = 1 and red line
hasa = 8,/ =1.

5.3.2 Net Worth Evolution: Drift & Volatility

Figure 5.4 plots the drift and volatility of 7 in arithmetic terms. When the drift of
the state variable is 0 we are at the steady state. Below the steady state the system drifts
up and above it it drifts down. The volatility is highest in the region where the leverage

constraint is not binding but fire-sales are still happening.

Drift of n¢ Volatility of n¢
0.03 - K 0.09 - ¥ oL Tt
0.025 |- 0.08
0.02 0.07
0.06
0.015 |-
0.05
S om r:\
2 0.04
0.005
0.03
0 0.02
-0.005 | 0.01
-0.01 0 ‘ ‘ ‘ ;
0 0 0.2 0.4 0.6 0.8 1
n n

Figure 5.4: 0% = 0.05, p&" = 0.04, p%" = 0.01, {® = 0.05, 5 =0.05, a° = 0.11, a" = 0.03,
0=0.10,¢ =10, & = 0.8, £ = 0.55.
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5.3.3 Risk Allocation & Leverage

Figure 5.5 plots the risk allocation and leverage for the full model, with both outside
equity and the leverage constraint. The risk allocation plot shows what proportion of
risk is held by the experts. It is increasing in 1, and we observe perfect risk sharing
in the right most region. When the experts hold, for example, 90% of the wealth, they
also hold 90% of the risk. Therefore from 1 = 0.8 onwards the risk holding plot is the
identity line. In the second right most region, the experts already hold all of the capital
but only 80% of the risk. This is because the outside equity constrain of & = 0.8 is
binding. In the capital net worth ratio plot we observe the leverage constraint kicking

in in the left most region. Experts would like to lever up more but cannot. Note that

the lever up less as they capture more of the wealth share.

. Risk Holding Capital Networth Ratio
4.5 : : :
0.9+
0.8
0.7F
0.6 g
)
wosp o g =
‘ I
s S
0.3} =~
0.2+
0.1r 0.5
0 L L L 1 ) 0 L L L 1 )
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n

Figure 5.5: p*"" = 0.05, %" = 0.04, 05" = 0.01, {® = 0.05, 6 =0.05, a° = 0.11, a = 0.03,
0=0.10,¢ =10, & = 0.8, { = 0.55.

Risk Allocation Comparison. Figure 5.6 plots risk allocation for the benchmark model
(dashed black line) with no outside equity and no leverage, as well as the model with
outside equity only (red line). The full model is again plotted in blue. The addition of

outside equity allows experts to offload a proportion of their risk, which is why the red

line is lower.

98 / 315



CHAPTER 5. CONTRASTING FINANCIAL FRICTIONS

0.8 -
0.6 -
0.4+

0.2+
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Leverage Comparison. Figure 5.6 plots leverage for the benchmark model (dashed
black line) with no outside equity and no leverage, as well as the model with outside
equity only (red line). The full model is again plotted in blue. Allowing for outside

equity lets experts hold even more capital in relation to net worth, but if there is a
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CHAPTER 5. CONTRASTING FINANCIAL FRICTIONS

5.3.4 Volatility Paradox

We now consider the model with outside equity & = 0.8, but no leverage constraint.
Then the volatility paradox is a phenomenon which shows that ¢” (as well as o + o)
stays roughly constant as ¢ varies (even when ¢ — 0). Figure 5.8 plots various objects
for different c. We observe that the regions shift slightly, since the fire-selling regions
start for lower 7 if there is lower ¢. However, we observe that the total volatility, at
the point where fire sales start in each parameterization, is roughly the same. This is

because as you lower the fundamental volatility, o, the price volatility, ¥, increases.

0.1

0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

ol

0.1r

0.08 -

0.06 -

0.04

0.02

0.4

n

0.6

0.8

w'n

0.04

0.03

0.02 +

0.01

n

Figure 5.8: Volatility Paradox & = 0.8, 0 = 0.10, ¢ = 0.08, o = 0.06

If we add a leverage constraint on top of the model ¢ = 0.55 we get even more in-
teresting results. Figure 5.9 plots the same objects as before for different c. Now o7 is
really increasing in o for the second left most region, where fire-sales are happening but
the leverage constraint does not bind. In the left most region of the binding leverage

constraint and fire-sales, the ¢ and ¢ are decreasing in ¢. The leverage constraint
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binds earlier on for lower ¢ and makes the volatility go down. This was not the case in
the model without the leverage constraint. Interestingly, the drift also collapses com-
pared to the case of no leverage constraint. this is because experts cannot lever up as
they wish to take advantage of investment opportunities. The upwards drift in the left
most region is lower for lower . The lower the ¢ the longer it takes to get out of the

leverage constrained region.
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g
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Figure 5.9: Volatility Paradox « = 0.8,¢ = 0.55, o = 0.10, o = 0.08, o = 0.06

5.4 Stationary Distribution & Net Worth Trap

Recall from Chapter 4 that one can find the stationary distribution from the “Kol-
mogorov Forward Equation”. Given an initial distribution f(7,0) = fy(#), the density

distribution follows

of (n,t) _ _olftn,Hm(n)] | 1[f(y, )o* ()]

ot on 2 on2
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A corollary is that if stationary distribution f(7) exists, it satisfies ODE

o 0] | 18[f(n)o? ()]
dy 2 dn? ’

which has the closed form solution,

Cons X
f(n) = (72(;7)texp (/017 (ZTPZI((x))dx> .

Aside: KFE Analytical Example.

¢ Reflected Geometric Brownian Motion (Reflecting barrier at x = d):

dX; = ]/lXtdt +oXidZy — dU;, Xy € (O, d]

e KFE:

of __alwf) |, 182(2%)
ot ox 2 ox?

e Stationary distribution

2
Const X2 S5-=1 2%,
fx) = wul%%%ﬂﬂ

242 2

Net Worth Trap. Figure 5.10 plots the stationary distribution for different o. The net

worth trap is that the stationary distribution, for certain values of ¢ (in this case ¢ =

0.05), is double humped shape. The system lives a lot of time in the center, but also lives

a lot of time in the low 7 regime, or the crisis regime. Without the leverage constraint

this phenomenon does not occur.
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Figure 5.10: Stationary Distribution for Different . Fundamental volatility: ¢ = .1,
oc=.050=.01

For low values of ¢, like 0.01 in this case, the stationary distribution is degenerate.
Once experts become under capitalized they cannot escape the crisis regime and are
pushed to hold no wealth. So when does the invariant distribution exist? The asymp-

totic solution (as 7 — 0) follows

* iizlg(o))) >2:  f(y)isfiniteaty = 0.
©2z ig((gi > 1: f(#) is infinite at 7 = 0, but still normalizeable (| fdy < c0).
1= (27’;58;1 f(n) is infinite at # = 0, and stationary distribution does not exist.

5.4.1 Implementation in MATLAB: log-utility

Following is main code executing the algorithm under the assumption of log-utility.

1 %% Parameter values

2 rho_0 = 0.04; rho_e_d = 0.01;rho_h_d = 0.01;

3 rho_e = rho_0 + rho_e_d; rho_h = rho_O0O + rho_h_d;
4 zeta = 0.05; delta 0.05; a_e = 0.11; a_h = 0.03;
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§]

sigma = 0.1;alpha = .8; phi = 10;ell = .55;

7 N = 10001;

9 %% Grids
10 eta = linspace(0.0,1,N); deta = eta(2)-eta(l);

12 tho = rho_e.*eta+ rho_h.*(1l-eta);
14 q = (1+phix* a_e)./(ones(N,1)+phi*rho’); q=q’;
15 iota = (ones(N,1)*a_e - rho’)./(ones(N,1)+phi.*rho’);iota = iota’;

16 chi = zeros(1,N);sig_q = zeros(1,N);kappa = zeros(1,N);

18 q(1) = (1+a_h*phi)/(l+rho_h*phi);
19 iota(l)=(a_h-rho_h)/(1+rho_h*phi) ;

21 tor = le-5;
22 max_it = 100;
23 ind_1lv = 1;

24 ind_£f1 = 1;

25 flag = 0;

26 %% Model solution: Newton’s method
27 for i = 2:N

28 ind_f1 = ind_f1 +1;

29 iter = 0;

30 error = 1.0;

31 etai = eta(i);

32 F = @(x)[(a_e-a_h)/x(1)-alpha*((alpha*x(2)-etai)/etai/(1-etai))*...
33 (sigma+x(3))"2;

34 x(2)*a_e + (1-x(2))*a_h-(x(1)-1)/phi-x(1)*rho(i);...

35 (x(1)-q(i-1))/deta* (alpha *x(2)-etai)*(sigma+x(3))-x(1)*x(3)];
36 J = @(x) [-(a_e-a_h)/x(1)"2, -alpha~2x(sigma +x(3))~2/etai/(l-etai),
37 -2xalpha*(alpha*x(2)-etai)/etai/(1-etai)*(sigma+x(3));

38 -1/phi - rho(i), a_e - a_h, 0;...

39 1/deta*(alpha*x(2) -etai) *(sigma+x(3))-x(3), alpha/detax*...

40 (x(1)-q(i-1))*(sigma+x(3)), -1/detax*(x(1)-q(i-1))...

41 *(alphax*xx(2)-etai)-x(1)];

42 z0 = [q(i-1), kappa(i-1),sig_q(i-1)1];

43 while error > tor

44 iter = iter + 1;

45 z1 = z0 - reshape(J(z0)\F(z0),[1,3]);

46 error = norm(z1-z0)/norm(z0);

47 z0 = z1;

48 %disp (error) ;

49 if iter>max_it

50 disp ("HAVE trouble!")

51 break

52 end

53 end

54 if z0(2)>etai/(alpha-ell)

55 % if leverage constraint is violated, solve kappa by leverage
56 % constraint
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59

60

95
9%
97

98

99

kappai= etai/(alpha-ell); 7 alpha * kappa = ell * kappa + eta
kappa(i) = kappai;
q(i) = (a_e * kappai + a_h * (l1-kappai) +1/phi)/(1/phi + rho(i));
chi (i) = alpha * kappa(i);
sig_q(i) = sigma/(1-(q(i)-q(i-1))/deta/q(i) * (chi(i)-etai))-sigma;
iota(i)= (q(i)-1)/phi;
ind_1lv = ind_1lv+1;
else
q(i) = z0(1);
kappa(i) = z0(2);
chi(i)=alphaxkappa(i);
sig_q(i) = z0(3);
iota(i)= (q(i)-1)/phi;

end

if kappa(i)>1
flag = i;
break

end

end

for i = flag:N
etai = eta(i);
q(i)=(1+phi*a_e)/(1+phi*rho(i));
iota(i)=(a_e - rho(i))/(1+phi*rho(i));
kappa (i) =1;
if etai <alpha
ind_fl1 = ind_f1 +1;
chi (i) =alpha;
sig_q(i) = sigma *(q(i)-q(i-1))/deta/q(i)*(alpha-etai)/...
(1-(q(i)-q(i-1))/deta/q(i)*(alpha-etai)) ;
else
chi(i)=etai;
sig_q(i)=0;
end
end

sig_q(1)=sig_q(2);

%% Compute drift and volatility of eta

mu_eta = (ones(1,N)-eta).*(((chi."2-chi.*eta)./eta."2-(eta-chi).*...
(ones (1,N)-chi)./(ones(1,N)-eta) ."~2)
.*x(sigma.*ones (1,N)+sig_q)."2-(rho_e-rho_h) .*ones(1,N)+(rho_h_d.*zeta.*ones (1,N)
.*(l-eta)-rho_e_d.*x(1-zeta) .*xones(1,N).*eta)./(eta.*x(ones(1,N)-eta)));

sig_eta = (sigmax*ones(1,N)+sig_q).*(chi-eta)./eta;

%% Compute stationary distribution

2 M = buildM(eta ,mu_eta .*eta,sig_eta.*eta);

g = ones(N,1);

Mt = M?;

g(2:N) = - (Mt(2:N,2:N)\(Mt(2:N,1))*g(1));
g = g/sum(g)/deta;
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5.5 Net Worth Trap & Volatility Paradox Interaction

The net worth trap is based on the volatility paradox interaction with the leverage
constraint. The leverage constraint depresses u" and ¢ when 7 is close to 0 since ex-
perts are constrained and cannot take on any risk. Furthermore, there is higher volatil-

ity of g and 7 in the fire-sale region outside the binding leverage constraint.

Regulation, like the Basel Accords, is important for keeping volatility low and main-
taining stability in the economy. However, a leverage constraint which is not varying
in 77 can induce a net worth trap, making it hard for experts to recover from low wealth

shares.
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CHAPTER 6. MODELLING ENDOGENOUS RISK DYNAMICS WITH OTHER UTILITY FUNCTIONS

Chapter 6

A More General Macro-model with

Endogenous Risk Dynamics

In Chapter 4, we studied a macro model with endogenous risk dynamics under log-
utility. In this chapter, we present a generalization to other utility functions, namely
constant relative risk aversion (CRRA) utility and Epstein-Zin (EZ) utility. We begin
with the CRRA case.

6.1 CRRA Utility and Value Functions

Now with CRRA utility, sector i agents now have the following optimization prob-

lem

R i Cl_ly
‘max [Eg / e Pt _dt
{d,0lci}e2, 0 1—o
dn! c} iK 4K/ i, OE 1.OF | pi,D
s.t. 7 = —Edt + Qt df"t (lt) + Ot di"t + Gt T’tdt (61)
t t
nf) given,

Once we deviate from the assumption of log-utility, we no longer have readily avail-

able expressions for prices of risk and consumption-to-wealth ratios. We can however
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express these variables in terms of agents” value functions, which we discuss in this

Section.

Martingale approach works well in an endowment economy, where the consump-
tion stream is exactly the endowment stream, hence the marginal utility is given exoge-
nously by stochastic discount factor. While for our production economy case, we mix

the martingale approach with value function method.

By the same arguments presented in Section 3.3.1, CRRA utility implies that ci /ni-

ratio is invariant in n}, that is!

u (wi(ﬂt,Kt)”i) ﬁ/ C_Zt _ (pi)l/fy(w;')l—l/'y. (6.2)

. 1
Vint; e, Kp) = . = =
(ng; 172, Ke) o 01—+ !

Let’s first take a look at a special case. For constant investment opportunities wi =

w, ci/nl is constant, and hence p§ = yt ,0f = ol'". Furthermore, by Itd’s lemma,

d(ci)=7 i 1 i\ 2 i
—(Ct) [—’Wf + —7( ;7) (Uf) ] dt — yoy dZ;.

Because & = e~ #'1u/(cl) = e P (c})~7, Ito’s product rule implies that

di d(ct ; i 1+ i\ 2 i
;l pdr+(C?7 [_¢_7V§+ZL3;Q<ﬁ>]Cﬂ—Vﬁde
t

Recall the SDF process (4.2), and we now see that ¢} = ’y(ffi = 'ycrt”i and

: i 1+ i\ 2
m:#+wﬁ—1L;ﬂ(ﬁ)- (6.3)

Consider a self-financing strategy that reinvests consisting of an agent’s net worth with

1The value function for individuals i donates Vi(ni;n:, K;), where (1, K;) are state variables. For
1 n

n-sector problem, #; is a n — 1 vector, while in this chapter #; is a scalar 7;. For simplicity, later we use

the notations V;} = V'(n}; #¢, Ky), w} = w' (e, Ke), v} = 0'(4¢).
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consumption reinvested. By construction, the value of this strategy p’fi follows

d ' dnt ct
e
Py o mn

The martingale approach tells us that éﬁp’fi follows a martingale and the following asset
pricing equation holds
p p ' : (6h)? .

_ nt Cy _ o in
Wy —Te=Gop <= [ +;—rt—€t‘7t =Ty
t

The net worth then follows

d i ; ; i)2 i i
T pdt o' dzy = |n S G gy S,
t T 1y 7
Since yfi = y’fi, Ufi = (ft”i, (6.3) implies
S D R (0 S I { € 1 9 N AR ot ) PN ()i
Y on 2 7 n gt 2y
(6.4)

This will turn out to be a useful relationship for the next chapter, but now we focus on

more general investment opportunity processes.

For arbitrary opportunity processes w!, we still have ¢i = 'y(ffi and that éip’fi follows

a martingale. By It6’s product rule,

d(@p!) _ d(Eim) | gy,

gy Gmom
Rewrite (6.2) as
1 i i 1
(ct)7 = E(wl)lﬂ(nl) V= e () Mg = E(wl)lﬂ(nl)l’” (6.5)
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Hence,

; ot i i R ipn'
th o d(ei gt’?f) _ pz _ ﬁ df + M (6.6)
14 ef i

Martingale

Unfortunately, we can not use Ito’s formula on V/ to get the drift of dV//V/, as ni(n;)
and wi(7;) are not differentiable when g;(7;) has a kink?. Instead, we can de-scale the

value function with regard to K; and define the "de-scaled value function" vi:

iivl—y <wini/K>17 1—y
vi= Llem) 77 ) K (67)
pl 1 _ r)/ . pl ) 1 _ r)/

~

o=
By such a de-scaling, we separate two state variables 77; and K;®, hence can work on
them independently.
By It6’s product rule,
thi d [U;Ktl —’y]

ot 1 ot
T A {Vt + (1 =) (D(r) —6) — E’y(l —)o?+ (1 =)o | dt + [ --]dZ;.
t Uth

Recall (6.6), the drift of V/ equals

B (1= ) (@) = 8) — 37 (1 = 1)® + (1= 7)oof’ =pf = L

This gives us the following backward stochastic differential equation (BSDE)

dot .l 1 i i
— = [P = (A= (@) =) + 571 = 7)o = (1= y)oey’ | dt + 07 dZ:. (6.8)
t t

This is a BSDE that we can solve using standard numerical methods (Tourin, 2011). But

before that, we need to study the evolution of the state 7} in order to pin down terms

2 As we will see in section 6.4, this is indeed the case.
3We will see later v; only depends on state variable 77!, and is twice differentiable in 7. Besides, state
variable K; is easy to handle due to scale invariance.
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like c} /n} and 4.

Price of risk ¢i. The value function (6.2) implies

u (a)i(iyt', Kt)ng

Vi(ni;ye, Ke) =

pl
o 1 1=y . 1—y
L Wik _ (k) (nfy=r = Wi/ K)TT (K
on; o P! nj

Applying the envelop condition g—;/f = u'(cy),

i 1=y i

i i i
onj nj ac}

In equilibrium N! = ni and C! = ¢}, plugging in Ni = #ig;K, the condition ends up

becoming

i i\ V7
E:(M> . (6.9)

Ky o
Applying Itd’s quotient rule and comparing the volatility terms, we have*
cl ]. o ;7i q
i
The prices of risk are then

=90 = ¥ +ol' +of +10. (6:10)

“Note that cX = o because K; = Y, k’ki and of = ¢, Vi.
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Consumption propensity Ci/N!. Note that we can express Ci/N! in terms of 7, g

and vi. Plug in K; = N} /#iq; and rewrite (6.9) as

Ci_d _ (gign)/r!

N @ o
On the aggregate level,
. . 1/v
C i _ 1y (ma
= = —t == , . 12
N R Ty .

6.1.1 Value function iteration

To apply the finite difference method, we postulate that vi = v'(5¢,t) (Note in two-
sector model we only use 77¢ as state variable). By Itd’s formula, it follows
d_?f; 0wy + (i )aﬂvif 3 (o )2aﬂﬂ7’§dt L+ (5o .)anvidzt.
v Ui Ui

Comparing with the BSDE (6.8), we get the growth equation

drv} + [’7??‘?0] 9,0} + B (Wfat’f)z] Iy}

- {pf - [(@(4) —0) = 290 +0 (ic) ajflf] } o, (613)

1y t
where
wo=(ci—o—a)(e/ +o+o)) =Y (i —o—a)(e] +o+o]) (619
1/
C G i i PNy
— | - — o4+ o 1
(NZ M) pal +pdCN;, (6.15)
; i i
ol = th—l.m(c7+af). (6.16)
t

In order to solve this PDE, we need to know all the terms in red. Luckily, we already
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have all the building blocks from the previous sections:

e Tobin’s g gives us the investment rate /.

i =—(q: —1). (6.17)

< | -

e The price of risk ¢} is given by (6.10):

‘ i ; ; 6(7776 9,0
¢=—0f +0/ +0l+v0  where of = (mt—l)”t (6.18)
Ut
e The amplification equation yields o;:
1(.,e e __ e
ol = M)u(a +a/). (6.19)

g/t

e The first-order conditions to the planner’s problems gives x!, «!. It can be shown
that the FOCs (4.8)-(4.9) are equivalent to the following5

a® — a” 0y0¢ 9yl 1
min —a |- + + C_ o+ 1—x¢ S =0,
gt ( ,Uf ,U]t/l (1 . T]f)rlf (Xf r]t)( t ) t

xi = max{ax{,n;}. (6.21)

¢ In (6.11) and (6.12), we have obtained the consumption ratios cf;/ ni, C¢/ Ny from

the optimal consumption condition:

. . . . . 1/
Ci o  (gig)t/7! Cy G 1 U
N @ o E TRy ) o O

SProof will be added soon. For now, please see relevant parts of the lecture slides.
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e Finally, goods market clearing jointly constraints g; and '

Ci niq /v
Kial—y =Y -t = Viv 4 . 6.23
; t t Zl: X, Zl: ( o (6.23)

In the following algorithm, we first guess two functions v¢(#¢, T), v" (¢, T) and use
them as terminal conditions. We then solve the PDE (6.13) backwards on a discretized time
grid. In each step (time t), we solve for time-t equilibrium quantities as functions of 7;

using the Inner Loop procedure, introduced above.

More specifically, the algorithm goes as following

1. Start by guessing two functions v(4¢, T), v" (3¢, T) over a grid of #°

2. Loop over t = {T, T — At,---,0} until changes in v°-functions are small. In
each step, do the following:
(a) Compute 9,0} by first-order differences

(b) Perform the Inner Loop procedure, using appropriate conditions for
capital and risk allocation (6.20 and 6.21 instead of 4.15 and 4.16)

(c) compute ]/Ze (n5), ;78 (n5), yfi (n5), afi (1) using equations (6.15) and (6.16

(d) make time-step — back in time — and update the vi(t,-) functions to
vi(t — At, ")

115 / 315




CHAPTER 6. MODELLING ENDOGENOUS RISK DYNAMICS WITH OTHER UTILITY FUNCTIONS

vem*,t) D

Figure 6.1: Visualization of the time step

6.2 Implementation in MATLAB

Following is main code executing the algorithm under the assumption of CRRA
utility.
1 %% Parameters and grid
2 a_e = 0.11; a_h = 0.03; % production rates

3 rho_0 = 0.04; % time preferences

4 rho_e_d = 0.01;rho_h_d = 0.01;% death rates

5 rho_e = rho_0 + rho_e_d; % expert’s discount rates

6 tho_h = rho_0 + rho_h_d; % household’s discount rates

7 zeta = 0.05; % probability of becoming an expert
8§ delta = 0.05; sigma = 0.1; % decay rate/volatility

9 phi = 10; alpha = 0.5; % adjustment cost/equity constraint
10 dt = 100; tol = 1le-6; % time step/convergence criterion

11 gamma = 2; % CRRA parameter

12

13 fsolveOptions = optimoptions(’fsolve’,’Display’,’off’,’FunctionTolerance’,1e-8);
14

5 N = 501; % grid size

16 eta = linspace(0.0001,0.999,N)’; % grid for \eta

18 %% Solution
19 deta = eta(2)-eta(1); % grid step

21 % Initial guess for the value functions

22 v_e = a_e~(-gamma)*eta. (1-gamma);

23 v_h = a_e~(-gamma)*(l-eta). (1-gamma);
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41
42
43

44
45
46
47
48
49

50

61

62

63

64

65

66

68

vp_
vp_

ev_

ev_

Dot

e = [v_e(2) - v_e(1); v_e(2:N) - v_e(1:N-1)]./deta; % \partial{v_e}
h = [v_h(2) - v_h(1); v_h(2:N) - v_h(1:N-1)]./deta; % \partial{v_h}
e = (eta./v_e)."(1/gamma); % auxiliary variable for goods-market clearing
h = ((1 - eta)./v_h).~(1/gamma); 7 auxiliary variable for goods-market clearing

Iteration

for i = 1:10000

ev = ev_e + ev_h; % auxiliary variable for goods-market clearing
vpv = -vp_e./v_e + vp_h./v_h + 1./(eta.*x(1 - eta)); % auxiliary variable for kappa
FOC

% Solve for q(0), approximating value functions at the left boundary by

% the values at the first grid point. Initial guess: q(0) under

% log-utility

q0 = fsolve(@(x) a_h - (x-1)/phi - x.~(1/gamma)*ev (1), (1 + a_hx*phi)/(1 + rho_h*phi
), fsolveOptions);

% Inner loop
[Q, SSQ, Kappa, Chi, Iota] = inner_loop_crra(eta, qO0, ev, vpv, a_e, a_h, sigma, phi

, alpha, gamma);

S = (Chi - eta).*SSQ; % \sigma_{\eta~e} -- arithmetic volatility of \eta~e
Phi = log(Q)/phi; % Investment (net of costs)

Sg_e = S./eta; % \sigma~{\eta~e} -- geometric volatility of \eta~e
Sg_h = -S./(1-eta); % \sigma~{\eta"h} -- geometric volatility of \eta"h

vp_e = [v_e(2) - v_e(1); v_e(2:N) - v_e(1:N-1)]./deta; % \partial{v_e}
vp_h = [v_h(2) - v_h(1); v_h(2:N) - v_h(1:N-1)]./deta; % \partial{v_h}

ev_e = (eta./v_e). (1/gamma); % auxiliary variable for goods-market clearing
ev_h = ((1 - eta)./v_h)."(1/gamma); % auxiliary variable for goods-market clearing
Sv_e = S.*vp_e./v_e; ) \sigma~{v-e}

Sv_h = S.*vp_h./v_h; % \sigma~{v~h}

VarS_e = -Sv_e + Sg_e + 8SQ - (l-gamma)=*sigma; ) \varsigma~e -- experts’ price of
risk

VarS_h = -Sv_h + Sg_h + SSQ - (l-gamma)*sigma; % \varsigma~h -- households’ price
of risk

CN_e = ev_e.*Q."(1/gamma - 1)./eta; % experts’ consumption-to-networth ratio
CN_h = ev_h.*Q.~(1/gamma - 1)./(1 - eta); % households’ consumption-to-networth
ratio

MU = eta .* (l-eta) .*x ((VarS_e - SSQ).*(Sg_e + SSQ) - (VarS_h - SSQ).*(Sg_h + SSQ
) - (CN_e - CN_h) + (rho_h_d.*zeta.*(1-eta) - rho_e_d.*(1-zeta).*eta) ./ (eta.x*(1-
eta))); % \mu_{\eta~e} -- arithmetic drift of \eta~e

S([1, NI) = 0; % ensures volatiliuty is zero at the boundaries
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69 MU(1) = max(MU(1), 0); % ensures drift at the left boundary is non-negative

70 MU(N) = min(MU(N), 0); % ensures drift at the right boundary is non-positive

71

72 u_e = (CN_e + (1 - gamma)*(Phi - delta - gamma*sigma~2/2 + Sv_e*sigma)) .*xv_e; 7

flow term in experts’ HJB
73 u_h = (CN_h + (1 - gamma)*(Phi - delta - gamma*sigma~2/2 + Sv_h*sigma)).*v_h; 7
flow term in households’ HJB

75 v_el = update_v(v_e, eta, rho_e, u_e, MU, S, dt); ' update experts’ value function
76 v_hl = update_v(v_h, eta, rho_h, u_h, MU, S, dt); % update households’ value

function

78 d = max(abs(v_el - v_e) + abs(v_hl - v_h))/dt; % convergence
79 if d <= tol

80 break

81 end

82

83 v_e = v_el;

84 v_h = v_hi;

85 end

The inner loop is implemented in the function inner_loop_crra.m, which is identical
to the one under log-utility, except for a couple of lines in the construction of the F(-)

function for the Newton’s method and its Jacobian ].

1 function [Q, SSQ, Kappa, Chi, Iotal] = inner_loop_crra(eta, q0, ev, vpv, a_e, a_h, sigma
, phi, alpha, gamma)

2

3 N = length(eta);

4 deta = [eta(l); diff(eta)]; % imposes the correct grid step for numerical derivative at
\eta~e = 0

6 % variables

7 Q = ones(N,1); % price of capital q

8 SSQ = zeros(N,1); % \sigma + \sigma~q

9 Kappa = zeros(N,1); % capital fraction of experts \kappa

11 % Initiate the loop
12 kappa = 0; q_old = q0; q = q0; ssq = sigma;

14 % Iterate over eta

15 % At each step apply Newton’s method to F(z) = 0 where z = [q, kappa, ssql’

16 % Use chi = alphaxkappa

17 for i = 1:N

18 % Compute F(z_{n-1})

19 F = [kappa*(a_e - a_h) + a_h - (q-1)/phi - q~(1/gamma)*ev(i); 7% Compare with log-
utility: C/N is no longer \rho

20 ssq*(q - (q - q_old)/deta(i) * (alphax*kappa - eta(i))) - sigmax*q;

21 a_e - a_h - qg*alpha*(alpha*kappa - eta(i))*ssq~2*xvpv(i)]; 7% Compare with log

-utility: price of risk is no longer \sigma~n
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23 % Construct Jacobian J~{n-1}

24 J = zeros(3,3);

25 J(1,:) = [-1/phi - q~(1/gamma - 1)/gamma * ev(i), a_e - a_h, 0];

26 J(2,:) = [ssq*x(1 - (alphax*xkappa - eta(i))/deta(i)) - sigma,

27 -ssq*(q-q_old)/deta(i)*alpha, q - (q-q_old)/deta(i)*(alpha*kappa - eta(i))];

28 J(3,:) = [-alpha*(alpha*kappa - eta(i))*ssq~2*vpv(i),

29 -g*alpha~2*ssq~2*vpv(i), -2*q*alpha*(alpha*kappa - eta(i))*ssq*vpv(i)];

30

31 % Iterate, obtain z_{n}

32 z = [q, kappa, ssql’ - J\F;

33

34 % If the new kappa is larger than 1, break

35 if z(2) >= 1

36 break;

37 end

38

39 % Update variables

40 q = z(1); kappa = z(2); ssq = z(3);

41

4 % save results

43 Q(i) = q; Kappa(i) = kappa; SSQ(i) = ssq;

44 q_old = q;

45 end

46

47 % Set kappa = 1, use chi = max(alpha, eta) and compute the rest

48 nl = i,

49 for i = n1:N

50 F = a_e - (q-1)/phi - q~(1/gamma)*ev(i); % Compare with log-utility: C/N is no
longer \rho

51 J = -1/phi - q~(1/gamma - 1)/gamma * ev(i);

52 qQq =q - F/J;

53 gqp = (q - g_old)/deta(i);

54

55 Q(i) = q; Kappa(i) = 1;

56 SsQ(i) = sigma/(1 - (max(alpha, eta(i)) - eta(i))*qp/q);

57 q_old = q;

58 end

60 % Compute chi, iota
61 Chi = max(alpha*Kappa, eta);
2 Iota = (Q - 1)/phi;

The time step is implemented in the function update_v.m:
1 function [v] = update_v(v, x, rho, u, mu, sig, dt)
3 N = length(x); % Grid size

5 % Constrict the M matrix

6 M = buildM(x, mu, sig);
8 = (1 + dt*rho)*speye(N) - dt*xM;
9 v.= B\(uxdt + v); % update v
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with matrix M constructed in function biuldM.m:

function [M] = buildM(x, mu,

sig)

1

2 % Construct the M matrix using three vectors (dM, dD, dU), corresponding to
3 % the main diagonal, the diagonal below the main one, the diagonal above

4 % the main omne:

5 % M = [dM(1) dU(1) 0 0

6 % dD (2) dM(2) du(2) 0

7 % 0 db(3) dM(3) dUu(3) .... 0 0

9 % 0 dD(N-1) dM(N-1) dU(N-1)

10 % 0 0 dD (N) dM(N)]

11 % =========================================================================
12 % Input:

13 % x - grid (N-by-1), equally spaced

14 % mu - drift term (N-by-1)

15 % sig - volatility term (N-by-1)

16

17 N = length(x); % Grid size

18 dx = x(2)-x(1); % Grid step

19 dx2 = dx~2; % Grid step squared

% Constrict the diagonals

N =

NN N

0)/dx + sig.~2/(2*dx2);

0)/dx - sig.~2/dx2;

dD = -min(mu,
3 dM = -max(mu, 0)/dx + min(mu,
24 dU = max(mu, 0)/dx + sig.~2/(2%dx2);

N
a1

% Construct the M matrix
7 M =

N

)
1

r

spdiags ([dD dM dU],[1 O -1],N,N)’;

To ensure numerical stability, it is important to:

¢ Use implicit method in step 2.(b)

¢ Use an upwind scheme when taking derivatives in step (a):

Ayi(t 1y’ (n)) =

(it 7' (n + 1)) — (1,7 ()
)

ot o
7+ 1) — i Fhi >0

(6.24)

Ot ()~ (1)

7' (n) —y'(n—1)

A good initial guess is usually crucial to the success of a numerical procedure. Here

are some common ways of choosing initial guesses for v':

* Take an arbitrary constant, e.g. a vector of ones. It is the easiest way, but doesn’t

always work / may take a long time to converge.

120 / 315



CHAPTER 6. MODELLING ENDOGENOUS RISK DYNAMICS WITH OTHER UTILITY FUNCTIONS

* Take a specific constant, namely the value at the boundary steady state (° = 0 or
n° = 1) where only one type exists (if that is a valid equilibrium) — this is typically

also very easy.

¢ Assume there are no financial contracts and compute for each #° the autarky value

of the agent types, when the initial wealth distribution is described by #°.

* Along the same lines, assume complete markets and compute first-best utility as

a function of #° (this certainly bounds utility from above).

* If the log utility model is simple to solve, solve it first. Use the consumption path

of agents in that model, but compute the implied CRRA utility.

* If you have solved the model for different parameters that are “close”, use that

solution as an initial guess.

6.3 Epstein-Zin Preferences
The Epstein-Zin utility function allows to specify the elasticity of intertemporal sub-

stitution (EIS) and the degree of relative risk aversion (RRA) separately. It is defined in

a recursive way:

U = E: {/toof(cs, Us)ds}

1—yp1
1—9 c
f(C,U): 1_¢—1pu (((1_,)/)pu)1/(1—’y)> -1

with EIS ¢ and RRA 7. Setting 7 = 1! recovers the CRRA utility function U; =

1—
E; [ [ e_Pf%ds} . The model solution follows the same steps as under CRRA utility,

with some differences that we highlight below.
1. Naturally, consumption-to-wealth ratio (6.2) is now given by:

ct : N1
n_i' = (p")¥(wp)' ¥
{
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2. Stochastic discount factor now satisfies (compare with (6.5)):

t afi(Cs,Vs

o b T g = (1 - )V
and hence, analogously to (6.6):

dv} ofi(cs, Vi) ¢ .
7;, — <_T — n_i dt + martingale

i

. -yt
with 2L ¢ {(4]1 —7) ( c ) o (1— 'y)] This affects
ou 1—y-1 (1=y)p'u)t/=7) '

the BSDE for v (6.8) by changing its drift yfi.

Finally, a particularly useful special case is when IES = 1 (as under log-utility), which
implies:
ct ~
t
fle,U) = pU [(1 = 7)loge —log((1 —7)pU)]

%&u) =p [(1—7)logc—log((1—7)pU) —1]

6.4 Numerical Results

In this section, we demonstrate the solutions generated by the code in Section 6.2
and discuss their implications. We use CRRA utility and set the baseline parameters

are as follows.

off o 4 A 5 o a oy ¢
004 001 005 011 0.03 005 010 050 2 10

Figure 6.2 illustrates the equilibrium with baseline parameter values. Note that
q(n¢) indeed has a kink, which marks the boundry between the cirsis region near ° = 0

and the normal region near 1#° = 1. In the crisis region, x° < 1, and households hold
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some capital, while in the normal region, experts hold all capital in the economy. Un-
like the model under log utility in Chapter 4, the price of capital under the CRRA utility
is not flat in the normal region. This difference is not due to risk aversion, but rather
the elasticity of intertemporal substitution (EIS) different from 1. The consumption to
wealth ratio is dependent on investment opportunities. One can see the role of the EIS

if one generalizes the CRRA utility functions to EZ with EIS as we outline in Section
6.3.
Price of Capital Amplification

LT Ky <1 ki =1 0121 Ky <1 ki =1

0.1}

0.08 -

0.06 -

ol

0.04

§
Fy
&P
Jaid
&
<
o

0.02

) 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 6.2: Equilibrium for the baseline set of parameters (1 should read #°)

6.5 Exercises

6.5.1 He and Krishnamurthy (2013)

The goal of this problem is to characterize equilibria in the model of He-Krishnamurthy
(“Intermediary Asset Pricing") and to use the iterative method to compute equilibria.
There are two agent types: experts and households. Households have log utility, while
experts have CRRA utility with relative risk aversion <y, and both with discount rate p.

New households are born continuously, and the newborn receive labor income at rate

IK;.
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Aggregate capital follows the law of motion

K
E = gdt + U'dZt.
K}

Capital produces dividend of aK;. The price of capital per unit is denoted by g; and
follows

dgr _ pidt + oldz;.

qt
Only experts can hold capital, and they can finance capital by borrowing through risk-
free debt and by issuing equity to households, but they must retain fraction of at least

X =1/(1+ m) of risk.

(a) Write down the expression for drf for the return on capital.

Experts make optimal consumption and portfolio decisions: they choose how
much to borrow and how much outside equity to issue (up to fraction 1 — )
to buy capital. Denote the required risk premium of experts by ¢f and recall that

e C

¢¢ = —yo", where ¢* is the volatility of aggregate consumption of experts. De-

note the value function of a representative expert by

K7
1—9°

Uy

(b) Write down the law of motion of aggregate net worth of experts Ny as a function
of the risk-free rate r;, the experts’ equity share x{, the experts’ net worth share
1¢, the price of capital gy, the volatility capital return o + ¢}, the experts’ risk pre-
mium ¢} and process v§. To write the law of motion of N}, you need to express the

experts’ consumption rate C§ /Ny as a function of 7{, g; and v§.

(c) He and Krishnamurthy assume that inside and outside equity of experts earn
the same returns. Thus, the experts’ equity held by households earns the risk
premium of ¢§, even though households’ required risk premium is higher. Under
this assumption, write down the law of motion of world wealth 4;K;, as a function
of the risk-free rate r;, the price of capital g, the volatility capital return o + Uﬁ ,

the experts’ risk premium ¢ and output parameter a.
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(d)

(e)

(f)

(h)

From your answers to parts (b) and (c), derive the law of motion of the experts’
wealth share 7y = Nf / (q:K¢).

Write down the market-clearing condition for output. Hint: Recall that total
world outputis (a + 1)Ky, including dividend and labor income of newborn house-
holds.

Next, you should determine the size of the “constrained region" where x{ = X
and the size of the unconstrained region where x§{ > x. To do that, you should use
the following assumptions of He and Krishnamurthy. Assume that fraction A of
households (i.e. the net worth share of these households is (1 — #{)A) are “debt"
households who can only hold the risk-free asset. Fraction 1 — A are “equity"
households who can hold outside equity of experts and the risk-free asset. He and
Krishnamurthy furthermore assume that equity households cannot use leverage,
i.e. the risk of their net worth can be at most equal to the risk of experts’ net worth
(who hold their own inside equity). Assume (you can verify this later), that it is

this constraint that determines the amount of equity that experts can issue.
Derive the value of x; as a function of #; implied by the constraint that equity
households cannot use leverage.

The goal of the next questions is to formulate a procedure to compute equilibria
using Matlab, using the value function iteration in section 6.2. You should use
Matlab function payoff_policy_growth.m to perform the “time step” of the iterative

procedure.

Formulate a procedure for the static step. That is, suppose you are given function
v°(t,n°) for all #° at time f. Find the price of capital q(t,#¢) for all #¢ at time t.
Then, given this function, derive the law of motion of #°. Provide an expression
for u¥".

Formulate a procedure for the time step. That is, for the function

F = payoff_policy_growth(X, R, MU, S, G, V, lambdaO),

what values of X, R, MU, S, G, V, lambda0 should you use?
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(i) Program the iterative procedure using the terminal condition v¢(T,7) = a~7(4°)'~".
Use N = 1000. Compute an example for the parameters of He and Krishna-
murthy, p = 0.04, g =002, m=4,a=1,1=184,0=0.09,y =2and A = 0.6.
(See Table 2 of HK - for these parameters you should be able to get convergence

by setting lambda0 for payoff_policy_growth aggressively to 0.9).

Plot, as a function of %, the price of capital g, the risk-free rate r;, the drift and
volatility of 1,77 (i.e. o] 817‘3 and y?giye ), the fraction of equity x{ held by experts and

the experts” consumption rate C; / N;.

(j) Replicate Figure 2 from He and Krishnamurthy, where the vertical axis displays

the risk premium for capital, i.e. ¢¢(c + o).
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Chapter 7

A Model with Jumps

In Chapter 4, we studied a benchmark model with financial frictions and endoge-
nous risk dynamics. Despite having highly non-linear dynamics, the model is driven
by Brownian shocks, and the paths of all variables are continuous. Idiosyncratic death
or type switching jumps (with log-utility) do not lead to jumps in endogenous prices

and state variables.

Nevertheless, there is a long tradition of modeling both unanticipated and antici-
pated jumps in macro-finance models. Some notable examples include models of bank
runs (Diamond and Dybvig, 1983), liquidity spirals (Brunnermeier and Pedersen, 2009),
sudden stops (Calvo, 1998; Mendoza, 2010), currency attacks (Obstfeld, 1996; Morris
and Shin, 1998), twin crises (Kaminsky and Reinhart, 1999), and the loss of safe asset

status.

In this chapter, we illustrate how to incorporate self-fulfilling jumps into the model

outlined in Chapter 4, based on a simplified version of Mendo (2020).

7.1 Jump Processes

Previously, we focused on Itd processes in the form

dXt = ]J?(Xtdt + O'tXXtdZt,
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where the Brownian “shocks” dZ; are i.i.d. and small, such that time paths are con-
tinuous. For non-normal shocks within df one needs discontinuities. In this chapter,
we allow for discontinuities by considering a more general class of processes with i.i.d.

increments: Levy processes.

The Levy-Itd decomposition states that any Levy process L; can be additively de-
composed into three independent components: a linear time drift, a scaled Brownian

motion and a Levy jump process, that is
st = gdt + bdZt + d]t,

where a,b are constants, dZ; is a Brownian motion and dJ; is a Levy jump process.
Processes driven by Levy-noise therefore look formally like It6 processes with an addi-

tional jump component
dXt = ,uf(Xtdt -+ O'tXXtde + thXt_d]t.

There is a fairly rich class of Levy jump processes dJ;. Here we restrict our attention to
Poisson processes.! Consider a Poisson process with intensity (or arrival rate) A > 0: J;
takes only values in Ny = {0,1,2,... } and increments J;, 5; — J; are Poisson distributed
with parameter AAt. The following are some important properties of this Poisson pro-

cess:

* J;is weakly increasing. That is, ; is locally constant or has a jump of size 1.

e Conditional on J; = n, the random time to the next jump, T := inf{s > 0 | Ji4s >
n}, is exponentially distributed with parameter A (i.e. the expected time to the

next jump is constant and given by 1/A).

* The stochastic integral with respect to a Poisson process simply sums the values

!Note: this is not as restrictive as it may seem: general Levy jump processes can be written as integral
with respect to Poisson random measures, a generalization of sums of integrals with respect to Poisson
processes.
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of the integrand at the jump times:

/T ard]r = Z az,

where T, is the time at which J; jumps from n — 1 to n.

To capture time-varying macroeconomic dynamics, we will allow for a slightly more
general process, sometimes called a Cox process, where A does not need to be a con-

stant, but can be time- and state-dependent (A;).

It is important to note that, while a Brownian motion dZ; is a martingale, a jump
process J; is not — it is expected to drift up. To get a martingale, we have to “compen-

sate” the jump process by its intensity. In other words, J; — fot Asds is a martingale.?

The following It6 formulae holds for jump diffusions driven by Brownian and Pois-

son noise.

Consider geometric jump diffusions X;, Y}

dx dy,
Xt_ytdt+<7 dz, + jXdJ,, Yt—ytdt+<7 dz, +jYrdJ,
t— t

where dZ; is a standard Brownian motion and dJ; is a Poisson process. The follow-

ing results hold.

It6’s lemma:

df (Xe) = | f/(Xe) (i Xp) + f”(Xt)(UtXXt)2 dt+

F1(Xe) (0 X)dZe + (F((1+j5) Xe-) = f(Xi-))dJe

Itd’s power rule:

2More generally, if X; = fot as;dJs (and a is “predictable”, i.e. a; uses information only up to right

before time ¢, but does not contain information about potential jumps at time ¢), then X; — fot asAsds is a
martingale.
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d(x/)
X7

= (yuf 4+ v(y — 1)(@X)2)dt + yoXdZs + (1 + jX)7 — 1)d]..

Itd’s product rule:

d(X:Y:)

Y, (i + i + ool )t + (o + o )dZs + GG+ ¥ + 550 )dJe.

Itd’s quotient rule:

d(X;/Y X
_(Xtt/th) = [.”tX —uf + o (o) - atx)] dt + (oX — ¥)dz; + ]§+—j]?td]t'

Notice that these equations are the same as our earlier rules for geometric Itd6 pro-
cesses, but with new terms for the jump process. The new terms in the power,
product and quotient rules can be expressed more simply as:

1457 = (14X
1+ =1 +50+j)

. 14X
t

7.2 Model Setup

The model setup follows the structure outlined in Section 4.1 but with CRRA utility
and without agents’ death. The innovation comes from our postulated price process,
which will now include a jump term. That is, the model has the same primitives as

before, but we now allow for self-fulfilling / sunspot jumps.

Environment. Like before, there is no labor and the economy is populated by experts
and households, i € {e,h}. However, now households can also produce consumption
goods but with an inferior technology. Agents can issue both equity and debt, but

subject to certain financial frictions.
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Experts. Experts have a CRS technolo ¢ = g°¢. Denote their consumption and
P P gy Vi t p

investment rate by cf, . Experts’ capital stock evolves according to

e
% = (®(s5) — 6)dt + od Z;.
t

Still, we have only aggregate risk in the environment. Experts have a CRRA utility

function and they each maximize

Ey

—“t( )t
/0 p 1_7dt]

Households. Households also have a CRS technology y = a"k with a” < a°. House-
holds’ capital accumulation process is

dky h

kh :((I)( ) (S)dt—I—O'dZt
t

We let households hold capital to capture fire-sales. Households are more patient than
the experts, i.e., p" < p°. As we have discussed in section 3, assuming that households
are more patient than the experts is a modeling trick to ensure that the experts do not

hold all the capital in the long run. The households maximize

E

00 h\1—
[ () dt]
0 11—

Financial Friction. The financial friction is due to incomplete markets. Although ex-
perts are allowed to issue equity, they must hold at least a fraction of their risk. The

balance sheets of the two sectors are as following;:
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Figure 7.1: Balance sheets of experts and households

The skin-in-the-game constraint can be expressed as x§ > ax;, where x7 is the frac-

tion of risk held by experts and «{ is the fraction of capital held by experts.

Unanticipated Run on Experts. Now we investigate the risk of a sudden and unantic-
ipated funding withdrawal, which corresponds to a bank run or sudden stop on experts.
We ask: Can an unanticipated withdrawal of all external funding to experts be self-
tulfilling?

An unanticipated crash occurs if, at some instant, the experts lose their external fi-
nancing. In terms of the experts’ share of aggregate net worth, this leads to the instan-
taneous transition:

i — 0.

Once that jump happens, experts are effectively bankrupt and can no longer operate.
In normal times (i.e., absent a run), the model solution evolves continuously and does
not jump to 17; = 0 unless there is a large, coordinated withdrawal. Thus, the event

n; — 0 reflects a self-fulfilling or sunspot run rather than a typical shock.

To see when a price drop is sufficient to wipe out experts, note that the model de-
termines the market price of capital g (nf ) based on the experts’ net worth share. If the

price suddenly falls to 4(0) when experts lose funding (a “fire-sale” price), then experts’
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net worth will be fully destroyed if

(a(rt) —a(0)) (07 +077%) mi ke = i q(f) K.
R e —

e

Xt

Equivalently, one can write

1
9K 4 9oOF

q(ﬂf)(l - mee)> > q(0) < 6/(17?)<1 -

x°(nf ) = 4(0)

where x¢(7¢) is the fraction of total risk borne by the experts. When leverage and ex-
posure (i.e., 67X + 69°F) are high, the price drop from g(51¢) to q(0) is large enough to

eliminate all expert equity.
There are two types of runs:

1. Funding supply run (households withdraw). Households/depositors suddenly

cut off credit to experts, causing forced liquidation and a crash in g.

2. Funding demand run (experts fire-sell). Even if credit remains available, ex-
perts may collectively choose to liquidate and repay debt preemptively, driving g

down.

Both cases lead to the same outcome: a sudden jump in #; to zero. The distinction lies

in who triggers the liquidation (households or experts themselves).

Vulnerability Region The unanticipated crash leads to a vulnerability region for the

experts’ net worth share 7{:

e The price of capital ¢ ) is high (not very low 7?).
p prtal g\ 17; o y Ur

* The experts hold a high fraction of risk/leverage (not very high 7y).

In such states, everyone fears that if others withdraw funding, the resulting price drop
will annihilate experts’” net worth. That belief can become self-fulfilling, causing the
run to occur in equilibrium. Post-run, we set 7{ = 0 permanently: the expert sec-

tor vanishes, and any residual capital is owned by households or newcomers at 4(0).
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Figure 7.2: Vulnerability region

For numerical solutions, one cannot impose standard boundary conditions of the form
#7(0) > 0 or 0(0) = 0 because once #° = 0, the experts cease to exist and the state is
an absorbing boundary. The solution algorithm must explicitly allow for the possibility

of a jump to zero and the absorbing state thereafter.

Model Advantage. One appealing feature of this framework is that, in the event of a
run, the capital price collapses to a single, well-defined value, denoted by 4(0). Because
experts are forced out of the market at that moment, the equilibrium price afterward is
set entirely by the remaining sector (households). This “fire-sale” or “lowest possible”
price highlights how a run can effectively zero out the experts’ net worth, making 7; = 0

an absorbing state.

Modeling Challenges. While the model’s ability to pin down a single post-run price
(0) is tractable, it also gives rise to certain challenges. Several of these are discussed in

Mendo (2020). We summarize three key issues:

First, experts are wiped out forever. Once the experts’ net worth is destroyed by a
jump, the baseline model does not let them rebuild. In an OLG structure, all agents face
a Poisson death hazard p?; a fraction { of newborn agents are designated as experts, so
that some expert capacity is gradually reintroduced. Without such an OLG setup, the

system simply continues without any expert sector once 1° = 0.
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Second, anticipated runs lead to infinite marginal utility. If a run to #; = 0 is an-
ticipated, experts effectively foresee a state of infinitely high marginal utility (because
losing all wealth is catastrophic). A common device is to impose a transfer, 7K, that
forces experts into bankruptcy after the run, thereby keeping their utility from blowing

up and also ensuring that experts are definitively removed.

Third, bifurcation of experts into defaulters vs. survivors. Large jumps and non-
convex default decisions can cause some experts to default while others do not, cre-
ating a continuum of outcomes. One modeling trick is to introduce a strong relative-
performance penalty so that, if a run occurs, all experts default in unison. This prevents

partial or selective default, which can greatly simplify the solution.

7.3 Solution Method

7.3.0 Postulate aggregates, price processes and obtain return processes

We introduce jumps by postulating that q; follows

d .

qt

As before, we can calculate the return rate to capital for both sectors, ri’K(ﬂt’), using
Itd’s product rule to calculate the capital gains rate (in the absence of purchases or

sales). The process is similar to (4.1), but with a new jump term

dri’K(ti) = ui—ti —|—<I>(ti)—5+ ‘7+wq_M dt+((7—i—c7q)dZ + 74y
£ \t) = 0 t My A t t ] At
N E[Capital gain rate|
Dividend yield

(4.1
Similarly, the return on defaultable debt is

drP = rdt + 11" dJ.
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Note that j{D only reflects the default in debt and not the overall change in debt holdings
at the time of a jump. We then postulate that the SDF (&} = e Pt/ (ci)) follows

i . . .
% = —rPldt — cidZ, — vi(dJ; — Adt), (4.2)
t

where rf s the (shadow) risk-free rate, gé is the price of Brownian risk, 1/; is the price of
jump risk and Adt is the Sunspot arrival rate (which, as discussed above, ensures that
the jump process J; is a martingale). Note that in contrast to Chapter 4, the risk-free
rate now depends on i and may vary across agents in the model. This is because the

introduction of jumps means that the debt traded in the model is no longer risk-free.

7.3.1 For given SDF processes, derive individual equilibrium condi-

tions

Optimal investment ;. As before, the choice of investment rate is a static and time-
separable problem. An agent chooses /. to maximize her return rt K i). The first-order

condition yields the Tobin’s g equation

This choice applies to all agents with the special functional form ®(:) = % log(¢t+1),
(Plt =t — 1.

Goods market clearing. The goods market clearing condition
(40%) =)k = E.C (7.1)

which is the same as condition (4.14) in Chapter 4.

Asset and risk allocation using the martingale approach. To derive the optimal port-
folio choice, we can again use the martingale approach, with a slight modification to

incorporate the newly added jumps.
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Martingale approach with jumps.

Consider a portfolio choice problem in continuous time:

max  [Eg {/ e_Ptu(ct)dt}
0

{07120
dny Ct i .
s.t. — = ——dt+ Z 0,dr; + labor income/endowment/taxes
n¢ ng ;
)
no given.

n; is the net worth of the agent and r{ denotes the return of asset j. Let x{* be
the value of a self-financing trading strategy A where one reinvests all dividends.
Define the SDF as & = e#*u/(cl). As before, &x{* follows a martingale. Let

dxft
A
X

= uidt + o/tdz; + jidJ;.

Assume that the SDF follows

d‘ﬁ F,i i i
éf_ﬁ = —ry/dt — gydZ; — vi(d]s — Adt)
Using Itd’s product rule,
d(EixA - . . .
( " ) _(rF gt — glof + viA)de + (0% — ¢)dZet
tt

(i = vi = vijf)dJe
=(=r" it = Gioft + A — At + (0 = ) dZi+
(7 = vi = vijf') (d]: = Ad).
Where (04 — ¢i)dZ; + (j — vi — vij{*)(d]; — Adt) is a martingale, given the inclu-

sion of the compensating Adt term. Then, since ¢ix{' follows a martingale, its drift
equals zero, giving us that

uf + Al =1+ gt + At

Where rtF 7 is the (shadow) risk-free rate, gff is the price of Brownian risk, gfchtA is the
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required Brownian risk premium, Av! is the price of Poisson upside risk if j/* > 0.
For risk-neutral agents v/ = 0. For CRRA utility, 1 — vf = (1+ ]?’ =14
since SDF is & = e '*(w!)!=7(nl)~7. For log utility, vi = 1 — 1+] = 1]1: For

Epstein-Zin, v} is part of w;—process.

We should note that we have three risk assets in the model. dr“X is experts’ re-

h,OE

turn on capital, dr is households’ return on outside equity, and dr"P is house-

holds’ return on debt. The debt is risky due to bankruptcy.

For any two self-financing strategies A, B, the martingale approach implies

up —uf + AGE —jP) = ¢i(of* — of) + Mt — jF).

Using the martingale approach on expert capital with outside equity issuance (after

plugging in households’ outside equity choice), we get

at — e
O =+l o] — T+ (1 RV
t t
e e e
= R (1= 20k | (o) + | Kot 4 ¢ —%)vf] Ajt
t t t t

Similarly, we can derive the household portfolio choice condition by taking the dif-

ference between the drift of household capital and defaultable debt

Elh—lt

qt

q 4D
D) = 6+l + ool — PP AGT— 17 < o+ o) + AT 1),

This condition holds with equality if x* < 1 (i.e., if households hold a non-zero amount

of capital).

Asset and risk allocation using the price-taking social planners problem.
As in Chapter 4, we can also solve for the equilibrium risk and asset allocation using
the social planner’s problem. In this environment, we can generalize the price-taking

planner’s theorem to include the choice of jump risk.

Theorem 7.1 (Price-Taking Planner’s Theorem). A social planner that takes prices as given

chooses a physical asset allocation, «;, Brownian risk allocation, x;, and jump risk allocation,
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(t, that coincides with the choices implied by all individuals” portfolio decisions.

The planner’s optimization problem is formulated as follows:

E¢[dr (k)]

max ——t M ey Ay
KXt dt 6o (xt) ()

st. F(xy,xt,0t) <0 (Financial Frictions)

In this formulation:

* x; represents the planner’s choice of physical asset allocations across agents.

* X: determines the allocation of Brownian risk, influencing the exposure of indi-

vidual agents to continuous stochastic fluctuations.

* {; corresponds to the allocation of jump risk, which affects agents” exposure to

discontinuous price movements.

1

* ¢t = (G-, g{) is a vector of risk price sensitivities for each agent.

e The function o(x;) = (xtom,..., xIoN) describes the effect of Brownian risk allo-

cation on expected returns.
e The function j(g;) = (¢}V,...,{}jN) captures the impact of jump risk allocation.

e The financial friction constraint, F(x¢, xt,{¢) < 0, ensures that allocations are sub-

ject to market imperfections and frictions.

For example, if we set x; = {; = x; as the financial friction, that means experts
can’t issue outside equity to offload Brownian or risky debt to offload Jump risk. Alter-
natively, imposing the constraint x; > ax; represents a skin-in-the-game requirement,

where the issuance of outside equity is restricted to a certain limit.

“Invariance” of relative capital demand.
One of the insights of Mendo (2020) is that self-fulfilling jumps do not influence the
relative demand for capital of experts relative to households. In other words, the excess

market return that experts demand to hold capital remains unaffected.
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Subtracting the experts’ pricing condition from that of households gives the follow-

ing inequality:

K Ko XS x¢ P . q
> K—g(gi —¢)(oc+af) - K—;’i?\(l — ) <89]§,K(95K—1) i =7
t

(.

-0
Losses are distributed between experts and households through the use of default-
able debt. Since the losses of experts are capped by their net worth due to limited
liability, any additional losses arising from increasing capital holdings, denoted as Gf'K,

are absorbed by households.

The concept of “invariance” in this setting is dependent on the performance penalty,
which approaches infinity as T — 0. The presence of this penalty ensures that all
experts follow the same default outcome. Without this penalty, experts would bifur-

cate—some choosing to default after a jump while others would not.

7.3.2 Evolution of state variable 7,

Drift of ;. We calculate the drift of #; by changing to the total wealth N; numeraire.
The change of numeraire approach is similar to the case without jumps, with an addi-

tional equation for v;.

As before, we change the numeraire from consumption goods to total wealth. Con-

sider two assets:

* Asset A: sector = i’s portfolio return in terms of total wealth:

Ci i i i
(ﬁﬂﬂz /N> dt+o7'Naz, + /Ny,
t
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Expanding the equation, we get:

Ci ; dil_ iy 1_1' i
ﬁtl+,u’t7 _p g( nt)}/li ( €)77t dt—|—0' dZt+]t d]t
t t

POP i
Hy

s

* Asset B: a benchmark asset that everyone can hold, such as a risk-free asset or

money, measured in terms of total economy-wide wealth as the numeraire:

rmat 4 gtmdz;.

Apply our martingale asset pricing formula in the total wealth N; numeraire,
it = FAGE =) = 6ol = of) A0 = 7).

The martingale asset pricing formula gives

i Cl P A
pd g A (J? —J?’”) WP = (gi—al) <UZ7 —Utb’”) + A7) (]? —]?’”)-
t

Summing across all types weighted by their respective shares in the total economy,

we obtain the aggregate condition

y C
il +ﬁ—r?m+?t2m]t = A" Zmup"p’

N / - g
=0 =0 =0

I M
0o R b
=Y ni¢l (Ut — o™ +AD7§VZ7 ?—Jt’”)-
1'/

where capital letters without superscripts denote economy-wide aggregates.

Subtracting this aggregate equation from the individual equation gives the net worth
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share dynamics

—~— =

i 7t Ct C A i 1 T il
A = g e — oty Y gl (o — atm)
t ¢ il

) I ! it
~i . N bm
+AD] (J? —Ji”“) =AYl G = )
1/
For experts

‘u’le_|_)\]"76 _9_ Cte _|_(1_77 )QAE (0, _me> +(1_17€)Ch 0,77’ _a_bm
t N Ne t)ot t t t)ot t t

n° . A . h .
+ (1= f)Asg (G = i) = (1= ) Ao (17 —Ji””) + e

In this context, the benchmark asset is risky debt. Since jP is the return on risky debt

jump in c-numeraire and j¥ represents the wealth jump, apply quotient rule for jumps

+D
bm _ N bm _ Ji )i ]t

C C N e . h
W =5 = e+ (= (o <) + - ek (a? o)+
e =N =Y L pope
e e . 7
(1 —=n)AvE | jf — 11N (1_77t)A ]t 14N + Wy

Volatility of 7.

We can calculate the volatility of #! using Itd’s quotient rule. Since
ni = N!/N; we have

/N N\ N _ _N! i _NU —i N7
Op =0y —0p =0y _2771‘ oy = ’7t ‘Tt Z My Ot
l‘/

-l

Jumps in 5i. Similarly,

]-ﬂi_]'g\]l—]g\]_]'fw—zz'"ﬂ]g\ﬂ
t - . - .y i/
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For 2 types example,

i’ (1—75)GN =N
ATe e\ s h
1T+ n N + (1 —nf)iN

7.3.3 BSDE functions

BSDE functions for CRRA. For CRRA, we generalize the result from earlier lecture

by adding jump terms in value function BSDEs. Specifically, we have

i
Wiy

- i . i,,0\1—7y i1 1—7 ‘
Cln; = e_plt(C;)_,y—i = e_Plt (wtnfi) — (wtnt/Ft) K}—'ye_plt
Y Y 0 )
vli=

when transforming e & (ni; 5, K;)-process into v’ (1;)-process, so

.o i 11—
ag) AT
Cint U§K2_7 '

By It6’s product rule:

E:[d(Zin})]

i 1 i j ol
S — (3 + =@ =0) = 71 =)o+ (1=t~ + 47 )
t°°t

2

Recall by consumption optimality for CRRA utility:

d(&in i
Mdt + dt follows a martingale
Gy ”i
Hence, pf' + (1= 7)(®(i1) =) = J7(1 = 1)o? + (1 = p)ov;’ = p' — 1 = Aj?
BSDE functions for Epstein-Zin. The SDF in the most general case of Epstein-Zin
utility is given by:
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By envelop condition:

o o TN
ii e db e vias Lo ity _ 2 viyds (Wit / Ke) Ty
Cing =e - (w'ny e K,

By Itd’s product rule:

B — (4 + (1= 1)(@{u) — )~ 11(1 = 7)o+ (1 =)ot + 3 (e, V) + 4 ).

&ing
Similarly, recall by consumption optimality for EZ utility:

i1 i
Mdt + Ldt follows a martingale
Cimi n

Hence, 57 + (1= 7)(®() = 6) = (1 = 1)o? + (1= oof’ = =3 (e0, Vi) = & - A7

We still have to solve for ,ufi, Otvi. The numerical solution is the same as in Chapter 4,
with minor changes such as adjusting y{ and yfi, and keeping track of the vulnerability

region together with all the jump loadings.

Discussions. If we deviate from EIS = 1, the consumption-wealth ratio of agents
will vary with investment opportunities, as these depend on the precise specification
of perceived run risk, even under log utility. This variation will, in turn, influence g
through goods market clearing. However, if we maintain EIS = 1 but alter the level of
risk aversion, the g-function will only be affected if capital is allocated differently for
the same value of 5. This is because, in such a case, the average consumption-wealth
ratio in the economy remains unchanged, allowing goods market clearing to establish
a one-to-one mapping between g and capital allocation. A key question is whether the
"invariance" of capital demands holds solely due to the absence of hedging demands
or whether it generalizes even in their presence. Without the full set of equations at
hand, a reasonable conjecture is that this result lacks robustness, implying that capital

allocation and g will still be affected even when EIS = 1.
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7.4 Key Takeaways

In this chapter, we introduced jumps into a continuous-time macrofinance model
and explored how sudden stops or runs can arise endogenously. Several technical
tools were developed in the process. First, we extended the usual It6’s Lemma to han-
dle discontinuous paths driven by Poisson processes or Lévy jumps. We also general-
ized the martingale approach for portfolio choice and asset pricing, ensuring agents’
strategies and pricing conditions fully incorporate both Brownian and jump risk. A
“price-taking” social-planner formulation then allowed us to solve for capital and risk
allocation across experts and households. Finally, we changed numeraires to economy-
wide net worth, carefully adjusting drift and volatility terms so that jumps in wealth

shares are properly accounted for.

On the economic side, we saw that defaultable debt plays a key role in risk sharing.
In extreme downturns, debt can default, offloading part of the experts’ downside onto
households, which leads to a form of invariance in how much capital experts wish to
hold. Another striking observation is that there are often no runs in very bad times: once
the expert sector’s net worth is too low, the price can no longer drop enough to wipe
them out, so the vulnerability region does not start at # = 0. Finally, we encountered
a volatility paradox in the presence of jump risk. Paradoxically, a low-risk environment
can breed higher leverage and thus amplify the impact of a jump, ultimately making a

system more fragile.

Overall, incorporating jump processes in this way offers a tractable lens through
which to study self-fulfilling crises, fire-sale prices, and abrupt collapses of intermedi-
aries’ balance sheets. By combining these new technical instruments with the economic
insights outlined above, we obtain a unified framework for analyzing sudden stops

and runs.
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7.5 Exercises

7.5.1 Introducing a collateral (borrowing)/leverage constraint

e,D e,K

(a) Show that with log-utility, g(7) is not affected by jumps even with the leverage

constraint.
(b) Show how jumps affect the risk premium in the “vulnerability region”.

(c) Verify whether the occasionally binding leverage constraint lowers the drift

for small # values.

(d) Describe conditions under which the leverage constraint leads to a bimodal sta-

tionary distribution of 7.

(e) Show that with a sufficiently strict leverage constraint, the vulnerability region

(when ]? Xt > 1t) shrinks or even disappears.

(f) Consider a setting in which the debt is fully collateralized, i.e., it is default-free.
When entering the vulnerability region, the “worst price” can jump, and hence

the debt capacity contracts discontinuously.

To solve this model, one needs an extra loop to determine the fixed point when
the vulnerability region starts.
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Chapter 8

Simple Money Models

8.1 Introduction/ Overview

The 3 Roles of Money.

* Store of value
— fundamental cash flows due to backing
e.g., commodity standard, exchange rate regime, fiscal backing

— non-cash-flow benefits: helps overcome intertemporal financial frictions
e.g., OLG (Samuelson), spatial separation (Townsend), uninsured idiosyn-

cratic risk (Bewley)

— store of value role not exclusive to money: non-monetary assets are substi-

tute stores of values
* Medium of exchange

— helps overcome monetary frictions = frictions in intratemporal exchange
— key monetary friction: double coincidence of wants problem

— makes money special relative to assets, which cannot serve as substitute

media of exchange
¢ Unit of account
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- contractual values denominated in monetary unit

- e.g., nominal goods prices (+ commitment to sell at quoted price), nominal

debt contracts, nominal labor contracts
The Value of Money and the Price Level.
* Core question of monetary economics: what determines the general level of nom-
inal goods prices?
* Equivalently: what are the determinants of the value of money?

— price level Py: price of real goods basket in units of money

— real value of a single unit of money: 1/P;
* Two aspects:
1. which economic considerations justify the value of money in a given equi-
librium?
2. determinacy question:

— does the model have a unique prediction for the value of money /
price level?
(~ equilibrium uniqueness)

— more broadly, which economic forces lead to coordination on a specific

monetary equilibrium?
Classification of Monetary Theories (see following Chapter 9 for more details)

1. Backing theories: value of money derives from fundamental cash flows that back
it
e store of value role (money is just another asset)

* example: Fiscal Theory of the Price Level (FTPL)

2. Bubble theories: money valued because it can be passed on to others

can be rational expectation if trading money overcomes market frictions:
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(a) intertemporal financial frictions (e.g., incomplete markets)

¢ emphasizes store of value role

¢ examples: Samuelson, Townsend, Bewley, Brunnermeier-Merkel-Sannikov
(b) intratemporal monetary frictions (e.g., cash-in-advance constraint)

* emphasizes medium of exchange role

¢ example: (New) Monetarism
3. Money as a pure unit of account

* value of money derives from role of money as a unit of account
¢ not from the value of any monetary assets

¢ example: New Keynesianism

Monetary Assets: Credit, Deposits, Cash, Reserves, Government Debt. In first two

classes of theories, different assets may play the role of “money”:

Credit can substitute for

— store of value assets (credit balances to keep track of resource distribution)

- media of exchange (exchange goods against credit balance)
imperfect credit prerequisite for bubble theories

¢ Bank deposits, cash, and central bank reserves all play a role in the payment sys-

tem as media of exchange
* Government-provided outside money vs. inside money

- outside money: positive net supply, backed by government fiscal capacity

— inside money: zero net supply, backed by bank assets

* Cash & reserves (narrow outside money) vs. nom. government liabilities (broad

outside money)
— (primarily) narrow money provides medium of exchange services
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— but all nominal government liabilities

+ compete for the same backing real resources
+ serve as a store of value

+ are affected symmetrically by changes in the price level

8.2 A Unified Model of Money

The focus of this section is to establish a tractable model of money that captures
the various monetary theories. We begin with a benchmark model of money and gov-
ernment debt, assuming the absence of both intertemporal and intratemporal frictions.
In this baseline model, money (and government debt) has value only if it is backed
by discounted future primary surpluses (i.e., government surpluses excluding interest
payments). The fiscal theory of the price level (FTPL) equation captures this form of
backing. In other words, the nominal value of money and government bonds divided
by the price level is the expected discounted value of future government primary sur-

pluses.

In the next section, we will introduce financial frictions. Due to incomplete mar-
kets, citizens are exposed to idiosyncratic risk that they cannot diversify. Contingent
contracts in the form of individual equities or derivatives cannot be traded. Because
of these frictions, citizens prefer to hold money and government bonds as safe assets.
Money and government bonds serve as a store of value, but they can form a bubble.
This occurs when the value of money and government bonds, divided by the price
level, exceeds the fundamental value, which is the discounted present value of future

primary surpluses.

Then, we introduce monetary frictions in the form of transaction costs. In the limit,
they converge to a cash-in-advance constraint. Money, rather than government bonds,
provides transaction services, and holders enjoy a convenience yield. Consequently,
the interest rate on money is below that of government bonds by Ai;. A medium-of-

exchange bubble theory can emerge.

For tractability we always select a specific equilibrium in this chapter, the monetary
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steady state. We will return to the determinacy question in the next chapter (Chapter 9).

8.2.1 Baseline Model Setup

Environment. Time is continuous. The economy consists of a continuum of agents
i € [0,1] with logarithmic preferences over consumption clt Each agent i operates
physical capital ki, which generates an output flow net of reinvestment and transaction
costs of

(aki — ik — T, (v))Kd)dt.

Transaction costs depend on money velocity v; and introduce a medium of exchange

role for money. We discuss this new feature later.

Capital evolves according to

{ 7 o7 4
dk—’lff - (@(4) - 5) dt + 5dZ] + dAM. (8.1)
t

Here, as in previous chapters, ﬂ; is the physical investment rate into the capital stock
chosen by agent 7, (1) = %log (14 ¢1), ¢ > 0 captures capital adjustment costs, and
0 is the capital depreciation rate. The dZj-term captures idiosyncratic capital risk: Z;
is a Brownian motion specific to agent 7 and independent across different i. So, while
agents are ex-ante identical, they will generally be ex-post heterogeneous because they
have experienced different idiosyncratic shock histories. Finally, installed capital can

be (frictionlessly) traded between agents. The term dA];’i captures these capital trades.
In the aggregate, fol kidakdi = 0.

There is a government that imposes a proportional output tax on all agents, generat-
ing total tax revenues of 1;aK;dt, where, as in previous chapters, K; := fol kZ;df denotes
aggregate capital. There is an exogenous need for government expenditures that is pro-
portional to aggregate capital, Gy = GK;. The government issues nominal liabilities. In
this model, we do not distinguish between (narrow) money (M) and nominal govern-
ment bonds (B) and simply refer to the quantity of all outstanding liabilities at time ¢
by MB; > 0. We will separate them later in Section 8.2.5. Note that MB; is the nom-
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inal quantity of government liabilities, i.e., measured in dollars, euros, or whatever is
the local currency. In the following, we always use the notation convention that calli-
graphic letters refer to nominal quantities. The real value of these liabilities is MB; /P,
where P; is the nominal price level, the price of output goods in the nominal unit. The
government starts with initial nominal liabilities MBy > 0 and faces each period the

flow budget constraint

(B — iMYMBy 4+ Pr(tia — G1)Ky = 0, (8.2)
_\/VB_/ _\2_/
v =

=il

where u/P is the growth rate of nominal liabilities, i*® is the nominal interest rate

paid on these liabilities, and s;K; = (14 — §)K; are real primary surpluses. Unlike
the conventional surplus, which includes interest expenditures, the primary surplus
is the difference between government revenues and expenditures other than interest

expenditures.

Agent Decision Problem. Each agent i chooses c’;, 9;, ll; to maximize expected utility

E {/ e P'log cgdt}
0

subject to the net worth evolution

dni i . ..
;Z’t - —%dt +dr® 4 (1 00)(dr (i) — drP) (8.3)
t t

and the solvency constraint ng > 0. Here, dr/® denotes the (real) return on government
liabilities and drf’i(t) denotes the return on capital operated by agent 7 conditional on
choosing the investment rate ;. Note that capital trading dA’t(’i is implicit in the portfolio

choice 9;7 and can be backed out ex post.!

!We remark that it would make sense economically to also impose no short sale constraints for both
capital and government liability holdings (6! € [0, 1]) because operating negative quantities of capital is
physically impossible and the household may not be in the position to issue nominal liabilities that serve
as perfect substitutes to government liabilities. However, it will turn out that short sales never occur in
equilibrium, so that imposing such constraints is redundant in this model.
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Market Clearing. The final goods market clears if

1. o .
Ct ::/O cltdi:/O (aki — ik — i (v))k})di — CKy = (a — 4 — G — T Ky, (8.4)

where 1; and T are the (weighted) average investment rate and transaction cost, respec-
tively.?

We denote by gK the market price of capital and by g8 := % value of government

liabilities per unit of capital in the economy. Total wealth in the economy is then N; =

(gK + g/B)K; =: q;K;. The asset market clears? if

1 A S
/ 0inidi = g PK,.
0

Letting 6; be the (weighted) average portfolio weight and dividing this condition by

total wealth N; = ¢;K;, we can write asset market clearing equivalently as

M3
o =T —9,
qt
where 9; denotes the fraction of total wealth that takes the form of nominal government

liabilities (“nominal wealth share”).

Frictions. We will build up the model step by step adding one friction at a time. This

results in three model variants with increasing complexity:

1. Frictionless benchmark: & = 0, T = 0. In this case, money may be valued because
it is backed by taxes but having money does not provide any specific benefit to

the economy.

2. Adding a financial friction (intertemporal): ¢ > 0 and markets are incomplete in
the sense that agents cannot write contracts to insure against de—shocks. In this
case, money may be valued even in the absence of tax backing because nominal

government liabilities provide a safe store of value.

Ui
2Specifically, 1 := fOIKtilt{’dl The definition of ¥; is analogous.

3This equation represents market clearing for government liabilities. Capital market clearing is im-
plied by Walras” law.
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3. Adding a monetary friction (intratemporal): transaction costs T; (1/; ) can be nonzero
and are increasing in velocity I/E, which depends on agent i’s holdings of govern-
ment liabilities. Transaction costs are a reduced-form device to model the medium
of exchange role of money. Our specific approach may be interpreted as transac-
tion costs incurred in an unmodeled supply chain. We provide formal details in
Section 8.2.4. There, we also discuss alternative ways of modeling the medium of

exchange role.

8.2.2 Frictionless Benchmark
Model Solution

Prices and SDF Processes. Recall that we denote by gK the market price of capital, by
gB the real value of government liabilities per unit of capital, by q; = gK + g total
net worth per unit of capital, and by ¢; = q{VB /gt the nominal wealth share. As usual,

we postulate that these variables follow Itd processes
dgk/qf = pfdt,  dgiP/q® = p*Pdt,  dgi/qi=pldt, b/ = pfdt.
Similarly, we postulate that the SDF process of agent i, denoted by (j follows
A&/ &l = —rdt

with common decay rate 7;. Note that all evolutions are deterministic because there are

no shocks in this benchmark model.

Return Processes. The return on capital managed by agent 7 is

drki() = (M L) -+ y?’K> dt

qr
—C_ M3
= (u q% -+ q;K i+ () —Hﬂ?’K) dt
t t
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Here, the second line uses the government flow budget constraint (8.2) to eliminate

taxes t;a.

The real value of one unit of nominal government liabilities is 1/7P;. Therefore, the

(real) return on government liabilities is

B
M i /P d(1/P:) d(1/P:)
= t = t _
dr; /7, dt + /P, iy o dt + 1P
—_——— N —

dividend yield  capital gains

Using 1/P; = %I%, which follows from the definition of g/*®, and applying Ito’s

lemma, we can write this as
drf® = (8 4 0 g — ) dt = (WYl ) dL 85)

Optimal Investment and Goods Market Clearing. Like in previous chapters, the
investment rate : enters only the expected capital return ]Et[drf’;(t)]. Assuming that
agents hold no negative quantities of capital, all agents agree that it is optimal to choose
the investment rate // in a way that maximizes the expected capital return [, [d?’f{(l;)]

In particular, LI; = 1, for all 7 and ; satisfies the Tobin’s Q condition

1
gk = o) =14+¢1u. (8.6)

Due to log utility, the optimal consumption choice of all agents is cg = pnl; Aggre-
gating across agents yields C; = pN; = pq;K; and substituting this into goods market

clearing, equation (8.4), implies (recall that ¥; = 0 in this model)

pqiKe = (a — G — 1)Ky (8.7)

We can cancel K; on both sides, solve for g; and combine this with gk = (1 — ¢;)g; and

the optimal investment condition for gX:
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a—G—u (1-0%i—p

1 - —_— = 1 - — 1 = - 7 — _
(1—19) ; (1 —9)g: + ¢ut = = it i=a—C
The previous equation expresses the equilibrium investment rate ; as a function of
the nominal wealth share ¢;. We can substitute this back into gq; = (a — G — )/p to
express g; in terms of &;. Finally, due to q{VB = %qs, qf = (1 — ¥:)g:, we can then also

relate the remaining asset values in the model to ¢;:

Proposition 8.1. In equilibrium, asset prices and the optimal investment rate only depend on

the nominal wealth share 9 and are given by

_ 1+ 12(1—1%)&—,)
=170+ ¢p’ T 0t gp
1+ ¢i 1+ ¢
Ke(1-0)——, M=y
‘7t ( t)1—0t+(]>p qi’ t1_l9t+¢P

Hence, 9 is the key variable in this model. Because, by asset market clearing, 9; =

0, this variable is determined by portfolio choice between capital and bonds.

Portfolio Choice. Agents in this model face a standard portfolio choice problem with-
out constraints or any unconventional features. Therefore, we can directly apply the
usual martingale conditions without having to set up a Hamiltonian explicitly. Note
that here the martingale conditions reduce to a simple no arbitrage condition because
all assets are risk-free: .

E:[dr}®] _ L E;[drk

dt f dt -

Substituting in the return expressions for the two assets yields

y M a—G—uy+qPilP
- ?/BJFP‘{(JFV? = gk S
t

+ (1) — 6+l
Aggregating the individual capital evolutions (8.1) leads to uK = ®(i;) — 6, so that we

can cancel out this term on both sides of the equation. In the remaining equation, we

make the following two replacements: (i) a — G — 1y = pq; (goods market clearing), (ii)
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qf = (1—19)q:, q{\’B = 0+q¢ (definition of ¢). The equation then simplifies to

A8 _ pqe+ Bt P
(1—0)q:

y , K
—i® + g +ul"
After canceling g; on the right-hand side and rearranging, we obtain (the first equality
follows from applying It6’s lemma to the definition of ¢;, the second from the previous
equation)
//\/8 /K ~
= =0 — ) = p+ "

The previous condition is a condition on the expected rate of change in ¢; that is
consistent with portfolio choice and market clearing. Logically, it is a backward equa-
tion. Mathematically, this means that it does not have an initial condition but ¢ is a
free variable in equilibrium. Economically, this means that the condition is forward-
looking. Note that because ;tf = [E[dd] /0, we can also write the previous equation
as an equation for [E;[dd;]. This is preferable because it turns out that the latter equa-
tion remains valid for ¢; = 0 (our solution procedure has implicitly assumed 9; > 0 as

otherwise the return dr/® is no longer well-defined).*

Proposition 8.2 (Government Liabilities Valuation Equation). The time path for the nom-
inal wealth share O; € [0, 1] satisfies the BSDE

Eifddy] = (p+ ") ouat (8.8)

The government liabilities valuation equation is the key equation in this model. It
characterizes the portfolio demand for nominal assets. For interpretation, it is instruc-

tive to integrate the equation forward in time and write®

/ o=t gy
t qy

4n the following proposition, we also add the claim that ¢; € [0,1]. This is required by ¢K, g > 0
and the latter inequalities hold whenever there is free disposal of assets.

5To derive this equation, first determine d (e *'8;) by Itd’s product rule and then integrate the result-
ing expression over the interval [t, T]. Using e #7871 — 0 as T — oo (because 07 € [0, 1] is bounded) and
rearranging yields the stated equation. Note that the expectation is here redundant because all paths are
deterministic but is kept to align this equation better with extensions in subsequent chapters.

l9t = ]Et |:/ ep(tlt)(—ﬁ;yg)ﬁt/dt/} = lEt
t
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where the second equality uses the government budget constraint (8.2). This equation
tells us that, in this model, portfolio demand for government liabilities arises from ex-
pectations of future primary surpluses (s¢K;). Surpluses appear in the equation because
they summarize the total real cash flows for holders of government liabilities. Such
cash flows may take the form of interest payments on existing liabilities (i}®) or a re-
duction of the outstanding stock of nominal liabilities (a negative y7%). In which form
real resources are paid out to government liability holders is irrelevant, only their total
quantity (normalized by total wealth in the economy) matters for portfolio demand for
government liabilities. This is in analogy to the valuation of a firm that can pay out
cash flows to stock holders by either paying a dividend or repurchasing outstanding

shares. Only the (expected) total payouts matters for the value of firm equity.

Summary of Model Solution. For any time path for ¢; € [0, 1] that satisfies the gov-
ernment liabilities valuation equation, we can construct an equilibrium by using the
equations in Proposition 8.1, and backing out additional equilibrium quantities from
the optimal consumption rule or accounting identities. We leave it as an exercise for
the reader to verify that any mathematical solution constructed in this way indeed
constitutes a valid equilibrium solution of the model. In general, the solution struc-
ture of the government liabilities valuation equation, and therefore the set of possible
equilibria, depends on the policy rules assumed for the policy variables i, u5, 7,
which we have left unspecified thus far. We postpone a discussion of this issue to the
next chapter, which links the technical issue of equilibrium uniqueness/multiplicity to
(in)determinacy of the price level and value of money. In what follows in this chapter,

we sidestep these issues by focusing exclusively on steady-state equilibria.

Steady State Equilibrium

Let us impose a steady state in the government liabilities valuation equation, i.e.,
assume that 9; = ¢ is constant. Proposition 8.1 then implies that also g, qK, q’VB , and
1 are constant over time, and so is the consumption-capital ratio C;/K; = pgq. Strictly
speaking, this steady state is a balanced growth path because the aggregate capital

stock K; grows at a constant rate ¢ = ¥ (1) — ¢ that may be different from zero.
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Imposing E;[dd;] = 0 in equation (8.8) and restricting attention to & > 0, so that

government liabilities are valued in equilibrium, yields the requirement

“MB

H —p-

This means that a steady state is only possible if the government’s policy rules (that we
still keep unspecified) are consistent with a constant value for /i equal to —p.° By the

government budget constraint (8.2) then

o) S
s= g =prtt =g =

We can use now the equations in Proposition 8.1 to back out the remaining equilibrium
quantities of interest as a function of the steady-state primary surplus per unit of capital

S.

Corollary 8.1 (Steady State in the Frictionless Benchmark Model). In any steady state
equilibrium the primary surplus-capital ratio s must be constant. For any s € <0,d + %),
there is a steady state in which both capital and government liabilities have positive value. In

this steady state, aggregate consumption and investment are given by

P+ s+ ¢pd f—s—p
C K — T s —
R T Tt
asset values are given by
_ s(1+¢p) PEREYED S
s+p(1+¢a) l+¢p o’

and the growth rate of nominal government liabilities in excess of interest payments, ji*® =

uM —iMB must be constant and satisfy

“MB

ji p.

®This condition essentially says that the dividend yield on the total stock of government liabilities
(but not necessarily on an individual unit) must equal » = p, the equilibrium real rate in this model. If
government policy is inconsistent with this condition, capital gains must be different from zero to align
the total return with r, so that the nominal wealth share cannot remain constant over time.
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The nominal liability growth rate u® and interest rate i}® individually can have arbitrary,

possibly non-constant, paths, so long as this condition holds.

We remark that there is also a steady state equilibrium in which s = 0 and govern-
ment liabilities are worthless (¢*® = 0 < P = o0). In this “non-monetary” equilib-
rium, ¢ = 0, so that equation (8.8) holds with a zero left-hand side regardless of the

value of ji*® (which does not even have to be constant over time).

Some Observations from Frictionless Benchmark

The characterization of steady state equilibria in the frictionless benchmark leads to

the following observations:

1. The value of money depends on fiscal backing. Specifically, we observe that a
positive primary surpluses (s > 0) is required for nominal government liabilities
to be valued in equilibrium. If holding government liabilities does not generate
real cash flows, then private agents are unwilling to hold them and money will
be worthless, qu = 0 & P = oo. In addition, we observe that the value of
government liabilities is increasing in the level of primary surpluses: higher s

results in higher ¢ and 9.

2. The value of capital assets (7X), the investment rate (1), and the growth rate of the
economy (g = (1) — J) are all inversely related to the value of money. This turns
out to be a robust prediction from all variants of our money model. We discuss its
economic content later once we have introduced the full model with all frictions

present.

3. The nominal interest rate paid on money does not matter for the real allocation.
Specifically, raising i** while maintaining the steady-state condition ji*® = —p

raises the growth rate of nominal liabilities, y# = '

— p, one for one. This
affects the inflation rate, 7w := u? = u® — g, but it has no impact on any real

variable.
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8.2.3 Adding Financial Frictions: Uninsurable Idiosyncratic Risk

We now add uninsurable idiosyncratic capital shocks to the model by assuming
o > 0. This implies that the idiosyncratic shocks de in equation (8.1), which we have

ignored thus far, become now relevant.

Model Solution

Prices and SDF Processes. As in the frictionless benchmark, we postulate price pro-

cesses
dgf/qf = pldt,  dglB/q}® = ul*Pat,  dai/q=pidt,  dd /9, = pfdt

While there are now shocks in the model, prices still evolve deterministically because
all shocks are idiosyncratic and wash out in the aggregate. However, as all agents are
exposed to their own idiosyncratic shock, the evolution of the SDF CZ for agent 7 will

generally depend on the idiosyncratic shock dez
dgl/& = —ndt — ¢ldZ.

Return Processes. The return on capital managed by agent 7 is now

. _ MB =
dri’ (1) = (a ﬁ F+ q;K it @) — 6+ u?’K> dt +0dZ;,
t t

which differs from the return expression in the frictionless benchmark only by the inclu-
sion of an additional idiosyncratic risk term (7de . The return on government liabilities
is not directly affected by the presence of idiosyncratic capital shocks and therefore still

given by the same expression as before:

driB = (7,{?’/\/8 L D) — 6 — ;7;”6) dt.
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Optimal Investment and Goods Market Clearing. The optimal investment choice is

precisely as in the frictionless benchmark and leads to the same Tobin’s Q condition:

1
K _ —
T eny T

As before, we can combine this with goods market clearing and the definition of ¢;
to express the equilibrium investment rate 1; in terms of the nominal wealth share ¢;.
After performing the same steps as for the previous model, we once again obtain Propo-

sition 8.1.

Portfolio Choice. Once again, agents face a standard portfolio choice problem, so that

we can directly apply the usual martingale conditions. These conditions are here given

by

y E;[drP
o) —aept = BRI (42)
a—C—1y gMB E;[drK 7
fK o q;K it + @) -5+ P‘?’K = % = n+Go. (810)
: :

The new element, relative to before, is the presence of the term CIZFT on the right-hand
side of equation (8.10). This term captures an idiosyncratic risk premium that agents
require to hold capital. Note that the left-hand side of equation (8.10) does not depend
on any i-specific terms. Therefore, all agents choose portfolios that result in symmetric
risk exposures to idiosyncratic shocks in the sense that the (shadow) price of idiosyn-
cratic risk does not depend on the agent’s identity . We will therefore from now on
suppress the i-superscript and just write ¢;.

. a—G—u Mo : : :
Next, let us again use ;{( = 1-g, and = g, to simplify the left-hand side

of equation (8.10) and then subtract that equation from equation (8.9):

_ p _ 1 ﬁ/\/B
1—-9 1-0'"

q,M3 K ~
tu - V? = —Gt0.
| — -

——
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Once again, we can solve this combined portfolio choice condition for the drift of 9;,
u =+ - (1-8)G0.

As in the frictionless benchmark, this equation should be interpreted as a condition
on the expected rate of change in ¢; that is consistent with both portfolio choice and
market clearing. Relative to the analogous equation in the previous subsection, the
equation derived here contains an additional term, (1 — ¢ )¢, that corresponds to the
required risk premium on capital scaled by the share of wealth that is held in capital
(1 — 9¢). The implication of this term is that agents are content with a smaller apprecia-
tion rate of nominal wealth (relative to total wealth) in equilibrium if either the capital

risk premium or the exposure of wealth to capital risk are larger.

The previous equation has been derived under the assumption that government li-
abilities have a positive value. But, as before, we prefer to rewrite this as an equation
for E[dd;] = ptfz%dt, as this turns out to remain valid even in the special case ¢ = 0.
Before stating this equation, let us also eliminate the price of idiosyncratic risk ¢; as

follows. From ¢l o e PtL = ¢=P* L we know that ¢; = —&;", where ¢/ denotes the
C pny

idiosyncratic risk loading of ni. From the net worth evolution (8.3), we observe further
that 5’;1’; =(1- 95)(7 = (1 — ¥;)0, where the last equality follows from asset market
clearing and the fact that all agents choose identical portfolios.” We can therefore con-
clude that ¢y = (1 — 9;)7. In sum, the government liabilities valuation equation in this

model takes the following form.

Proposition 8.3 (Government Liabilities Valuation Equation). The time path for the nom-
inal wealth share O; € [0, 1] satisfies the BSDE

Eifddy] = (p+ " — (1 6,)%0%) ot (8.11)

Once again, this equation is the key equation of the model. It characterizes the

portfolio demand for nominal asset. Integrated forward in time, the equation can be

"That 6! is the same across all 7 is, in turn, a consequence of our previous observation that ¢} does not
depend on i.
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stated equivalently in the form
9 = I, U e Pt =t (—;7?/6 (- ﬁt/)252> ﬁt/dt’] .
t

The interpretation is that government liabilities in this model are valued for two dis-
tinct reasons. First, because of cash flows from fiscal backing, captured by the term
—uMB; = %. The economic intuition is here the same as in the frictionless benchmark.
Second, government liabilities are also valued because they represent a safe asset that
facilitates idiosyncratic risk sharing. This is captured by the second term, (1 — 8;)2529.
In Chapter 10, we provide a more careful account of this term and link it to the ser-
vice flows generated from trading government liabilities in response to idiosyncratic
shocks. Here, we merely note that the contribution of this safety feature to the nominal
wealth share ¢; depends positively on the path of the expected future idiosyncratic net

worth volatility ;' = (1 — ¢)¢ faced by households in equilibrium.

Steady State Equilibrium

In a steady state with positive nominal wealth share @, the variable i/ must be
constant over time and take on a value such that the right-hand side of equation (8.11)
vanishes for some ¢ € (0,1). Possible values for ji*P that are consistent with this
requirement are

—p < M < —p+ 5% (8.12)

For any such ji®, the equation IE;[dd;] = 0 is a third-order polynomial equation,
(p+i"f—(1-97*) 9 =0

with three mathematical solutions:

9—0 g T=Vo+i*® g T Vot

o o

The third solution always exceeds 1 and is therefore inconsistent with equilibrium (it

would imply a negative value of capital). The remaining two solutions represent valid
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steady-state equilibria. The first solution corresponds to a non-monetary equilibrium,
in which government liabilities are worthless. In the second type of equilibrium, nom-
inal government liabilities have a positive value, which is why we refer to these equi-

libria as “monetary” steady-state equilibria.

Once we have solved for the steady-state values of ¢, we can use Proposition 8.1 and
the government budget constraint to back out the implied asset prices, investment rate,
and primary surplus. The following corollary summarizes all steady-state equilibria in

this model.

Corollary 8.2 (Steady State in the Model with Uninsurable Idiosyncratic Risk). For any
constant growth rate of nominal government liabilities in excess of interest payments ji’*® that
satisfies condition (8.12), there is a “monetary” steady state in which both capital and govern-

ment liabilities have positive value. In this steady state,

g T+ qw:(t‘f—\/ﬁﬁ”‘")(Hq)é)
7 ' Vo+ i+
qKZVP+ﬂW(1+<Pﬁ) W+t —op
Vo + iV + ppo Vo + iV + ppo”
s— T Vot )14 9d)
Vo + M+ poo

In addition, there is a unique “non-monetary” steady state, in which government liabilities

are worthless. In this equilibrium,

19: , q'/\/B:O,
qK:1+<pd ,_d-p

1+ ¢p’ 1+ ¢p’
s =0.

Observations

Let us revisit the observations from the frictionless benchmark model:

1. The value of money depends on fiscal backing and idiosyncratic risk. Both a
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higher primary surplus (s) and higher idiosyncratic risk (¢) increase ¢ and 9.
Furthermore, it is now possible for government liabilities to be valued even if the
primary surplus is nonpositive (s < 0 < ji* > 0), provided idiosyncratic risk
is sufficiently high so that the upper bound in condition (8.12) is positive. Hence,

fiscal backing is no longer necessary for money to be valued.

2. The value of capital assets (qK), the investment rate (1), and the growth rate of
the economy (g = (1) — J) are all inversely related to the value of money. This
conclusion is exactly the same as in the benchmark model as it does not depend

on the portfolio choice and, hence, on the reason for money to be valued.

3. The conclusion that the nominal interest rate paid on money does not matter for
the real allocation remains valid if interpreted in the following sense: holding

either 78 or s fixed, a change in i

only changes the growth rate of nominal
liabilities and the inflation rate. However, while there was only a single possible
value for ﬁw consistent with a steady state in the frictionless benchmark, there is
now a continuum of possible values, so we do not necessarily need to hold ;2/\/8
fixed. Instead, we can consider, within the limits of condition (8.12), a different
M _ MBS
M3

experiment of changing iM and ji simultaneously while holding

uMB fixed. In this case, a rise in i*® reduces ji*P, which leads to a portfolio
reallocation to government liabilities (higher #) and increases the value of money.
This has real implications, e.g., for investment and growth (compare observation
2). The increase in the value of money can be traced to an increase in fiscal backing
that must happen in the background: to satisfy its budget constraint with lower

jiMB, the government increases primary surpluses (higher s).

Let us further discuss the first observation that money can be valued even in the
absence of fiscal backing. For s < 0, the intrinsic value of government liabilities that
arises from the payments made by the government is zero or even negative. How-
ever, in the monetary steady state, government liabilities still have positive value. If
an asset’s value exceeds its intrinsic (or fundamental) value, the asset is said to have
a bubble component. In this sense, government liabilities can be a (rational) bubble in

this model. The bubble can emerge for sufficiently large idiosyncratic risk, 3> > p, so
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that the upper bound in condition (8.12) is positive. Then, household are willing to
trade government liabilities to self-insure against idiosyncratic risk even in the absence

of any fundamental cash flows.

When there is a bubble, the government can extract seigniorage revenues by “min-
ing the bubble”. It is possible to run a permanent primary deficit, s < 0, which is
funded by continuously increasing the stock of government liabilities in excess of in-
terest payments, i.e., i® > 0. Note that this is possible only within limits as ji*8
must respect the upper bound in condition (8.12) in the monetary steady state. Bubble
mining is essentially a tax on holding government liabilities as it dilutes the claim of
existing holders of these liabilities to the aggregate bubble. Households react to this tax
by tilting their portfolios towards capital, ¢ is falling in ji*5. When the government
attempts to extract seigniorage too aggressively, no one is willing to hold government

liabilities and only the non-monetary steady state remains.

8.2.4 Adding Monetary Frictions: Transaction Costs

We now complete the model by turning on also the monetary friction. We have not
yet specified the transaction costs function ¥, so we start by providing more details on

this part of the model.

Details on the Monetary Friction
Recall that output produced by 7 net of investment and transaction costs is given by
(ki — ik} — (v ki) dt

Here, Uf denotes the output velocity of i’s government liability holdings, which is de-

fined as

P Ptakl; B 1_9£i
Poooo

E (8.13)

where, in the first equation, 1; is the nominal value of i’s government liability holdings

and klz represents the units of capital held by 7. The second equality uses 1; = 73',56;7711; and
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K= =8
qt

%t is a transaction cost function that is increasing and convex in output velocity.

Here, we assume the specific functional form

a AU e A
T(v) = G-1)7 (1—7) — (%) , (8.14)

where 7 and 3 > 1 are parameters and v ! is the average output velocity chosen by all
other agents in equilibrium. The term involving v;? is a formal trick that ensures that
the aggregate transaction cost in equilibrium is always zero, which makes the model
more tractable. In any case, a model of monetary frictions based on transaction costs
as here is too crude to take its aggregate resource implications seriously. By eliminat-
ing these resource implications, we isolate the incentive distortion generated by the

monetary friction, which is what we are ultimately interested in.

The parameter 7 controls the average level of velocity in equilibrium and thereby
the severity of the monetary friction. Smaller values are associated with more severe
monetary frictions as larger real balances of government liabilities need to be held to
keep velocity small. If the monetary friction is “too severe”, a pathological situation
may arise in which no equilibrium with positive capital prices can exist. To exclude

this case, we make the following parameter assumption throughout:

VR LN V) (8.15)

As we will see below, the parameter 3 plays the role of the inverse interest elasticity
of money demand or, more precisely, demand for government liabilities as a medium
of exchange. A notable limit case is when this demand becomes inelastic to rates of
return, 3 — oo. In this limit case, the transaction cost specification is equivalent to a
so-called cash-in-advance constraint, which requires households to hold government

liability balances that are at least a certain proportion of their output,

Ptaki < 17;.
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Remark: Alternative Models of Monetary Frictions

Before turning to the model solution, let us remark on alternative ways of modeling
a medium of exchange role of money and explain why we have chosen this specific
approach here. Common reduced-form approaches to monetary frictions are (i) trans-
action costs for expenditures, (ii) cash-in-advance constraints on expenditures, and (iii)

money in the utility function.

In approach (i), certain expenditures made by certain agents are subject to transac-
tion costs and these costs can be reduced by carrying larger money balances around.
For example, in our model, consumption (cl;) and/or investment expenditures (lik‘;) of
households could be subject to transaction costs. These costs can be interpreted as costs
incurred to agents that seek to make payments in other form than by direct settlement
with money, e.g., costs of searching for sellers that accept other forms of payments
or costs of negotiating credit arrangements. Alternatively, these costs can also capture
transaction costs that arise from converting other assets into money when expenditures

are made as in the classic Baumol-Tobin model (Baumol, 1952; Tobin, 1956).8

Similarly, in the cash-in-advance approach (ii), certain expenditures can only be
made if the agent making them has a sufficient amount of money balances available in
advance before entering the trade. In our model, this could take the form of a cash-in-
advance constraint for consumption and/or investment expenditures made by house-
holds, for example P(c’; + ﬂ;kg) < 17{, if both types of expenditures require money. Cash-
in-advance constraints are similar to transaction costs but replace a “soft” constraint in
the form of a cost with a “hard” constraint that renders expenditures without sufficient

money balances infeasible.

Finally, approach (iii), simply posits that agents derive utility from holding real
money balances, so that money generates a utility service flow on top of its financial
return. The money-in-utility specification is not to be taken literally but interpreted
as a short-cut for an indirect utility function that would arise from various microfoun-

dations of money demand. In our model, this would amount to replacing the flow

8In the Baumol-Tobin model, expenditures have to be made with cash. Carrying a large inventory of
cash around avoids costly trips to the bank to withdraw additional cash.

171 / 315



CHAPTER 8. SIMPLE MONEY MODELS

utility u(cl) = logcl by a utility function u(cl,l /P;) that depends positively on both

consumption and real government liability balances f:/ Pt held by this agent.

Our own approach is quite similar to approach (i) and, in the limit 3 — oo, approach
(ii). The main difference is that transaction costs directly enter the production process
instead of being tied to final expenditures. While this may seem to be even more ad-hoc
than the conventional approaches, it has the formal advantage that the monetary fric-
tion only distorts the portfolio choice between monetary and productive assets (capital)
but not directly the consumption-savings or physical investment margins. This makes
the analysis cleaner and overall more tractable. At the same time, because, in equilib-
rium, total expenditures equal total production, the economic implications are not all
that different in our approach.” Indeed, Exercise 8.5.1 asks you to work out a version
of our model with a more conventional expenditure-based transaction cost/cash-in-
advance constraint. This exercise reveals that both approaches are, in a certain sense,
isomorphic in steady-state and make largely identical qualitative predictions with re-

spect to comparative statics.

In addition to these reduced-form approaches, New Monetarist theories of money
demand provide a more microfounded approach to the medium-of-exchange role of
money based on search frictions and bilateral exchange. We do not discuss these ap-
proaches in these lecture notes but refer the interested reader to Williamson and Wright
(2010a,b); Lagos et al. (2017) for survey papers and Choi and Rocheteau (2021) for an

exposition in continuous time.

Model Solution

Prices, SDE and Return Processes. All postulated price and SDF processes are pre-

cisely as in the previous version of the model,

K M3
dgf/qf = " dt, dg® /g = ul”"at, dgi/q: = pidt,

9The government is typically not thought to be affected by monetary frictions, so the portion GK; of
total expenditures would not be subject to these frictions, if frictions were directly tied to expenditures.
However, because government expenditures are always a fixed fraction of output in this model, this
detail is not important here.
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do,/9;, = uldt, dél /& = —rdt — cdzi.

The return on government liabilities is also as before as it is not directly affected by

transaction costs,
arf® = (Wi + o) — 6 — i) d.

In contrast, transaction costs do affect the return on capital via the dividend yield paid
to capital holders. Transaction costs themselves depend on velocity chosen by the
agent. The return on capital managed by agent 7 conditional on 11; = rand Uf =v

is

dri(1,v) = (”(1 —) 20 gy sy yt’K> dt + ¢dZ!

a5
_C_,_-% MB 5
_ (a G qu< t(v) +Q;K ﬁ;VBnLCD(l)—(SJFP‘t'K) dt + odZ;.
t t

Optimal Investment and Goods Market Clearing. The optimal investment choice is
unaffected by transaction costs and therefore the same as in the previous model vari-
ants. Because of our assumption that ‘It(vte 1) = 0, transaction costs in equilibrium are
zero if all agents choose the same velocity vf = vf 1 (to be verified below). Therefore,
transaction costs also do not affect the goods market clearing condition in equilibrium.
As a consequence, all derivations from the previous subsections remain valid. Once
again, equilibrium investment and asset prices can be expressed in terms of the nom-
inal wealth share ;. These relationships are as in Proposition 8.1, which also holds in

this variant of the model.

Portfolio Choice. Solving for agents’ portfolio choice in this model variant requires
modifications to our previous approach. The presence of transaction costs means that
agent i’s net worth evolution is no longer linear in 9? because 9{ also enters the return
on capital nonlinearly via the velocity VZ, compare equation (8.13). It is therefore not
possible to use the martingale conditions. Instead, we derive first-order conditions

explicitly using the stochastic maximum principle.

The Hamiltonian of an individual household is as follows. For ease of notation, let
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us in the following suppress i-superscripts.

E,[drX (4, v E,[drP 3
H; :e_Pflogct — Cer + Cymy <(1 —6) d tdE‘t ) + 0; t[dtt ]> — CiCine(1 — 0)7

We maximize H; with respect to 8¢, v; subject to the constraint (this is equation (8.13))

a
Qtl/t = (1 — Qt)—K
Tt

Denoting the Lagrange multiplier by A/*®&mn;, the first-order conditions are:

Ei[drf (i, v0)]  Beldr)P] g a
9t : — = G0 + A7 v+ —= (816)
dt dt : gk
E K
" (1 . Gt)a [drl’ (lt! Vf)]/dt + /\g\/BGt -0 (817)

avf

Condition (8.16) is similar to the martingale conditions that we have used in previ-
ous subsections. We will once again use it to derive a government liabilities valuation

equation. To this end, observe that expected returns on capital and government liabili-

ties are
=p/(1-8) =0;/(1-8;)
Ak v)] -G —n-mi) P
E¢ldry (e, ve)]  a— G —u— (v q; AMB 9K
E,;[dr)P w
t[dtt = — 1B + () — 5+ i,
take the difference,
Bldrf () Bl _ p @t g
dt dt 1-% 1-9 1-9

and plug this into the first-order condition (8.16):

- M3 9

[% Hi Hi -~ M3 a

— = Af — .
1—19t+1—19t 1-9, Ct0 + A} <Vt+ K)

We can further simplify the expressions on the right. As in the previous model variant,
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¢ = (1 — ;). In addition, using equation (8.13) to replace a/gX, we obtain

1/+i—1/ 1+L SR N
Pk 1-6,) 1-6 1-0

where the last equality imposes asset market clearing, 0; = ;. Plugging these relation-

ships into the first-order condition and solving for u! yields

uf = o+ — (1—0)%% — A{Puy.

To formulate the government liabilities valuation equation, we multiply as always
by ;. In addition, let us also introduce a change in notation by defining Ai; := APy,
While this is pure notation at this stage, we note that Ai; represents the spread i; — i/'P
between the nominal interest rate i; of a hypothetical nominally risk-free asset that
does not provide transaction services and the nominal interest rate i/® paid by the
government. In Exercise 8.5.2, you are asked to introduce a zero net supply nominal
bond that does not provide transaction services to the model and show that, indeed,
Ai; = iy — B in this extended model. Therefore, Ai; can be interpreted as a liquidity
premium earned by holding government liabilities, which reduces its required pecu-
niary return. With this notation, the government liabilities valuation equation in the

full model with all frictions takes the following form.

Proposition 8.4 (Government Liabilities Valuation Equation). The time path for the nom-
inal wealth share O; € [0, 1] satisfies the BSDE

Eifdoi] = (p+ 0 = (1 8)%0% = A ) . (8.19)

We observe that the monetary friction introduces a third reason for government
liabilities to be valued, which enters through the liquidity premium term Ai;. To char-
acterize this term, let us turn next to the first-order condition for v;, equation (8.17).

Taking the derivative of the expected capital return in equation (8.18) with respect to v;
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and using the functional form assumption on ¥;(v) (equation (8.14)) yields

v

OE[drK (1, v¢)]/dt _ CTv) el (vt)52 _ o 1 (2)31

al/t qf - _¥ﬁ _1—l9t1_7 1%

and plugging this expression and 6; = ¢; into the first-order condition (8.17) implies

3
Aiy = AMBy, = (ﬂ) . (8.20)

For interpretation, let us rewrite equation (8.20) by solving for velocity, v; = (Aif>% v,
plugging in the definition of velocity, equation (8.13), and aggregating across all agents.
Using the first equality in equation (8.13) to eliminate velocity, we obtain:

1
PiY: = (Aiy)s 7 MBy.
~—

N—
vt

This shows that a conventional version of the quantity equation of money holds in
our model. Here, the quantity of “money” entering this equation is the quantity of all
nominal government liabilities, M5;, and demand for these liabilities as a medium of
exchange links their velocity to the opportunity cost of holding them, which is captures
by Ai;.

While the previous equation is instructive, for the purpose of solving the model it is
more useful to keep equation (8.20) as an equation for Ai; and substitute in the second
equality in equation (8.13) for velocity. This gives us a second equation that relates ¢;
and Ai;, in addition to the government liabilities valuation equation. Because it has the

same economic content, we also call the resulting equation the quantity equation.

Proposition 8.5 (Quantity Equation). In equilibrium, ¢; and Ai; are linked by the quantity

equation

3
. (11-%+¢p a
Aiy = (17 5 1+4>ﬁ> . (8.21)
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In the cash-in-advance limit ¢ — oo, the equation remains valid if interpreted as

_ 11-%+¢p 4
A d T 0, P Trgr <1
11-0+¢p o _ 1
€[0,00), 5, Thgd — 1

Equations (8.19) and (8.21) jointly characterize ¢; and Ai;. For { < oo, one can substi-
tute the latter into the former to obtain a single equation for the nominal wealth share
¢;. However, we prefer to keep them separate, as this will be required in the cash-in-

advance case ¢ — oo.

Steady State Equilibrium

Let us once again assume that ji*® = ji® is constant and restrict attention to equi-
libria with constant ¢ > 0. In steady state, the government liabilities valuation equa-

tion (8.19) and the quantity equation (8.21) take the forms

o+ i = (1-0)%2% + A,
. 11-9+¢p a !
Ai = - v .
v 1% 14 ¢ai

Let us first consider the case 3 < co. In this case, the two equations do not have a

closed-form solution, except in the special case of vanishing transaction costs, 7 — oo,
in which case we obtain the same solution as in the previous subsection. However, we

can still establish some theoretical properties of the solution:

Proposition 8.6 (Steady State in Full Model, Case 3 < o0). Let 3 < oco. For any constant
1B that satisfies the inequality

1-1/5\?
AMB B pa p
=l (1 +¢id U ) ’

there is a unique steady state equilibrium. In this equilibrium, both capital and government
liabilities have positive value. The value of government liabilities ¢*® and the nominal wealth

share © are strictly increasing in both the severity of financial frictions (larger &) and monetary
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frictions (lower 7), and they are strictly decreasing in the dilution rate of government liabilities,
1B, Furthermore, a tightening of financial fictions (higher &) raises the idiosyncratic risk
premium (1 — 8)& and lowers the liquidity premium (Ai). In contrast, a tightening of monetary

frictions (lower 7) lowers the idiosyncratic risk premium and raises the liquidity premium.

Note that the condition on i*® imposes the same lower bound on i**# as condi-
tion (8.12) in the model without monetary frictions if ¢ = 0. The lower bound is strictly
tighter in the case ¢ > 0, but assumption (8.15) ensures that it remains negative, so that
M > 0 is always sufficient for existence of a steady state. Unlike in condition (8.12)
from the previous section, there is no longer any upper bound on 8 in the presence
of the monetary friction assumed here. The proof of this proposition follows from an-
alyzing the nonlinear equation that results from eliminating Ai from the system of two

equations stated above. We provide the formal details in the appendix to this chapter.

Let us next consider the cash-in-advance case 3 — co. In this case, there is a closed-

form solution for the steady state. To derive it, let us make a case distinction:

1. The cash-in-advance constraint is binding;:
In this case, the quantity equation does not impose a tight restriction on Ai. In-

stead, it directly determines 910

11-0+¢p a ., _ 4_ (1+¢p)a
7 & 1+ ¢a a+ (1+¢i)v

In contrast, the liquidity premium Ai adjusts as needed to satisfy the steady-state

government liabilities valuation equation for this value of ¢,
Ai=p+ M —(1-0)%2

We call this case the medium-of-exchange regime because here the monetary fric-
tion, which models the medium-of-exchange role of money, determines the equi-

librium value of government liabilities.

9By our parameter assumption (8.15), this value is always smaller than 1, so it corresponds to a valid
equilibrium solution.
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2. The cash-in-advance constraint is slack:
In this case, the quantity equation implies Ai = 0 and does not impose a tight
restriction on ¢. Instead, ¢ solves the government liabilities valuation equation

with Ai = 0, just like in the previous sections

7o “MB
(18P 9= L VPHITT

M3
o+ =

We call this case the store-of-value regime because here the role of money as a store
of value, due to fiscal backing and the financial friction, determines the value of

government liabilities.

It is easy to see that the two regimes are mutually exclusive, except for the knife-edge
case in which the predictions for ¢ are identical in both regimes. In the medium-of-
exchange regime, it must be the case that Ai > 0. In terms of ¢, this means

9> T VPHET

- 7

o

where the right-hand side is the ¢-value that would occur in the store-of-value regime.
Similarly, in the store-of-value regime, it must be the case that v; < 7. In terms of ¢, this

means
(1+¢p)a
Ta+(1+¢a)v

Once again, the right-hand side is the value that would occur in the medium-of-exchange

regime. In sum, the structure of steady-state equilibria is as follows:

Corollary 8.3 (Steady State in Full Model, Cash-in-advance Case). Consider the cash-in-
advance model (3 — o). For any constant ji® > —p, there is a unique steady state. In this
steady state, both capital and government liabilities have positive value. The nominal wealth

share is given by

a+ (1+¢a)v (7

/

ﬁ:max{ (1+gp)a - /p+ B }

NV ;.
. . store-of-value regine
medium-of-exchange regime f 8

The following table summarizes other equilibrium quantities of interest:
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Medium of Exchange Store of Value
2

. . v av—a - .
Ai Az:p+ﬁw—(m> 72 Ai =0

M3 M _a M3 _ (0= p+it"B)(1+¢d)
q 7= 1 N

K K _ 1+9(a—ap/7) K _ Vet B(1+ed)
q T = —15¢p q = Vo i 1 gap
, = ﬁ—p1(1+a/v) ,_ WptpP-ap

+p \/o+iMB+gip

Comparative Statics. Figure 8.1 plots the asset values ¢ and ¢X (top panel) as well
as the risk and liquidity premia (bottom panel) as a function of the idiosyncratic shock
volatility &, which captures the severity of the financial friction. For low idiosyncratic
risk, the economy is in the medium-of-exchange regime. In this regime, an increase in
idiosyncratic risk raises the idiosyncratic risk premium and lowers the liquidity pre-
mium but does not affect the asset values. For high idiosyncratic risk, the economy is
in the store-of-value regime, in which the liquidity premium is zero, the idiosyncratic
risk premium is constant, and a further increase in idiosyncratic risk raises the value of

government liabilities and lowers the value of capital.

Figure 8.2 depicts the same variables but varies the maximum velocity 7, which is
inversely related to the severity of the monetary friction. For low maximum velocity,
the economy is in the medium-of-exchange regime. In this regime, both asset values
and the risk and liquidity premia are locally sensitive to changes in maximum velocity.
An increase in 7 raises the value of capital and the idiosyncratic risk premium while
it lowers the value of government liabilities and the liquidity premium. Once 7 is suf-
ficiently high, the cash-in-advance constraint no longer binds, so that the economy is
in the store-of-value regime. In this regime, the equilibrium is locally insensitive to

changes in maximum velocity.

Figures 8.3 and 8.4 depict comparative statics with respect to fiscal backing of gov-
ernment liabilities. Specifically, we measure fiscal backing by —ji®, which is equal to
the ratio of primary surpluses to total liabilities, a measure of the real payout yield on
government liabilities. The top panel in each figure depicts the nominal wealth share ¢,

while the bottom panel depicts the growth rate of the economy, g, and two real risk-free
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Figure 8.1: Comparative statics with respect to the financial friction (7)
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Figure 8.2: Comparative statics with respect to the monetary friction (7)
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interest rates, the return on government liabilities 8

, and the return on a hypothetical
risk-free bond that does not provide transaction services. The nominal wealth share is
locally insensitive to fiscal backing in the medium-of-exchange regime!! but increas-
ing in fiscal backing in the store-of-value regime, in line with our previous observa-
tions. Also in line with previous observations, the growth rate g is inversely related
to the nominal wealth share ¢, so it is decreasing in fiscal backing in the store-of-value
regime. The risk-free rate 7/, in contrast, satisfies 7/ = ¢ — 773, which tends to be in-
creasing in fiscal backing in both regimes, although the aforementioned growth effect
in the store-of-value regime may overturn this behavior, which is visible at the right
end of both figures. In the medium-of-exchange regime, this risk-free rate is different
from the return on government liabilities, which is lower by the liquidity premium Ai.
The latter is decreasing in fiscal backing and vanishes at the boundary to the store-of-
value regime. In Figure 8.3 this boundary occurs when the real interest rate is below
the growth rate, so that rational bubbles are possible in the store-of-value regime, like
in the model variant from the previous subsection. However, it can also be the case that
rf > ¢ at the boundary between the two regimes. This happens in Figure 8.4, which
is based on the same parameters as Figure 8.3 except that 7 has been reduced to make
the monetary friction more severe. In this configuration, bubbles cannot exist in the
store-of-value regime (even though &2 > p, so the bubble existence condition from the

previous subsection is satisfied).

Revising Observations on the Value of Money and Sources of Seigniorage
Consider once again the government liabilities valuation equation in integral form:
8 =, [ / e P(t'=t) (— 18+ (1 - 0p)%% + Az'f,> 19t,dt’] .
t

This equation shows that in the full model there are three distinct sources of the value

of money:

The fact that ¢ does not depend at all on fiscal backing may appear a bit extreme as it implies that
the fiscal authority can extract arbitrarily large seigniorage revenues. Indeed, this result only obtains in
the limit case of a money demand that is inelastic to changes in rates of return, 1/3 = 0, but not for any
positive interest elasticity of money demand 1/3 > 0, compare Proposition 8.6.
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Figure 8.3: Comparative statics with respect to fiscal backing (s/g*® = —ji*B)
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Figure 8.4: Comparative statics with respect to fiscal backing (s/g*® = —ji*P) for

smaller 7
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1. cash flows from fiscal backing;
2. risk sharing benefits from money as a safe asset (store of value);

3. transaction benefits from money as a medium of exchange.

Again, fiscal backing may actually be negative (ji'® > 0). In this case, government
liabilities may nevertheless be valued if other benefits are sufficiently strong. Then,
government liabilities are a (rational) bubble. The government can extract seigniorage

revenue from issuing additional liabilities.

Money and Growth: Tobin Effect

We have observed from all three variants of the model that investment and growth
depend negatively on portfolio demand for government liabilities (¢), regardless of
the source for this demand. The intuition here is that government liabilities/money in

positive net supply crowd out real investment.

By goods market clearing, investment is the difference between goods supply and

demand for private and government consumption,
1Ky =Yy — G — GKy = aKy — pgiKy — GK.

An increase in the portfolio demand for government liabilities (¢;) does not affect goods
supply but it increases private consumption demand via a wealth effect: for fixed cap-
ital price gX, a higher  raises total wealth per unit of capital g; = gK + g/*B. Market
clearing can be achieved by two margins of adjustment: (i) a fall in investment, or (ii)
a fall in the capital price (which dampens the increase in wealth g;). Unless capital is
exogenously supplied (¢ — o), at least some of the adjustment to equilibrium requires

channel (i).!?

12The goods market-centric intuition presented in this paragraph is fairly involved but has the advan-
tage that it is correct for all variants of the model whereas other, seemingly simpler, stories are not. For
example: (a) in the frictionless model, one might be tempted to trace the investment effect back to the
capital tax, but the same effects arise in other model variants without capital taxes; (b) in model variants
with ¢ > 0, one might argue more directly that a lower capital demand depresses the capital price gK
and then 4 via the Tobin’s Q condition, but this logic breaks down for ¢ = 0.

184 / 315



CHAPTER 8. SIMPLE MONEY MODELS

Our model thus formalizes an argument made by ? that portfolio choice between
monetary and capital assets is a key determinant of real investment. We call this link be-
tween demand for monetary assets and investment the Tobin effect. Note that the previ-
ous explanation of the Tobin effect relies on a wealth effect from government liabilities
in positive net supply. The Tobin effect is one feature that distinguishes government-
provided outside money from bank-created inside money, which is in zero net supply
(see Merkel (2020) for more details).

8.2.5 Separating Money and Government Bonds

In the previous model, money and nominal government bonds are combined in the
single government liability M3. A more realistic case is that the government issues
money M; and nominal bonds B; where both serve as a store of value but only the
money component of government liabilities is a medium of exchange. In this section,

we separate the two forms of government liabilities.

Isomorphism between M53-model and M-and-B-model

It turns out that the model with two types of government liabilities is isomorphic to
baseline model with the single MB-liability up to a suitable transformation of param-
eters (and a small generalization of the transaction cost technology). In this sense, the
extended model features the same economics as the model discussed thus far. For this

isomorphism between the two models, we need to reinterpret variables as follows:

* We redefine the value of total nominal government liabilities as the sum of the

value of money and the value of government bonds:
qi® = a + a7

* The variable ¢, retains the interpretation as the share of government liabilities in
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total wealth and is now defined as:

g — _a Ay
gM +qP +qf

e The average dilution rate of nominal government liabilities, denoted by ',
must now aggregate the dilution effects from both money and bonds. We de-

fine it as a weighted average based on the quantities of outstanding money (M)
and bonds (B;):

M MM + Byjip

::19Mv./\/l 193\/3
M, + B, poHy T UPHE,

M B
where 9" := %t—t = ::—w, 0P = /\lft%t = [Z—fw are the fractions of total government

liabilities that are due to money and bonds, respectively.

The main difference between the baseline model with MB-liabilities and the ex-
tended bond-and-money framework enters in the treatment of the transaction cost
technology. In the extended model, velocity is defined in analogy to equation (8.13)
but with m in place of , as only money provides transaction services:

V;*:Ptaki i 1—9; a

i 77 K’
my oMg1 qy

GtM’i is the share of money holdings by agent 7 as a fraction of that agent’s over-

where
all government liability holdings (not as a fraction of total net worth). To be able to
map this into the baseline model, in which all all government liabilities provide trans-
action services, we need to allow in that model for time-varying transaction benefits
that reflect changes in the composition of the government liabilities portfolio in the
bond-and-money model. We can do so by replacing the constant parameter ¥ in the
baseline model with a time-varying #;. This modification does not invalidate any of the

previously derived results, except that we need to add time subscripts to 7 everywhere.

With this small modification and the previously introduced notation in place, we

claim that the model with bonds and money is isomorphic to the baseline model with
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just one type of government liability (MB) if we make the following parameter trans-
formation:

1-1/
7 [MB-model] = (19{“) ! 7¢[M-and-B-model].

Government Liabilities Valuation and Quantity Equations. Let us use this isomor-
phism to reformulate the key equations that govern the evolution of ¢; in a model with
money and bonds under the assumption of a constant 7-parameter in the transaction

cost technology. In this case, the government liabilities valuation equation becomes
i =p+ 0+ (1= 6 )uf — (11— 01)%0% — 6] Aiy

and the quantity equation becomes

A — 11-8:+¢p a !
\v My, 1+¢a)

These are two equations in three unknowns, &, 19{\’1, and Ai;. To determine the
equilibrium, we need to specify additional information on the conduct of fiscal and
monetary policy. In the baseline model, the government merely controls 7; and ji;"> =
uB — iM5, which are linked by the government budget constraint (and 7*® and i
individually are only relevant for inflation dynamics). Now, in addition to taxes, which
follow from the government budget constraint, the government can choose a subset of
i, iB, uM, uB, and, possibly, the initial condition ¢3". The dynamics of ;! are given

by the forward equation
dotM = (1= )M (uM — P )dt
and nominal rates i*! and i? are linked by the equation
Aip = i —iM,
which the government needs to respect in its policy choice (in particular, it is not feasi-

ble to set i below ). We discuss examples of policy choices below in Section 8.4.
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Derivations

We have so far merely claimed that there is an isomorphism between the extended
model and the baseline model. Let us now provide some derivations to justify this
claim. For the sake of brevity, we focus in the following only on the aspects of the
model solution steps that change in the money-and-bond model. All other derivation

steps are as in the baseline model and therefore omitted.

Portfolio Choice: 0?, GtM’;, VZ-FOC

H; =e ! log ¢t — Cret

K,i
+€mt{(1 _et)lEt[thdflt,Vt)] L [(1 _QtM)lEt[drF] +9tMlEt[dr{V‘]] }

dt dt
. _ IE[[d;;CB] _
—CmiGr(1 —6;)0 a
a
+ )\'{Vléﬂlt [9t9{\41/t — (1 — Qt)—K]
qt
First order conditions w.r.t:
- lEt[drK’f(zt,vt)] E;[drMB] a
i. t _ f - M M
6; T T, Co+ A7 | viby” + prs
H E;[drB]  E[drM]
Mi . (2 S I Ol 1 b S WY
Qt . ) dt dt )\t Vt
; IE[drf (11, v¢)]/dt

e (1—6;) + AMooM =0

al/t

Recall Return Equation and Take Differences.

E,[dr&i (s, e — i MeM | BB . K
eldry (e, v1)] _a G ;(t (v}) +‘1t Hi I‘:‘h H —i—®(llt)—(5+,u? 1)
dt q qt
E;[drB = B
- i+ o) o+ pf =i - @
E:[drM - Mo
Bla R ®
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Take difference (2) and (3):

]Et[dT’F] o ]Et[dfi/\/l] _

Aj
dt dt g
Take weighted sum of (2) and (3):
E;[dr}B . 5 4B oM .
BAEL ot + o+ ol + 0 + o) 0 @

Take difference of (1) and (4)

a—C— i —t(v) 1 K g 4B M
et e P 0P — o]
qt 1= S ~~ d

=—ul/(1-8)

Government Liability Valuation Equation. Plug into FOC w.r.t. 6;:

a-Goh—tv) 1 s AV,
+ iy — = & + A0+ —
qf 1- ﬂt‘ut 1-— l9t it/ t £Vt Lﬁ(
~\~ :(1—191})5'2 N\ -~ -
:p/(lflgt) by log utility ‘9,5/\/1
by goods-mkt clearing — fﬂtw

by volatility def
Plug into FOC w.r.t. 19{‘4:

Ait = /\2/\/11/1}

Government Liability Valuation Equation:

]/l? =p+ ;1)2{\/8 — (1 — l9t)25'2 — l%MAl‘t.

Fiscal Theory of the Price Level (FTPL). The generalized FIPL identity reflects the
present value of seigniorage and fiscal surpluses required to support the initial real

value of government liabilities. The expression is:

By + My

=FE
Po 0

T T
/ €_rftSth dt / e_rftAit& dt
0 0 P

t

+E
0 Pr

+Eg [e_’fT—BT + MT]
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where 7/ denotes the international risk-free rate, s;K; captures primary surpluses, and
the second term reflects the inflation tax revenue associated with money’s non-interest-

bearing nature.

FTPL-Equation with B and M. Money valuation equation for log utility v = 1:

P(1)—6
O = 0o+ Tg > —g— (1—8:)%0° + i® — 9Maiy)
_;[_g
B + M; _ 9N,
Pr ANy _
7Tt—gdt
d (B*;Mf) = (rf—g+;7”6 oMAi g (Bt ;M*) dt
t t

Integrate forward:

By + My _

E
Po

T
IR S
0 Py Py

(.

-~

=sK;+ %Ai

FTPL Equation: 25M0 — o[ [" e="'siKydit] + Eo f,

—ftas M — /T Br+M
0 0 e’ Alt?fdt]‘{‘ﬂzo[e r TrP—TT]

FTPL-Equations with B and M: joint and separately

¢ Alternative way to write FTPL equation

By L T M _ BT
—:IE/e”stt—HE/e”M—dtJHEerT—
P 0 it 0/ Hi P, 0 Pr

* Take difference btw two FTPL equations:

M() T —rft . M ./\/lt _ fTMT
— =E "HAL — ——dt+Egpe " —
P 0/0 e (A — i )Pt + Epe N

(may contain bubble term when take T' — o)
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Source: FRED, MeasuringWorth.com, Mitchell (1908)

8.3 Monetary-Fiscal Connection

Inflation-Fiscal Link.

* Friedman (1961): “Inflation is always and everywhere a monetary phenomenon”

¢ Sims (1994): “In a fiat-money economy, inflation is a fiscal phenomenon,

even more fundamentally than it is a monetary phenomenon”.

Two Inflation-Fiscal Connection. There are two conceptually distinct channels through
which fiscal policy can be linked to inflation: the Fiscal Theory of the Price Level
(FTPL) channel and the short-run aggregate demand channel.

The FTPL channel emphasizes the role of government liabilities in determining the
price level. When the government issues additional bonds to finance new fiscal stim-
ulus but does not alter its path of future primary surpluses s;K;, the real value of total
government liabilities must adjust. With more bonds in circulation and no change in
the fiscal backing, the value of existing liabilities is diluted. This dilution manifests as

an increase in the price level—that is, inflation.

In contrast, the short-run aggregate demand channel operates under a different set

of assumptions. Suppose the government again issues additional bonds to fund a fis-
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cal stimulus, but now commits to increasing future primary surpluses s;K; sufficiently
to prevent any dilution of bond values. In this case, the FTPL channel is effectively
neutralized: the increased debt is fully backed by future fiscal resources. Whether this
stimulus has real effects on output and inflation now depends on the structure of the
underlying economic model. In a Ricardian framework, where agents internalize fu-
ture taxes implied by higher s;K;, the stimulus may be offset and thus have little impact
on current demand. However, in non-Ricardian settings such as New Keynesian mod-
els with nominal rigidities and a negative output gap, the fiscal stimulus can boost
aggregate demand and output, potentially leading to inflation through conventional

demand-side channels.

Fiscal and Monetary Interaction. D D

Monetary dominance: In a regime of monetary dominance, a tightening of mone-

tary policy leads the fiscal authority to adjust by reducing the fiscal deficit accordingly.

Fiscal dominance: Under fiscal dominance, an increase in interest rates does not
induce the fiscal authority to reduce the primary deficit. Instead, the result is often an

increase in inflation, as the monetary authority accommodates fiscal imbalances.

Game of chicken: The interaction between monetary and fiscal authorities can be
described as a strategic "game of chicken," where each side waits for the other to adjust

policy. This is illustrated in the figure below.

For a visual explanation, see YouTube video 4 (starting at minute 4:15).

Sargent and Wallace (1981) Sargent and Wallace (1981) highlight the limits of mon-
etary policy in controlling inflation, even in settings that satisfy traditional monetarist
assumptions. In their framework, money M serves as a medium of exchange, but they

assume & = 0 to eliminate the possibility of speculative “bubble mining.”

Sargent and Wallace famously argue that “even in an economy that satisfies mon-
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etarist assumptions [...] monetary policy cannot permanently control [...] inflation.”
Their analysis considers an environment where the price level P; is fully determined
by money demand, captured by the relationship v M; = P;Y;. However, in their set-
ting, the fiscal authority is dominant—it sets deficits independently of any actions taken

by the monetary authority.

A central insight of the Sargent-Wallace framework is the emphasis on seigniorage
revenue from money creation. They demonstrate that controlling inflation is not always
within the central bank’s power. Even when the price level is determined by money
demand, the fiscal authority can assert dominance over inflation outcomes in the long
run. The key mechanism is that fiscal needs ultimately determine the total present
value of seigniorage. If the central bank limits money creation today, it will be forced to
create more money in the future to finance ongoing deficits. The required fiscal backing
does not disappear—the shortfall must eventually be addressed through future money

printing.

This leads to the famous “unpleasant arithmetic” result: tight monetary policy in

the present can result in higher inflation later.
To formalize this, suppose that in equilibrium:
1. The payment constraint is always binding.

2. The primary surplus satisfies s; = s, with s < 0; that is, the government runs a

constant primary deficit as a share of GDP.

3. The money demand parameter satisfies v > p, which holds under log utility.

Under these assumptions, nominal wealth shares must satisfy the following rela-

tionships.
From the goods market clearing condition, we obtain:
9 oM =P
v

Additionally, the value of bond liabilities relative to nominal wealth is determined
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by:

19t-198:/t pe P (s + o) dE = s -|—/t pe Pty ay,
<0

where s denotes the seigniorage revenue at future dates.

A Fiscally Dominant Regime After T. Suppose that at some finite time T < oo, the
fiscal authority takes control of the monetary growth rate . From this point onward,
fiscal policy dictates the path of seigniorage to maintain a stable debt-to-GDP ratio.

Formally, for all t > T, seigniorage is determined by the rule:
sr = 5(08) := —s + 0795,

where s < 0 is the constant primary deficit and 3(-) captures the required seigniorage
to stabilize debt. Although there are limits on feasible seigniorage due to inflation-
ary consequences and money demand constraints, we ignore these limitations here for

simplicity.

Before time T, the monetary authority retains independence and chooses a constant
rate of money growth ™. This choice implies that seigniorage is directly controlled by

the monetary authority and given by

M 2—9,

s =pMgM =

where a is the share of transactions requiring money, g is the growth rate of output, and

v denotes the output velocity of money that governs money demand.

This setting leads to the central result known as the “Unpleasant Arithmetic” propo-
sition. It states that tight monetary policy today—reflected in a lower uM over the
interval [0, T]—leads to higher inflation in the future. More precisely, the (constant)
inflation rate over the interval [T, c0) is strictly decreasing in the monetary growth rate
u™M chosen over [0, T]. In other words, a more conservative stance by the monetary
authority initially will necessitate a more aggressive inflationary policy in the long run

due to fiscal constraints.

194 / 315



CHAPTER 8. SIMPLE MONEY MODELS

Why Does the Sargent-Wallace Proposition Hold? The Sargent-Wallace result fol-
lows from forward iteration of the government liabilities valuation equation. At time

T, the market value of bond liabilities, relative to nominal wealth, must satisfy:
T
9708 = 9505 — / pe (s + o) dt.
0

Here, the term s = uM - - denotes the constant seigniorage revenue generated over
the period [0, T]. A lower value of /™ during this period implies lower seigniorage
transfers and therefore less revenue to finance existing debt. As a result, the stock of

debt increases more rapidly over time.

By time T, the higher accumulated debt implies a larger share of nominal wealth
must be devoted to bond liabilities, i.e., 9% rises. Since post-T seigniorage is determined
by the fiscal rule

st = 5(08) = —s + 8705,

which is increasing in 9%, the government must raise more seigniorage revenue in the
future to cover the interest burden on the higher debt. This is the essence of the Sargent—
Wallace argument: tighter money today forces looser monetary policy tomorrow when

tiscal policy is dominant, and therefore, inflation must eventually rise.

Illustration of Unpleasant Arithmetic. The figure below visually illustrates the core
insight of the Sargent-Wallace “Unpleasant Arithmetic” proposition. It highlights the
dynamic link between short-run monetary policy, debt dynamics, and long-run infla-

tion in a fiscally dominant regime.

Real Value of Debt (9, 19{3 , q?) Seigniorage and Inflation (¢, 774)
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;Ahighcr inflation after T°

lower 5§ = faster debt growth

tighter money

v before T'

T T

On the left panel, we depict the real value of government debt, captured by the product
d; - 98, The red curve represents a scenario in which the monetary authority adopts a
tighter monetary stance over the interval [0, T], meaning a lower money growth rate
uM. This results in reduced seigniorage revenue during this period, represented by a
smaller value of s, and thus faster accumulation of real debt. The gap between the red
and blue curves reflects the larger stock of liabilities that the government must finance

at time T due to the initially conservative monetary policy.

On the right panel, we illustrate the path of inflation. The blue line corresponds to
a more accommodative monetary policy with higher uM before time T, while the red
line reflects the tighter policy. Despite achieving lower inflation in the short run, the red
path jumps to a higher inflation rate after time T. This increase is necessary because the
fiscal authority, once in control after T, must generate more seigniorage to service the

higher level of debt. As a result, the inflation rate adjusts upward in the long run.

Together, these panels illustrate the central message of the Sargent-Wallace frame-
work: in the presence of fiscal dominance, tighter monetary policy today can backfire,
leading to higher inflation tomorrow. Without sufficient fiscal backing, monetary policy

alone cannot ensure long-run price stability.

Monetary Dominance. Consider a regime of monetary dominance, where the mone-
tary authority remains in control of the money supply indefinitely—formally, T = co.

In this case, a natural question arises: does an equilibrium exist?
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Suppose that the seigniorage revenue s is not equal to the difference 9y85 — s, where
s < 0 denotes the constant primary deficit as a share of capital K;. Then, a constant
deficit policy s; = s may no longer support equilibrium. However, this does not imply
inconsistency per se—it simply reflects that maintaining a constant deficit may not be

a feasible policy under monetary dominance.

Two distinct cases can arise:
1. If seigniorage exceeds the fiscal need, that is, if
s> 00F —s,

then the government can feasibly maintain the constant deficit s; = s < 0. In this
case, the fiscal authority passively adjusts by absorbing part of the money supply
over time. As a result, the effective money supply is smaller than the nominal
money stock M;. Consequently, inflation is determined by the fiscal authority’s
actions, since its absorption of money offsets monetary injections. For instance,
if the real debt-to-capital ratio is held constant, then the resulting outcomes are

observationally equivalent to the benchmark case in which s = 8,95 — s.

2. In contrast, if seigniorage is insufficient to support the initial fiscal position, i.e.,
s < 08P —s,

then the fiscal authority must raise primary surpluses over time in order to avoid
default on its nominal bond obligations. In this scenario, the fiscal authority is
effectively subject to an intertemporal budget constraint. A simple illustrative

case is when the smallest feasible constant primary surplus is given by
s = %08 — 5,

ensuring that the government remains solvent over time by adjusting fiscal policy

to match available seigniorage revenues.

This regime resembles a situation in which government debt behaves like foreign
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currency or real debt—very different from the setting envisioned under the Fiscal The-
ory of the Price Level (FTPL), where fiscal variables drive the price level and monetary

policy adjusts passively.

8.4 Monetary Policy

Monetary Policy Implementation.

¢ Interest on Reserves:

— Adjust iM, keep MLHS’ constant

— Implement Neo-Fisherian policy
* Open Market Operation:

— Keep i constant, adjust Z%LM

— Implement Monetarist policy

M

(mixed with some Neo-Fisherian elements since i* and not i*? is kept

fixed)

8.4.1 Introducing Long-term Government Bonds

* Long-term bond

— yields fixed coupon interest rate on face value F("")
— Matures at random time with arrival rate 1/m
— Nominal price of the bond PtB (ism)

— Nominal value of all bonds outstanding of a certain maturity:

Bt(m) — ptlg(i/m)F(i,m)

— Nominal value of all bonds B; =), Bt(m)
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£

e

* Special bonds

- Bt(o), note PtB © =1 (price is independent of i; since coupon is floating rate)

- Bt(oo): Consol bond

Proposition Maturity composition of B(™) is irrelevant for real allocation and equilib-

rium path of ¢; ... but it matters for nominal quantities, the price level and inflation.

¢ Modigliani-Miller intuition (in one sector model) (as s-backing is unchanged)

8.4.2 Sims’ Stepping on the Rake: “Bond Reevaluation Effect”

* Unexpected permanent increase in i;o) att =0forallt >0

= nominal value B§m>0) of any long-term bond declines

“Pure i-MoPo”: keep ])’t/VB constant, i.e., “debt growth” increases,

8, is constant and so is g7 (aside s;/gP also stays constant)

— Att = 0 on impact: as all Bém>0) decline = Py has to jump down

— For t > 0: inflation 7; is higher like in Neo-Fisherian setting

(with price stickiness like dotted curve)

¢ In sum, “Stepping on the Rake” only changes inflation (price drop) at ¢t = 0.

. only with price stickiness (price drop down is smoothed out).

8.4.3 Quantitative Easing (QE) with T-Bills

e Assume uM = ub forall t
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e Att = 0 QE in form of an unexpected swap of B(?)-bonds (T-Bill) for money M
T-Bill QE Proposition T-Bill QE leads to positive price level jump. Suppose P;
reacts less, so that real balances /\72“ expand
= Relaxes CIA constraint and
= permanently lowers Ai (if CIA was binding beforehand)
= lowers “money seigniorage"

= upward jump in the price level (inflation) by

Bt M g, [ ks + B [ Eai Mooy g S Br i Mr

Py t Gt t ét Ps Gt Pr

The quantity equation (with fixed velocity) %f = % would also lead to upward

jump of the price level.

8.5 Exercises

8.5.1 Alternative Money Demand Specifications

[to be added]

8.5.2 Illiquid Bonds and Ai; as an Interest Rate Spread

[to be added]

8.5.3 Nominal Bonds as Safe Assets and Bubble Mining Seigniorage

Consider the following model, which is a variant of the money model covered in

Lecture 10. The setup is as on Slide 7 of Lecture 10 with the following modifications:

* We call the liabilities issued by the government “bonds” and denote their nominal
quantity by B;. Bonds are of infinitesimal duration and pay a floating nominal

interest rate i;.

200 / 315



CHAPTER 8. SIMPLE MONEY MODELS

e There are no transaction costs, ¥; = 0.
* There are no government expenditures, G; = 0.

e Assume that the government holds the nominal bond growth rate 4% and the
nominal interest rate i constant over time. Treat these two variables as parameters

of the model.

In this problem, we focus on monetary steady state equilibria. You may therefore as-
sume from the outset that 45 and gX are positive and constant over time. Also, assume

72 > p.

1. Solve the model by performing the following steps:

(a) Determine the return expressions for capital and bonds and simplify as

much as possible using the assumptions provided above.

(b) Characterize the optimal consumption, investment, and portfolio choice of
households.

(c) Combine the equations derived in (b) with market clearing to determine

K qB ), investment (1), primary

the equilibrium values for asset prices (g, g
surpluses (s), the real risk-free rate, the output growth rate, and the infla-

tion rate.

2. Investigate the potential for the government to extract seigniorage revenues from
bubble mining due to the presence of idiosyncratic risk. For your answer, restrict
attention to the special case ¢ — oo without physical investment. In this case, the

capital stock grows at the exogenous rate g = —4.

(a) Derive a relationship between real seigniorage revenue per unit of K;, 4 :=
—s, and the policy variables i, 5. Explain intuitively why there is a Laffer

curve.

(b) Show that there is a unique maximum s, let’s call it 3, and determine how
3 is affected by a change in 07

Hint: You can do this without taking any first-order conditions by arguing
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that s is concave and by investigating how it is affected by a change in &

for fixed B and i.

(c) Seigniorage is often depicted as an “inflation tax”. Show that there is a
policy choice that extracts seigniorage s = 3 for arbitrarily large inflation
rates. Explain intuitively why high inflation does not necessarily erode the

government’s ability to extract seigniorage revenue.

8.5.4 Monetary Policy in Model with Bonds and Money

Consider a variant of the model from Lecture 10 with money (nominal quantity
M, nominal interest rate i{\/l), nominal short-term bonds (nominal quantity B;, nom-
inal interest rate i°), idiosyncratic risk and transaction services, but no fiscal policy
(tt = G = 0). Transaction services are modeled by a cash-in-advance constraint in
production,

Ptakg < 17172%,

where k’; are the capital holdings and mf are the nominal money holdings of agent i.
Importantly, only money relaxes this constraint, bonds do not.

The government starts with initial nominal liabilities By, My > 0, and it sets a

constant interest rate on reserves iM

and constant growth rates of nominal liabilities,
uB = uM, to balance the budget. The nominal rate on bonds, iZ, is not directly set by

the government but left free to clear the bond market.

Throughout, restrict attention to the (unique) monetary steady-state equilibrium.
For each of the policy experiments to be analyzed below, you may assume without

justification that the economy immediately jumps to a new steady state.

1. Suppose the government unexpectedly announces one of the following policies
at t = 0. For each of these policies, explain how this affects (i) the equilibrium
value of 9, (ii) the equilibrium interest rate on bonds, iB and inflation rate, 7, (iii)
the initial price level Py. Assume in all cases that the economy is initially in the

“medium of exchange regime” (in which Ai > 0, analogous to left-hand column
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on Slide 32) and the policy change is sufficiently small such that the economy

remains in this regime.

* Policy 1: one-time Helicopter drop of money:
The government prints AM > 0 units of money at t = 0 and distributes
them lump-sum to households. Thereafter, it follows the same interest on
reserve policy as before but possibly adjusts the growth rate of nominal

liabilities to satisfy its budget constraint.

* Policy 2: one-time Helicopter drop of bonds:
The government prints AB > 0 units of bonds at t = 0 and distributes
them lump-sum to households. Thereafter, it follows the same interest on
reserve policy as before but possibly adjusts the growth rate of nominal

liabilities to satisfy its budget constraint.

* Policy 3: open market operation/bond auction:
The government sells AB > 0 bonds and uses the proceeds to take money
out of circulation. Thereafter, it follows the same interest on reserve pol-
icy as before but possibly adjusts the growth rate of nominal liabilities to

satisfy its budget constraint.

* Policy 4: increasing interest on reserves:
The government raises the reserve rate i to a permanently higher level
M/ Tt adjusts the growth rate of nominal liabilities as needed to satisfy its

budget constraint.

2. How do the answers to the previous question change if the economy is in the
“store of value regime” (in which Ai = 0)? Which of the policies, if sufficiently
aggressive, may move the economy out of this regime into the “medium of ex-
change regime”?
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Chapter 9

Price Level Determination

9.1 Introduction/ Overview

One of the core questions of monetary economics is the question of price level de-
termination, i.e., which economic forces determine the general level of nominal goods
prices. Equivalently, price level determination is about the determinants of the value of
money: if P; is the dollar price of the consumption goods basket, then 1/7P; is the real
value of a single dollar bill. Note that, because (goods price) inflation is defined as the
growth rate of the price level, a theory of price levels necessarily encompasses a theory

of inflation.!

If money or, more generally, nominal assets are in positive net supply in the econ-
omy, then determining the price level is also equivalent to determining the value of
the outstanding stock of nominal assets. Indeed, most existing theories of price level
determination are valuation theories for the stock of nominal assets. These theories
determine the real value of nominal assets from fundamental economic considerations.
We obtain a prediction for the price level by multiplying the real value of nominal assets
with the outstanding nominal quantities of the assets. For the sake of concreteness, we

will in the following always consider a setting in which money is the only nominal as-

1If we know the time path of price levels, we can take the time derivative to obtain the time path of
inflation rates. The converse it not true. A given time path of inflation rates determines the time path
of price levels only up to an integration constant. In this sense, a theory of inflation may not necessarily
imply a theory of price levels.
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set. But we remark that most of the considerations in this chapter apply more generally.
In a money-only model, the primary purpose of the valuation theory is to determine
the real value of money balances, M; := M;/P;. In a second step, we can obtain a
price level prediction by multiplying by the (dollar) quantity of money in circulation,
ie., Py = MiM;.

Broadly speaking, there are three classes of monetary theories that derive the value

of money from different considerations:

1. Backing theories derive the value of money from the fundamental cash flows that
back it. Specifically, money is valued as a store of value because there is an entity,
typically the government, that backs the stock of money with real resources or as-
sets. This could take the form of an explicit commitment to exchange money for
something else according to a pre-specified exchange rate, as for example under a
gold standard or a currency board. But the backing does not have to take the form
of an explicit commitment to convert money on demand. It could also arise im-
plicitly if the backing entity expends real resources to redeem outstanding money

from circulation.

The most important backing theory is the Fiscal Theory of the Price Level (FTPL). In
this theory, the backing entity is the government, the notion of money is a broad
one, encompassing all nominal government liabilities, and it is recognized that,
by the government budget constraint, the real cash flows backing nominal gov-
ernment liabilities are ultimately the primary fiscal surpluses, that is tax revenues
in excess of government expenditures other than those expenditures that are used

to service nominal debt.

2. In bubble theories, trading money generates certain benefits to its users that help
them overcome market frictions. The value of money derives from the value of
these benefits as opposed to the value of fundamental cash flows that back the
money. We can distinguish two types of bubble theories that differ with regard to

the nature of the frictions and the role of money they emphasize:

(@) The benefits from trading money can alleviate intertemporal financial fric-
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tions. For instance, in the presence of incomplete market frictions that re-
strict the set of assets available for moving resources across time or states of
nature, trading money may help agents to partially complete the market.
These types of bubble theories of money emphasize the store of value role of
money. In particular, money is not necessarily special. Trading assets with

similar payoff characteristics as money could serve the same function.

(b) Money can also more directly facilitate intratemporal exchange, for exam-
ple because certain goods or services need to be paid for immediately with
money. Frictions of this type are referred to as monetary frictions. Bub-
ble theories based on monetary frictions emphasize the medium of exchange
role of money. These theories play a central role in Monetarist and New

Monetarist economics.

Note that, unlike for the previous category of bubble theories, the notion
of money here is a narrow one. It includes only those assets that provide
medium of exchange services. Other assets with similar payoff character-

istics such as short-term nominal debt do not serve the same function.

In either instance, these are “bubble” theories because money has small or no
intrinsic value that arises from holding it and just consuming the cash flows re-
ceived from the issuer. Instead, the value of money derives from the benefit in
trade with other users of the money. The value is “bubbly” insofar as those ben-
efits only realize if other users value money and they will typically only do so
because they themselves believe that another one will value the money down the
line when they wish to spend it. In this sense, the value of the money is supported
by an infinite chain of beliefs that others will find it useful and therefore pay more

than its intrinsic value for it in the future.

Note that the distinction between the two types of categories of bubble theories
is useful but not always fully sharp. A pure-type monetary intratemporal friction
is a theoretical limit case that is unlikely to exist in practice because all types of
exchange are separated in time, at least to some extent. If this is the case, money

is always also a store of value.
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3. Money can also be a pure unit of account if the nominal price level matters because
some contracts are written in nominal terms but there is no money or other nom-
inal asset in positive net supply. Unlike in the previous two cases, the price level
cannot be determined from a valuation theory of the outstanding money stock if
the latter is in zero net supply. And indeed, such a situation typically leads to
price level indeterminacy because the price level is merely a relative price between
goods and some abstract valuation unit that does not have a physical counterpart
in positive supply. Nevertheless, it turns out that even in this case the price level
or, at least, the inflation rate, can remain determinate (in a certain sense) if pol-
icy makers control the nominal interest rate and set interest rates in a particular
way, according to the so-called “Taylor principle”. Most of the New Keynesian
literature relies on the Taylor principle to determine the price level or, at least, the

inflation rate.

Note that the zero net supply assumption is a theoretical limit case that is typically
not taken literally. Instead, it is often thought to be an approximation of a situation

in which money plays a negligible role, referred to as a “cashless limit”.

In the following sections, we discuss each type of theory in the context of our one-

sector money model from the previous chapter.

9.2 Price Level Determination in One-sector Money Model

when Money Is in Positive Supply

In the last chapter we have focused on situations in which money is in positive
net supply. We first use special cases of that model to illustrate backing and bubble
theories of money. We provide an illustration of money as a pure unit of account in the

next section.

208 / 315



CHAPTER 9. PRICE LEVEL DETERMINATION

9.2.1 Remark: The Role of Goods Market Clearing and Wealth Effects

If money is in positive net supply, it makes sense to separate the question of val-
uation of money into two conceptual steps. In a first step, portfolio choice between
monetary and real assets determines the relative valuation between the two. We may
capture this relative valuation by the share of total wealth in the economy that is due to
monetary assets, denoted by 9;. Once we have determined a relative valuation 9, there
is a one-to-one relationship between the real value of money, M;/P;, and total private-
sector wealth, N;, namely N; = ¢, LM/ Pr. In particular, the absolute level of total
wealth is inversely related to the price level. Due to wealth effects, total consumption

demand is then typically also inversely related to the price level. E.g., for log utility,
Cr = pNt = =0

In a second step, we therefore obtain a prediction for the price level by clearing the

goods market.

We remark that the primary difference across monetary theories, at least those that
rely on the valuation of a positive stock of nominal assets, lies in the first step, in the
source of the portfolio demand for monetary assets, which determines ¢;. The second
step, the link between the price level and consumption demand via wealth effects from
nominal assets, is common to all theories. In the following, we will therefore discuss
how ¥; is determined with the understanding that a unique prediction for ¢; > 0 will

translate into a unique prediction for P; via goods market clearing.

9.2.2 Backing Money with Primary Surpluses: The Fiscal Theory of

the Price Level

Let us first consider a simplified setting without idiosyncratic risk (& = 0) and with-
out transaction costs (7 — oo, which implies Ai; = 0). Furthermore, suppose that the

government sets the tax rate 7; to a level that generates a positive and constant primary
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surplus per unit of capital, s; = s > 0.? Recall the government budget constraint,

(y{\/l — it) M; = —PsK; < 0.
N———
=i
This equation tells us that the government uses real resources from taxation to make
payments to money holders, either in the form of interest payments (if iy > 0) or by
redeeming some of the existing money stock (if y™ > 0). In either case, these payments
represent a positive real cash flow to the representative money holder and lead to a

positive portfolio demand for money:.

Indeed, we can write the government liability valuation equation here as follows:*

Ao, 1— 8+ ¢p

A MYY, = 08, —
o = o+ ")0 = b —s T+ i (9.1)
where the last equality uses ji™ = —# = —l,%l*ll?ﬁ—g;”). Observe that the right-hand

side of equation (9.1) vanishes at exactly one value, for

b =0 ms— T
(14 i) +s
which is a value between 0 and 1.* Therefore, if we restrict attention to stationary
equilibria, then ¢; = ¢*° is the only possible equilibrium solution under the constant
tax policy considered here. By following the solution steps from the previous chapter
to complete the equilibrium characterization, we could also show that ¥; = 9*° indeed

corresponds to a valid equilibrium with a positive demand for money.

Furthermore, the solution &; = ¢*° is not just the only possibility in a stationary
equilibrium but, in fact, the only possibility in any equilibrium. To see this, note that
the right-hand side of equation (9.1) is strictly increasing in ¢;, so that #*° is an unstable

steady state in the forward dynamics described by this equation: if, for a solution, ever

2By the government budget constraint, the required tax rate is also constant and given by T = Q:S.

3We write the equation for the absolute rate of change dd;/dt instead of the relative change u! be-
cause the latter is not defined if ¥; = 0 but this may actually be a valid equilibrium outcome.

41t is clear that 9% > 0 for s > 0. To see that #° < 1, note that T = % < 1 as otherwise agents
would want to dispose all capital in the economy. This inequality implies & = a — ¢ > s, so that the
denominator must be bounded below by p + s(1 + ¢p).
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% > 0%, then also 9y > 9 for all ¥ > t and ¥, increases without bounds; if ever
9 < 9%, then also 9y < 9% for all ' > t and ¢y decreases without bounds. This means
that no solution different from ¢; = 9*° can satisfy ¢; € [0,1] for all t. But the latter is
a necessary requirement for equilibrium as otherwise agents would find it optimal to

dispose either their money or their capital holdings.”

We have therefore established that fiscal backing by constant (relative to capital)
and positive primary surpluses leads to a unique equilibrium prediction for the nomi-
nal wealth share ¢; and, by the argument in the previous subsection, to a unique equi-
librium prediction for the path of nominal prices P;. This is a simple illustration of
the FTPL. We remark that the assumption of a constant s is not essential but has been
made for simplicity only. We would have arrived at the same conclusion if s; was time-
varying, except that then ¢; would, of course, be time-varying, too. In contrast, the
assumption of a positive s is important.® For s < 0, equation (9.1) does not have any
positive solutions that remain inside the interval [0, 1] at all times. Conceptually, this
makes sense: if money is valued solely because of the backing provided by the govern-
ment, then money should not have any value if the backing cash flows are zero or the

government even attempts to make them negative.7

9.2.3 Money Bubbles I: Money as a Safe Store of Value

Let us next assume that idiosyncratic risk is positive and sufficiently large, &> > p,
but set both primary surpluses and transaction costs to zero, thatis s = 0 and 7 — oo.
The latter assumptions imply ji;* = 0 and Ai; = 0, so that the government liability

valuation equation simplifies to

dd;
dt
SWe do not even need to assume that disposal is an explicit option. For money, holding money
indefinitely is as good as disposing it. For capital, agents can dispose of their capital holdings arbitrarily
fast by choosing disinvestment ¢y — —1/¢.
®If surpluses are time-varying, then the relevant assumption would not be that s; > 0 at all dates but
rather that the present value of future surpluses going forward must remain positive at all times.
’In the former case, s = 0, the nominal wealth share and the price level remain determinate but

money is not valued, i.e. ¥; = 0 and P; = oo for all t. In the latter case, s < 0, there is no equilibrium at
all, rendering this an infeasible policy specification.

= (o—(1-8)%%) 8. 9:2)
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Again, we are looking for solution paths to this equation that remain contained in the

interval [0, 1] as these, and only these, correspond to valid model equilibria.

We first discuss stationary equilibria and defer an analysis of the structure of all
possible equilibria to later. Observe that there are two possible stationary equilibrium
solution, namely ¢; = 0 and 9; = 9% = %ﬁ.g The first solution leads to the no
bubble equilibrium in which money is not valued. The second solution is the monetary
steady state, the unique stationary equilibrium in which money has a positive value. In
the analysis of the previous chapter, we have implicitly selected this monetary steady
state. In this sense, ¢; is not uniquely determined by the economic forces present in a
rational expectations equilibrium of our model. Instead, additional assumptions on the

coordination of equilibrium beliefs are required to select the monetary steady state.

This is a common feature of bubble theories of money that distinguishes them from
backing theories like the FTPL. In the latter, simply holding a constant fraction of the
money stock generates a positive stream of cash flows from the interest payments and
repurchases of money by the issuer. This ensures a positive intrinsic value of money.
Here, in contrast, the cash flows received from holding a constant fraction of the money
stock are zero. The only way agents can derive benefits from money is by trading it with
other agents in the economy. And indeed, if money is valued, then retrading money
allows agents to partially share idiosyncratic risk, thereby alleviating the incomplete
markets frictions. We analyze and explain the service flows generated from this retrad-
ing activity in more detail in Chapter 10. But importantly, an agent will only see a
benefit in selling money to another agent in the future if she expects the other agent
to value money as well. Whether service flows from retrading materialize therefore

depends on social coordination.

Consider next the set of all possible equilibria, that is all solutions to equation (9.2)
that remain confined inside the interval [0,1]. The right-hand side of (9.2) is negative
for all %; € (0,9%) and positive for all 9; € (9°°,1]. The former observation implies
that all solution paths for which ¢y € (0,9*°) remain inside this interval throughout,

decay over time, and asymptotically approach the no bubble equilibrium, ¢; — 0 as

8The equation d¢; = 0 has a third solution, but that solution is always outside of the interval [0, 1].
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t — oo. All these solution paths correspond to valid equilibria. The latter observation
implies that all solution paths for which 9y € (9, 1] will cross the upper bound 1 in
finite time and therefore cannot correspond to valid equilibria. We conclude that there
is a continuum of equilibria that can be indexed by ¢y € [0,9*°] and money retains a
positive value asymptotically in only one of them, the monetary steady state (99 = 9%°).
This structure of equilibria makes the monetary steady state the most interesting, and

possibly also most plausible, equilibrium to select for two reasons:

First, the monetary steady state is locally unique in the sense that there is no other
equilibrium “nearby” and it is the only equilibrium with this property. Specifically,
for any initial condition ¢y < 9*°, perturbing the initial condition slightly perturbs the
whole equilibrium path only slightly. In contrast, moving slightly away from ¢y = ¢
leads to an equilibrium path that is vastly different for large t because ¢; must asymp-
totically vanish for any other equilibrium. The monetary steady state is therefore the
only equilibrium that is robust to introducing small errors in agents” expectations about
the value of money in the far future.” Furthermore, local uniqueness also opens the
door to introduce another device into the model that somehow prunes the set of equi-
libria away from the desired locally unique one in order to eliminate all other possibil-
ities and ensure even global uniqueness. We will return to this idea in Section 9.5 by
introducing off-equilibrium fiscal backing to make the monetary steady state globally

unique.

Second, the monetary steady state is not merely locally unique. It is the only equilib-
rium consistent with any belief that, with positive probability, money retains a positive
value bounded away from zero in the arbitrarily distant future. This follows immedi-
ately from the fact that all other equilibria leads to a zero value of money asymptoti-
cally with certainty. If agents believe that 97 > ¢ > 0 for arbitrarily large T has positive

probability, then they must expect the monetary steady state to occur.

9There are many ways to formalize this idea. A very simple one is the following: select a rational
expectations equilibrium and then consider a different economy in which the rational expectations as-
sumption for prices after some terminal time T is replaced by assuming that expectations are the ones in
the selected equilibrium plus some small perturbation e. As we make T large, the resulting equilibrium
before time T will converge to the selected rational expectations equilibrium if it is locally unique, i.e. for
the monetary steady state in the present model. But it will converge to a different rational expectations
equilibrium than the selected one if the selected one is not locally unique.
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We close this subsection with a remark on other models of bubbly money as a store
of value in the literature. In this model, the service flows that retrading money gener-
ates for agents arise from partial insurance against idiosyncratic risk. The same is true
in the classic analysis of Bewley (1980), except that the source of uninsurable idiosyn-
cratic risk differs. In Bewley (1980), idiosyncratic risk takes the form of idiosyncratic
(labor) income risk whereas here it takes the form of return risk from capital assets.
In Samuelson (1958), an overlapping generations friction inhibits trade across genera-
tions. Trading bubbly money allows agents to overcome this friction as old households
are able to pass on the money to young households in exchange for a real resource
transfer. In Townsend (1980), households face deterministic variation in their endow-
ment patterns and would like to trade with each other to smooth consumption, but a
borrowing friction prevents intertemporal trade. Trade in bubbly money alleviates the
friction by allowing agents some intertemporal trade but it cannot fully restore the al-
location that would prevail if credit was available, just like in our model and Bewley

(1980)’s model money does not fully eliminate idiosyncratic consumption risk.

9.2.4 Money Bubbles II: Money as a Medium of Exchange

We now isolate the third channel that may generate a positive portfolio demand for
money in our model, monetary frictions. Specifically, assume that primary surpluses
and idiosyncratic risk are both zero, s = ¢ = 0, but that transaction costs are positive,
7 < co. We also assume that 7 satisfies the inequality (8.15) stated in Chapter 8 to ensure
that an equilibrium can exist at all. Under these assumptions, the government liability

valuation equation becomes

add

where Ai; = Ai(9;) is a function of ¢;. It is given by Ai; = (v;/7)? and v; satisfies the

equation (compare equation (8.21))

_1—l9t+(P,0 a
B O 1+ ¢i’

Vt
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Note, in particular, that velocity is strictly decreasing in ¢; and, hence, Ai(9;) is a strictly

decreasing function.

We are looking, once again, for solution paths to equation (9.3) that remain con-
tained in the interval [0, 1]. Any such solution path corresponds to a valid model equi-
librium. We note that, on a high level, equation (9.3) has the same structure as equa-
tion (9.2) from the previous subsection: the expected change in ¢; is the product of 9;
itself and a term that is strictly increasing in ¢;. In addition, that latter term is nega-
tive for ¢; ~ 0 and positive for ¢; ~ 1. This suggests the same solution structure as
previously: two steady-state solutions, ¢; = 0 and ¢; = #*° € (0,1), and a continuum
of nonstationary solutions in between that can be indexed by ¢ € (0, 9*°) and in all of

them money is asymptotically worthless, ¢; — 0.

However, this reasoning is not fully correct for the specification of money demand
in this model. For the no bubble steady state ¢; = 0 to exist, the right-hand side of
equation (9.3) must vanish if ¢; = 0. It turns out that this is not the case here be-
cause Ai(9;) — oo as ¥ — 0 (in fact, even Ai(9;)9; — o0). As real balances become
scarce, agents desperately value additional money to lower their transaction costs. So,
in this model, the monetary steady state ¢; = 9% is in fact globally unique. The mone-
tary friction appears to be more powerful in selecting a unique equilibrium, and hence
determining the price level, than the incomplete markets frictions from the previous
subsection. A similar conclusion would result from many other (reduced-form) speci-
fications of monetary frictions, including a cash-in-advance constraint on consumption

expenditures.

But there is something wrong with the economics of these simple models of mon-
etary frictions when pushed to the extremes of zero real balances. Here, agents are
forced to incur arbitrarily high transaction costs in production when velocity rises,
making money an essential input to the production process. In models with a cash-
in-advance constraint for consumption expenditures and standard utility functions,
agents are forced to hold money in order to consume or otherwise they will face an
infinite disutility penalty from starvation. Surely, in reality people would find ways to

economize on transactions or switch to barter when money becomes sufficiently scarce.
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These alternatives keep the money premium Ai; bounded, so that the logic from the
previous paragraph no longer applies. Instead, if we impose any arbitrarily large up-
per bound on Ai;, the solution structure of equation (9.3) will indeed be qualitatively
identical to the solution structure of equation (9.2). In particular, money is again bubbly
and depends on social coordination. Still, the monetary steady state ¢; = ¢*° is locally
unique and it is the unique equilibrium consistent with a belief that money will retain
a positive value bounded away from zero in the arbitrarily distant future with positive
probability. In this sense, the monetary friction can again determine the nominal wealth
share ¢; and the price level P; up to the same caveat as for other bubble theories that

we need to make a case for selecting the monetary steady state.

Merely bounding Ai; to conclude that the monetary friction is symmetric to incom-
plete market frictions with regard to determination of ¢; may appear ad-hoc to some
readers. Instead, we could formalize the concern from the previous paragraph by aug-
menting the model as follows: capital holders have access to two technologies, one that
produces output at rate ak;dt but is subject to transaction costs and one that produces
output at lower rate ak;dt, a < a but does not require money to make transactions, and
they allocate their capital across the two technologies in any proportion. The reader is
invited to work out the details of this alternative model in Exercise 9.6.1 in the special

case of the cash-in-advance limit 3 — co. In this case, Ai(¢;) takes the following form

a—ap " [

. 9.7 t > =
Aip = aia l_9f Z .

TV’ 19t < 5

In particular, Ai; < ’1[1;217 remains bounded as &; becomes small. The reason is that, as

money becomes scarcer, agents dedicate a larger fraction of capital to the technology
that does not require monetary transactions instead of bidding up the money premium
Aiy.
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9.2.5 Remark: Fiscal Backing and Services from Money Trade at the

Same Time

For pedagogical purposes, we have focused in each of the previous subsections ex-
clusively on one of the three forces in the model that might give money value: fiscal
backing, idiosyncratic risk, or transaction costs. Here, we briefly discuss what happens
if we have positive primary surpluses, s > 0, but at the same time also idiosyncratic
risk and transaction costs present in the model.!’ In this case, fiscal backing again deter-
mines a globally unique equilibrium, i.e., this is another instance of the FTPL. However,
the value of money is explained jointly by the backing cash flows and the services that

money provides.

Specifically, the government liability valuation equation takes the form

ddy

avy 1—l9t+(PP
dt '

— (p— (1—l9t)25'2—Ai(l9t)> % —s 1+4)d

(9.4)

Analyzing this equation leads to the same conclusions as in Section 9.2.2. There is a
unique value 9; = 9% € [0,1] at which the right-hand side vanishes and this value is
strictly positive and smaller than 1. Furthermore, the right-hand side of the equation is
strictly negative for all &; € [0, 9*°) and strictly positive for all ¢; € (9%, 1], so that no
other mathematical solution than the steady state 9; = ¥*° can remain confined within
the interval [0, 1] at all times. Hence, there is at most one equilibrium and it features
¥y = 0 for all t > 0. Following the solution steps from the previous chapter, one can
recover the remaining equilibrium objects and show that they indeed constitute a valid

equilibrium.

So, as in Section 9.2.2, fiscal backing ensures that there is a uniquely determined
value of money. But this does not mean that services from trading money do not matter

for the ultimate value of ¢;. To see this, write equation (9.4) in integral form and let us

1+¢p 4 1ol .
TT¢a 173 to ensure that an equilibrium can exist.

10We assume, once again, 7 >
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also take the limit ¢ — o, so that total wealth per unit of capital is independent of ¢;:!!
9 = / e P 1 / et ((1— 9% + 8i(8%)) 0%t
0 a 0

We can think about this equation as a decomposition of the portfolio demand for money
according to the sources it arises from. The first term captures the contribution of back-
ing whereas the second term captures the contribution of service flows. Evidently, both
components affect the value of money positively. In particular, a larger surplus is re-
quired to deliver the same value of money if idiosyncratic risk or monetary frictions are

less severe.

We observe that the backing by positive primary surpluses plays a dual role here.
First, it contributes to the total demand for money. In this respect, it is symmetric to the
service flows. Second, it ensures that there is a unique equilibrium. In this respect, it is
different from the service flows, whose value depends on social coordination. In Sec-
tion 9.5 we discuss how to separate these two roles by moving the backing that ensures
a unique equilibrium to off-equilibrium contingencies. Then, the demand for money
can remain uniquely determined even in the presence of zero or negative primary sur-

pluses along the equilibrium path.

9.3 Price Level and Inflation Determination without Money

Let us now consider a variant of our model without money, i.e., M; = 0 for all ¢. For
consistency reasons, we then also have to assume that there are no monetary frictions,
7 — oo, and no primary surpluses or deficits, j#™ = s; = 0 for all t. In this case, we
obtain g, = % = 0 regardless of the price level P; > 0 (and hence ¢; = 0). To make
nominal prices relevant for something in this economy, suppose that agents still trade

nominal debt in zero net supply. This debt pays a real return

d(1/Py)

drB = idt + L
A VE 2

1The latter operation is not necessary but it makes the following arguments cleaner.

218 / 315



CHAPTER 9. PRICE LEVEL DETERMINATION

where i; is the nominal interest rate that we assume is under the control of the gov-
. : - d(l/Pr) _ _
ernment. Maintaining the assumption of no aggregate risk, we have =5~ = —mdt,
where 71; := u} denotes the (expected and realized) inflation rate. Consequently, the
real return on nominal bonds is dr? = (i; — 7t;)dt and no arbitrage requires that the
shadow real interest rate in the economy, that is the common decay rate of all individ-

ual SDFs ¢!, satisfies the Fisher equation
ry = it — Tlt. (95)

So long as this equation is satisfied, all agents are willing to hold zero nominal bonds

in equilibrium, so that bond market clearing is always ensured.

We can solve the moneyless model by first setting &; = 0 in the model solution
from the last chapter, which fully determines the real allocation independently of nom-
inal quantities such as the price level and inflation. The real allocation is as follows.
Aggregate quantities satisfy

Kk _ 1+ ¢i
qt 1+(Pp’

a—p

T 1+ ¢p’

Ct/Kt = IOQ{(, Lt th/Kt = (q)(lt) — (S)dt,

and individual consumption is ¢ = 7iC;, where dyji /i = #dZ! and the initial cross-

sectional wealth distribution (’76)1‘6[0,1] is given. In particular, the real interest rate is

1 1+ ¢ i
=r:= —1 — 06—
re=r p+¢og<l+¢p> o

We next discuss how interest rate policy affects price level and inflation determinacy.

Exogenous interest rates. Consider first a policy specification in which the govern-
ment sets an exogenous path {i};>o for nominal interest rates. Substituting this in-
terest rate path into the Fisher equation and rearranging yields a path of equilibrium
inflation rates

ﬂf:it—i’.

The presence of a Fisher equation is therefore sufficient to link inflation to a policy path

for nominal interest rates, even in the absence of any money. However, the initial price
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level Py is not determined by any force in the model and can take on arbitrary values.

Consequently, there is price level indeterminacy under an exogenous interest rate policy.

To make matters worse, also the inflation rate is here only determined because we
have assumed that there are no aggregate shocks. However, even if there is no fun-
damental risk, the price level could load on sunspot shocks. Suppose, for example,
that

AP/ Py = ul dt + oF dz,,

where dZ; is a Brownian sunspot shock. The Fisher equation in this model becomes'?

_ P P2
r=ir—pp —(0y)"
For a given path of nominal interest rates, this equation determines u} — (¢/)?, but

neither expected inflation u}” nor price level volatility ¢/ individually.

Wicksellian feedback rules. An alternative to a purely exogenous interest rate path
is an interest rate feedback rule that adjusts the interest rate in response to endogenous
variables such as inflation. For example, suppose the government follows a price level
feedback rule

iy = i0 + ¢pp log P, (9.6)

where i? is an exogenous intercept path and ¢p log P; incorporates feedback from the

price level to interest rates. The recommendation to incorporate price level feedback
into interest rate rules dates back to Wicksell (1898). This type of policy rule is therefore

often referred to as a Wicksellian interest rate rule.

To analyze the feedback rule, let us, for simplicity, return back to a situation with-
out sunspots. Combining the price level evolution dP; = 71;/P;dt with the Fisher equa-
tion (9.5) yields

dlog P = dPi/P; = (il — 1+ ¢plog Pt dt.

This is a linear ODE for log P;. If ¢ > 0, there is destablizing feedback in the forward
dynamics that lead to all but one solution path to explode. Specifically, the general

12Note that there is no risk premium for price level fluctuations because all agents hold a zero quantity
of nominal debt, so they are not exposed to this risk in equilibrium.
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solution is given by

log Py = e*?! (log Py — log P§) — / e~ PE=H (10— )ds,
t

where

log P := —/0 e~ PP — r)dt.

If Py = Pj, then the first term vanishes and the resulting solution path, denote it by
{Pf}t>0, is bounded, provided {i?}tzo is. In contrast, if Py # Py, then log P; explodes
at an exponential rate to +-0o. Explosive paths for the price level are rarely seen as an
issue (after all, there is also an explosive path at a constant nonzero inflation rate), but
here they also imply an explosive path for inflation due to the feedback in the policy
rule:

m =iy — pplog P; —r + ¢p (log Py — log Pg) 7",

which grows or decays at an exponential rate unless Py = P;. While explosive inflation
is also not really an issue from the perspective of the model, in which nominal quan-
tities have no impact on real allocations, such equilibrium dynamics are often deemed
implausible and therefore ruled out as an additional selection criterion. If we impose
this additional selection rule, then the only prediction that remains is P; = P;. In other
words, a Wicksellian feedback rule can determine the price level even in an economy

without money.

We remark that there are two differences between a feedback rule in the formula-
tion (9.6) and an exogenous interest rate rule. First, the feedback rule makes the interest
rate path {i; };>¢ followed in equilibrium endogenous and, second, it ensures price level
determinacy, at least under a rule that equilibria with exploding inflation dynamics are
to be disregarded. To separate the roles that interest rates play in equilibrium and
in support of equilibrium selection, it sometimes makes sense to construct the policy
rule differently as follows. Start out with an exogenous interest rate path {i;};>¢ to be
followed in equilibrium. Due to price level indeterminacy, choosing i; = i; leads to a
(large) set IP of potential price level paths {P; }+>( consistent with this interest rate path.
We may then select any desired path in this set, {P; }+>0 € P, and construct a feedback

rule that leads to i; = 7; and Py = P;* as the unique equilibrium prediction. To do so,
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choose ¢pp > 0 arbitrary and the intercept of the rule as
i) =iy — pplog P;.

It is easy to verify that, under this policy rule, P; = P/ is indeed the unique solution
path with nonexplosive inflation and, in the resulting equilibrium, i; = i;. In partic-
ular, this construction shows that there is nothing special about equilibria that can be
selected by feedback rules: any equilibrium that arises as a possibility under an exoge-
nous interest rate rule can also be supported as a unique equilibrium under a feedback

rule.

Taylor rules. In the contemporary literature, interest rate rules that incorporate feed-

back from the inflation rate instead of the price level are more common, for example:
iy =1 4 ¢ (9.7)

with an exogenous intercept i and inflation feedback ¢ 7;. Such rules are often re-

ferred to as Taylor rules (Taylor, 1993).13

A Taylor rule as in equation (9.7) frequently occurs in the discrete-time literature.
But it turns out that it provides no advantages for price level or inflation determination
relative to an exogenous interest rate rule in a continuous time framework with flexible
prices and infinitesimal duration of short-term nominal debt contracts. To see this,
note that combining the policy rule (9.7) with the Fisher equation (9.5) yields a static

condition for the inflation rate 77, just like in the case of an exogenous interest rate rule.

This is different to a Wicksellian rule, which relates a rate of change (the interest and
inflation rates, which are linked by the Fisher equation) to a level (the price level) and
therefore generates a dynamic condition. To emulate this logic with a Taylor rule, we
need some source of inertia, which can arise from a longer duration of nominal debt

contracts, from price stickiness, or from interest rate smoothing in the policy rule. We

13The original “Taylor rule” in Taylor (1993) is more specific in that it suggests a constant intercept,
an additional output gap reaction and specific numerical values for the intercept and the reaction coef-
ficients on inflation and the output gap. The contemporary use of the term is broader and refers to a
whole class of feedback rules.
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remark that the first source of inertia is always present in discrete time models with
short-term debt because there the short-term interest rate is fixed for the length of a

period.

Under either source of inertia, a Taylor rule of the type (9.7) can be analyzed analo-
gously to a Wicksellian rule (9.6).!* Because we do not need Taylor rules anywhere in
these notes and the analysis is slightly more involved, we omit the formal details here.
The key conclusion is that Taylor rules of the type (9.7) can achieve inflation determi-
nacy (under a selection that deems certain explosive paths implausible) if and only if
¢ > 1, so that interest rates rise more than one for one with inflation, at least even-
tually. This condition is called the Taylor principle. We note that, due to the lack of any
price level component in the rule, the level of prices remains undetermined under such
a rule, except if inertia arise from sticky prices, so that the initial price level is an initial

condition.

9.4 Fiscal-Monetary Policy Regimes and Determinacy

One conclusion from the previous section is that the design of government policy
can affect price level determinacy. Important is here not just how policy is conducted
along the equilibrium path but also how policy would be conducted off-equilibrium,
as this affects whether alternative paths for the price level can also be valid equilibria.
These conclusions are also relevant in settings in which money is in positive supply. In
this section, we discuss how certain fiscal and monetary policy specifications can lead

to price level indeterminacy even when the nominal wealth share ¢; is always positive.
9.4.1 Neutralizing the Store of Value Role for Determinacy with Pas-
sive Fiscal Policy

We return to our baseline model with a positive quantity of money outstanding at

all times, M; > 0. To isolate the store of value role of money, we assume that there are

141f inertia is created by means of interest rate smoothing, equation (9.7) merely represents the target
interest rate, while the actual interest rate is only gradually adjusted towards that target.
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no transaction costs (7 — o0) but we do allow for the presence of both fiscal policy and
idiosyncratic risk. We have shown previously that if the government follows a positive
surplus policy, s > 0 in all contingencies, then there is a globally unique equilibrium
and, in this equilibrium, money is valued at all times, including asymptotically. We
have also shown that if the government follows a zero surplus policy, s = 0 in all
contingencies, and idiosyncratic risk is sufficiently large, & > ,/p, then, while there is
no global uniqueness anymore, there is still a unique equilibrium in which money is

valued asymptotically.

We now perturb the policy space slightly and replace the constant s by a more gen-
eral linear policy rule!®
sp = s" + a(qgM — gM0), (9.8)

where s > 0 is a constant and gM? > 0 is the unique monetary steady state value for
gM under the policy rule s; = s°. For the latter to exist, we also need to assume & > ,/p

in the case s’ = 0, while no such assumption is necessary if s > 0.

A policy rule of the type (9.8) with « > 0 encodes a fiscal reaction to the level of
outstanding government liabilities. In this model, all government liabilities take the
form of money. But more generally, such a rule would also commit the government
to raise additional primary surpluses in response to an increase in its debt. A rule
that conditions surpluses on the level of debt is often associated with the behavior of a

“responsible” fiscal authority that ensures that government debt remains sustainable.

We will discuss next that such a behavior might interfere with price level determi-
nacy. Specifically, we revisit the analysis from Sections 9.2.2 and 9.2.3 under the policy
rule (9.8). To keep the algebra as simple as possible, we present equations only for
the limit case ¢ — co without real investment. But the following considerations apply

more generally.

Under the assumptions made above, the government liability valuation equation

13Strictly speaking, the following policy rule may not be globally feasible: if ag™? > 9, then this rule
requires the government to run a negative primary surplus funded by issuing more money in contingen-
cies in which quI = 0, but this is not possible because money is worthless. However, we will disregard
this issue in the following discussion.
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becomes

%: (p—(1—19t)2&2>19t—p7f0—a(ﬁt—ﬁo)

(- -0+ (2= o) 0 —a) (0-8").  ©9)

Here, the second line follows by using that the right-hand side of the first line becomes
zero for 9; = 9° to eliminate the s’-term and rearranging. The solution structure of
equation (9.9) depends on the behavior of the first factor on the right. We discuss three

cases:

1. The factor is always nonnegative, and strictly positive for all ¢; > 0, if

agp—<1—190>2(72:%§::@.

In this case, % = 9V is an unstable steady state of the ¢;-forward dynamics and
essentially the same conclusions as in Sections 9.2.2 and 9.2.3 apply: the monetary
steady state 9; = 9 is the unique equilibrium in which money has asymptotic
value and it is the unique equilibrium that is locally unique. In this case, the
value of money is determined either due to fiscal backing or due to the retrading
service flows it provides as a store of value. In addition, if « < &, then it is even

the globally unique equilibrium.

Note that the condition a < a is related to the minimum fiscal backing that is
provided under the fiscal rule (9.8) in any (off-equilibrium) contingency. Indeed,
a =Y/ qM'O, so « < w is equivalent to s; > 0 regardless of the value of qiw. In
particular, if & < &, then the fiscal authority provides positive surplus backing in

all contingencies.

2. The first factor on the right-hand side of equation (9.9) is always negative, if
0 30\ A2 .~
x>p+10 (1—4—119)0 = Q.

In this case, forward dynamics are globally stable. For any initial condition ¢y €

(0,1), there is a solution path for ¢ that remains in (0,1) throughout and this
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path satisfies 9, — 9° as t — oo. In particular, all these solutions correspond
to valid equilibria. Hence, if primary surpluses are sufficiently reactive to the
value of money, then all initial nominal wealth shares ¢y € (0,1) can occur in an
equilibrium, money is valued in all equilibria, and no equilibrium is even locally
unique. In this sense, a sufficiently reactive fiscal policy neutralizes price level

determination from fiscal backing or store of value services.

More generally, in the presences of other nominal government liabilities than
money, it is the stock of total government liabilities that matters for a rule like (9.8).
A high « > 0 means that the fiscal authority ensures that government debt re-
mains sustainable and bounded in all contingencies. Such a fiscal policy is called
a “passive” fiscal policy.'® This terminology, due to Leeper (1991), does not refer
to a fiscal authority that is inactive. In fact, a passive fiscal policy rule often re-
quires actively adjusting taxes in reaction to changes in the value of government
debt. Instead, the terminology means that the fiscal authority “passively” reacts
to ensure that debt is always sustainable instead of “actively” following some

other policy objective and disregarding the debt evolution.!”

We see therefore that passive fiscal policy renders the price level indeterminate,
even if there is fiscal backing or a sufficient demand for money as a store of value
in (any) equilibrium. To understand better why, suppose, for example, that mar-
kets coordinate on an equilibrium path in which ¢y < ¢°, and then also ¢; < ¢°
for all + > 0. In this case, the policy rule (9.8) implies s; < s, that is the govern-
ment lowers tax backing relative to the monetary steady state, thereby validating
the private-sector expectation that money has a lower value. Lower tax backing
initially also means a higher rate of money issuance to fund the reduction in sur-
pluses, so that the outstanding stock of money grows faster than in the monetary
steady state. This raises g™ — gM? and, through the fiscal rule, leads to a grad-
ual increase in primary surpluses. Over time, g™ converges to its long-run target

value g™ and surpluses rise to back this value of money.

16 A fiscal policy that is not passive is referred to as “active”. However, this terminology is less useful
for determinacy because active policy in this sense includes both the case « < g discussed previously,
which leads to determinacy, and the case a € (g, 4] discussed below, which does not.

7footnote about terminology to be added...
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A similar situation, but with inverse signs, arises if markets coordinate on ¢, that
initially exceeds the monetary steady state. In this case, the fiscal authority raises
additional surpluses to retire some of the outstanding money in a transition back
to the steady state. We see therefore that a passive fiscal policy leads to indetermi-
nacy because it commits itself to adjust surpluses to validate whatever real value

of money the private sector coordinates on.

3. In the remaining case, « € (a,&], the first factor on the right of equation (9.9)
changes sign, so that the forward dynamics are neither globally stable nor glob-
ally unstable on the interval (0,1). Then, there are multiple possible equilibrium
solutions in which money is asymptotically valued. However, not all values for

o can be supported by some equilibrium, fiscal policy is not fully passive.

Inside the region & € (&, «], it is an important distinction whether the monetary
steady state 9; = 9" is locally unique or locally non-unique. We may associate
the former outcome with a “locally active” and the latter with a “locally passive”
fiscal policy. By equation (9.9), forward dynamics are locally unstable and hence
the steady state locally unique if and only if the first factor on the right-hand side

is positive in a neighborhood of 8 = 9. This is the case precisely when
0 <di=p—(1— 00262 +2(1— 9°)9%2 = p + (3190 - 1) (1— 0952

If this inequality is violated, then there are other equilibria arbitrarily close to the

monetary state state.

Note that « < & < & and the three thresholds coincide if markets are complete

duetod = 0.

We remark that even in cases 2. and 3., when the store of value role of money does
not contribute to (global) price level determinacy, it always still matters for the value
of money and the total level of tax backing along the selected equilibrium path. In
addition, if & > 0, then this also matters for the real allocation because Ricardian equiv-
alence does not hold. Specifically, the amount of idiosyncratic risk that agents are ex-

posed to depends on the level of &.
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9.4.2 Neutralizing the Medium of Exchange Role for Determinacy
with Interest Rate Policy

Next, suppose that prices are determined by the medium of exchange role of money.
Specifically, to isolate this channels for price level determinacy, let us make the follow-

ing assumptions:

(i) there are both government bonds at quantity B; and money at quantity My,
(ii) ¢ =0and ¢ — oo;
(iii) the fiscal authority follows a passive fiscal policy rule of the form

si+ Mg =agf,  a>p

that stabilizes the value of government bonds around zero.'®

Assumption (i) separates the store of value role of government liabilities from the
medium of exchange role by introducing a pure store of value asset, bonds, that does
not enter the transaction technology. Assumption (ii) ensures Ricardian equivalence
with respect to government bonds, so that the quantity of store of value assets does not
affect real allocations. Finally, assumption (iii) ensures that the store of value role plays

no role for price level determination as discussed in the previous subsection.

Price level determination from the medium of exchange role of money. Even in
such an environment, the price level may still be determined from the medium of ex-
change role of money if the monetary authority sets an exogenous path {M;};>¢ for

the money supply.!” To see this, note that portfolio dynamics can be characterized by

85, + j1MgM is the sum of the primary fiscal surplus and seigniorage from money dilution. For the
results below, we could also have assumed that s; follows a rule which stabilizes the total value of all
government liabilities as in the previous subsection. But the rule chosen here leads to a cleaner separation
between money and bonds.

9This can be implemented by exchanging money for bonds. Here, we allow B; to become negative.
We interpret negative B; as a situation in which the government is a net holder of nominal bonds issued
by private agents.
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two valuation equations, one for bonds and one for money:

d(870:) = (0 — a)870,, 9.10)
a(0116,) = (p— 8i(8M9y) + i) oMoy, 9.11)

where Ai(8M9;) is nonnegative and strictly decreasing in 9M9; as in Section 9.2.4.

Equation (9.10) behaves like equation (9.9) studied in the last subsection but for
the valuation of bonds only instead of the valuation of all nominal assets. For a« > p,
888, = 0 is a globally stable steady state in the forward evolution, so any initial value
889y is consistent with a solution to this equation and any solution will in the long run

converge to zero (that is all bonds are repaid asymptotically).

Equation (9.11), in contrast, behaves like equation (9.3) studied in Section 9.2.4. In
particular, for constant i > —p, the analysis from that section carries over and we can
conclude that there is a unique solution path for ¥M9;, which happens to be a steady-
state solution. More generally, if ji/"! is time-varying but fixed (and remains bounded
away from —p), there is generally no steady-state solution but there is still a unique
path for ¥M8;. Note that an exogenously fixed path for the money supply implies a
fixed path for the money growth rate u/!. To have also ji™ exogenously fixed, we need
to assume, in addition, that i is exogenously fixed, either by technological constraints
(e.g., the interest rate on cash is zero) or because it is set by policy (e.g., interest paid on

reserves).

In sum, under the fiscal policy arrangement studied here there are many possible
equilibrium paths for the total nominal wealth share ¢;. But the equilibrium path of
the money wealth share 9M9; is uniquely determined, if policy controls the path of
the money supply (and i is also exogenously fixed). This is sufficient for price level

determination by the same argument as in Section 9.2.1: goods market clearing requires

o 1Y M;
K, = C; = 2t
T T gMe, P,

and because the paths for M; and 9M8; are uniquely determined, so must be the path
for P.
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Indeterminacy under an interest rate policy. The determinacy from the medium of
exchange role of money can be switched off in a policy regime that sets the interest
rate differential Ai; and supplies money elastically to implement this differential in
equilibrium. This regime is traditionally associated with interest rate policy: the tra-
ditional view is that i/ = 0 is the rate of return on physical cash and interest rate
policy seeks to control the rate i® on bonds. Adjusting this nominal interest rate is then
equivalent to adjusting the interest rate differential Ai;. Note, however, that the mod-
ern, post-financial crisis, implementation of interest rate policy by paying interest on

central bank reserves is closer to varying i, interpreted as the reserve rate.

To analyze such a policy formally, let us suppose that i*! is exogenously fixed, by
physical constraints or interest on reserve policy, and that, in addition, the government
is committed to vary M; with open market operations to implement an exogenous
target path for Ai; or, equivalently, the bond rate i?. Denote by Ai; the desired target
path for Ai;.

Under these assumptions, equations (9.10) and (9.11) remain valid equilibrium con-
ditions. In particular, our previous conclusion that equation (9.10) renders the bond
wealth share 9%8; indeterminate remains valid. What changes is how we have to read
equation (9.11). Now, Ai; = Aiy is exogenously fixed, so that the money wealth share

M9, adjusts to satisfy the equation
Ai(9M0;) = Aiy,

which has a unique solution for each t. Equation (9.11) then tells us the value for ji*
that is required to make the money portfolio choice consistent with the government’s

target for Ai;. Because i is fixed, this determines the money growth rate uM.

In sum, the equilibrium conditions now determine the path for the money wealth
share, #M®;, and the path for the money growth rate, /. But the path for the price
level is not determined because the initial money stock, M is endogenous and inde-

terminate. Whatever the price level Py € (0, 0), the government commits to supply
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the quantity of money M required to hit its interest rate target, that is
aK
My = 193419070730.

The observation that an exogenous interest rate policy leaves the price level indeter-
minate even if there is a well-defined medium-of-exchange demand for money is due
to Sargent and Wallace (1975). The situation here is reminiscent of the one we have
encountered in Section 9.3 in the context of the model without money. Indeed, in the
policy regime studied here in which fiscal policy neutralizes price level determination
from the store of value role and interest rate policy neutralizes price level determina-
tion from the medium of exchange role, we essentially end up with an environment

that behaves like the cashless model studied there.

9.5 Off-equilibrium Backing: The Fiscal Theory of the
Price Level with a Bubble

This part is still missing. Until it has been added, readers are advised to read the

paper Brunnermeier et al. (2020) as a substitute.

9.6 Exercises

9.6.1 Upper Bound on Liquidity Premium when Transactions Can Be
Avoided

[to be completed]
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Chapter 10

Safe Assets

This chapter is based on Brunnermeier et al. (2024).

10.1 Introduction / Overview

What is a safe asset, and why does it matter? Why does it tend to have a negative
B? Why can governments such as those of the United States and Japan issue large
amounts of debt at low interest rates, and even run persistent primary deficits, without
triggering default concerns? This chapter develops a theory of safe assets that sheds

light on these questions and introduces the concept of a Debt Laffer Curve.

We define a safe asset through the Good Friend Analogy: it is an asset that is valu-
able and tradable precisely when it is needed most. In an environment where individ-
uals face uninsurable idiosyncratic risk, government bonds provide a means of self-
insurance. Their ability to be retraded after adverse shocks generates a flow of services
distinct from the asset’s cash return. This chapter introduces a two-part asset pricing

framework that captures this feature,
price; = E[PV,[cash flows]| 4+ [PV, [service flows]],

which separates the present value of cash flows from the present value of service flows.

Each term is discounted at an endogenous rate r** that reflects preferences in an incom-
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plete market setting.

Because of this service value, safe assets appreciate during recessions and perform
well in bad states of the world. This makes their § non-positive, in contrast to typical
risky assets such as equity, which depreciate during downturns. The resulting low
required cash return allows governments to issue debt cheaply and confers an exorbitant

privilege on advanced sovereigns.

When the real return on safe assets falls below the growth rate of the economy, the
government can issue debt on a potentially permanent basis. This resembles a Ponzi
scheme, yet remains sustainable and consistent with individual transversality condi-
tions. In our framework, this sustainability arises from a bubble component embed-
ded in asset prices. While private issuers may offer similar service flows, only the

government—backed by taxation and regulation—can credibly support such a bubble.

Importantly, safe assets do not need to be bubbly, but bubbles can reinforce their safe
asset properties. The value of the service flow rises with the market value of the asset,
so attaching a bubble can turn an otherwise risky asset into one that behaves safely. In
such cases, the safe asset is safe because it is perceived to be so—a phenomenon we

refer to as the Safe Asset Tautology. This status can be lost if the bubble bursts.

Governments may attempt to extract revenue from the bubble by accelerating bond
issuance and tolerating higher inflation, thereby reducing the real return on safe asset
holdings. This process, which we call bubble mining, resembles a tax on self-insurance
and leads to a Debt Laffer Curve: beyond a certain point, more aggressive issuance re-
duces the overall value of the debt and hence fiscal revenue. Our quantitative analysis
shows that this form of seigniorage is only effective when the safe asset has a suffi-

ciently negative B.

10.2 Model Setup

Environment. The model is set in continuous time with an infinite horizon. There

is a continuum of households indexed by i € [0,1]. All households have identical
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logarithmic preferences
Vi:=EE V e ' log Cidt}
0
with discount rate p > 0.

Each agent operates one firm that produces an output flow a;kidt, where ki is the
capital input chosen by the firm and a; is an exogenous productivity process that is
common for all agents. Capital of firm i evolves according to

dki i s ki

- (cp (tt> - 5> dt + 5:dZi + dAk, (10.1)
where @ is an increasing concave function that captures adjustment costs in capital ac-
cumulation, i the investment rate (in output goods) per unit of capital, § is the depre-
ciation rate, #;dZ} represents idiosyncratic Brownian shocks, and dAlt{’i represents firm
i’s market transactions in physical capital. Brownian motions Z' are agent-specific and
i.i.d. across agents. The levels of idiosyncratic risk &; and productivity a; are exogenous

processes.

To obtain simple closed-form expressions, we choose the functional form ® (1) =

% log (1 + ¢1) with adjustment cost parameter ¢ > 0 for the investment technology.'

Each agent i can reduce idiosyncratic risk exposure by selling equity to other agents.
Outside equity claims on i’s capital k' have the same aggregate and idiosyncratic risk as
capital itself, but may pay a lower expected return, reflecting an insider premium that
i earns for managing the capital stock. Agents can hold a diversified equity portfolio

and thereby eliminate idiosyncratic risk.

In addition to households, there is a government that issues nominal government
bonds, funds government spending, and imposes taxes on firms. Outstanding nominal
government debt has a face value of B; and pays nominal interest i;. The face value fol-
lows a continuous process dB3; = uBB;dt with growth rate 5. There is an exogenous
need for real spending GK;dt, where K; := [ kidi is the aggregate capital stock and ¢
is a model parameter. The government can finance this spending by setting a propor-

tional tax 7; (subsidy if negative) on firms” output and by adjusting the bond issuance

IThis function is defined for all 1 > 1 := —1/¢. We set ®(1) := —oo for 1 < L.
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rate P (repurchasing bonds if negative). We assume that 4P and i; are exogenous

processes while taxes 1; adjust to satisfy the nominal government budget constraint
1B + Ptht = VFBt + Prtrai K, (102)

where P; denotes the price level.

We assume that the exogenous processes a;, 0t, y?, and i; follow a joint Markov
diffusion process that is driven by some Brownian motion Z;, which captures aggregate

risk and is independent of all idiosyncratic Brownian motions Z:.

Finally, the aggregate resource constraint is
Ct + GKt + 14Ky = a;K;, (10.3)

where C; := [ cldi is aggregate consumption and 1 = [ itki/K;di is the average invest-

ment rate.?

Financial Frictions. The key friction in the model is that agents are unable to share
idiosyncratic risk perfectly. Specifically, we assume that agents face a skin-in-the-game
constraint and must retain at least a fraction § € (0, 1] of their capital in undiversified
form. As a consequence, agents have to bear the residual idiosyncratic risk of at least

X0tdZi per unit of capital in their firms.

Besides this limit on idiosyncratic risk sharing, there are no further financial fric-
tions. Agents are allowed to trade physical capital and contingent claims on aggregate

risk subject to standard no Ponzi conditions.

Household Problem. We formulate the household problem as a standard consumption-
portfolio-choice problem that does not make explicit reference to the capital trading
process dA];’i as a choice variable. For this purpose, denote by n. the net worth of
household i and let 95’1', (-)f’i, GF’i be the fraction of net worth invested into capital,

own outside equity, and the diversified portfolio of equity, respectively. The own out-

2To ensure that this constraint can be satisfied given our assumptions on government spending and
investment, we assume that the productivity process satisfies a; > G + ¢ at all times. Here, ¢ is as in
footnote 1.

236 / 315



CHAPTER 10. SAFE ASSETS

side equity share QE'i is typically negative as this asset is issued by the household. The
remaining fraction of net worth is invested in bonds. Net worth evolves according to

i

C
L= ——Ldt
ny 1y

+d$+ﬂ?(mﬁ(@-ﬁwﬁ+wﬁ(m?—dﬁ)+fi@ﬁ—dﬁ)

(.

g,
=:dr,

(10.4)

where drfg, drf’i(-), drf’i and d?f denote the returns on bonds, capital, own outside
equity and the diversified equity portfolio, respectively. These returns depend on the
evolution of market prices, which individuals take as given.> We provide explicit ex-

pressions for them below.

The household chooses consumption ci, real investment ¢}, and the portfolio shares

Gf'i, Gf’i, and Gf’i to maximize utility Vi subject to (10.4), the skin-in-the-game constraint
—oF < (1 - x)oX, (10.5)

and a solvency constraint 7; > 0 that rules out Ponzi schemes.

Prices and Returns. Here we formalize how market prices determine returns in (10.4).
We denote by gK the market price of a single unit of physical capital. Recall that P;
denotes the nominal price level, so that the real value of a single unit of bonds is 1/7P;.
It is more convenient to work with P := %tpf, which is the ratio of the real value of

government debt to total capital in the economy.*

3For the capital return, individuals take the function /' drf’l (¢) as given but do internalize how
their own investment choice affects the capital return.

4This is a normalized version of the inverse price level 1/P;. While the latter depends on the scale of
the economy and the nominal quantity of outstanding bonds in equilibrium, ¢? turns out to be stationary.
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With these definitions, the return on bonds is®

d(qPK:/B)  d(qPK;
arB — it + TP oy <Bt ) _ (Bf )_< B i)dt (10.6)
1/ Py q; Kt/ By 97 Kt

and the return on agent i’s capital is

ark (lzt> _(A-—m)a — lidtJr d(‘#iffi)’
9t ai ki

where I~<lt follows the same evolution (10.1) but with trades dA];’i set to 0.

In addition to bonds and capital, there are outside equity claims in zero net supply.
Outside equity claims issued by household i have the same risk characteristics as the
capital return drf’i but may have a different expected return. A return differential may
exists because the inside equity holder i requires a compensation for bearing idiosyn-
cratic risk whereas outside equity holders can eliminate this risk by diversification.
Specifically,

drf? = Ey[drE') + (drf’i - lEt[drf'i]) ,

where the expected return component IEt[drf’i] is determined in equilibrium. In equi-
librium, all agents optimally hold a perfectly diversified equity portfolio. The return

on that portfolio is
darf = [ drfdi.

Equilibrium. A competitive equilibrium, given an exogenous government policy and
initial conditions, is defined in the usual way as a set of allocations and prices such
that all households maximize utility and all markets clear. Here, prices and aggregate
variables may depend only on aggregate exogenous histories, that is histories of the
aggregate exogenous shocks dZ;. In contrast, individual outcomes for household i can
depend on both aggregate and individual idiosyncratic histories, that is joint histories
of the shocks dZ; and dZ:.

Formally, we define equilibrium as follows. For ease of exposition, we restrict atten-

5The last equality uses dB; = B Bydt.
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tion here to a symmetric equilibrium in which the expected return [E; [drtE’i] of all outside
equity claims is the same and in which all agents make identical choices for scaled con-
sumption ¢ := c!/ni, the investment rate i}, and portfolio weights Of’i, GE’i, 9?.6 This
does not mean that all agents are identical because they can differ with regard to the

level of their net worth ni.

Definition 10.1. Let Ky > 0 be the initial level of capital and let a;, &, jiP be exogenous
processes adapted to the filtration generated by Z. A symmetric competitive equilibrium
consists of processes for prices (th,qf,lEt[drtE])DO, scaled consumption (Ct),, investment
rates (1t) ., portfolio weights (65, 0F , 0 )1>o, taxes (Tt )¢=o, and aggregate capital (K;),, all

adapted to the filtration generated by Z, such that

1. Aggregate capital is consistent with the initial condition and satisfies”

th = (CI) (lt) — 5) tht

2. Taxes satisfy the government budget constraint®

T1a: Ky + ﬁ?‘]FKt = GK;

3. For each household i € [0,1], ci = c?tni, Li =1, QF’i = 95, OE’i = 9{5, Gf’i = GF solves i's
optimization problem (described previously) for arbitrary ni) under the assumption that
IE[drtE’j] = E[drE] forall j € [0,1].

4. All markets clear:

e goods market clearing: equation (10.3) holds;

e asset market clearing:’

K K _
ok = 1=t gf+ef=o.
(qr + a7 )Ki

®The restriction to symmetric equilibria is without loss of generality. In our environment, any equilib-
rium must be symmetric because agents face identical investment opportunities and utility is isoelastic.

This equation follows immediately from the individual capital evolutions (10.1) and the fact that
idiosnycratic shocks and trading average out.

8This equation follows from (10.2) by dividing by P; and combining u? and i;.

9These are for the capital and equity markets. The bond market clears by Walras’ law.
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We remark here that we have eliminated nominal quantities from this equilibrium
definition by not explicitly adding By > 0 to the initial conditions, by using the scaled
bond value g? instead of the nominal price level P, and by exogenously specifying
government policy in terms of the differential ji® = u? — i;. This is convenient because
P and B; do not enter any decision problem directly. If one is interested in nominal
variables, one can easily recover them ex post from any given equilibrium together

with a specification for By and for either yf or i;.

We also remark that we have only defined the equilibrium in terms aggregate vari-
ables. However, for any given equilibrium and any given initial net worth distribu-
tion (”é)ie[o,l} consistent with it, i.e. [ nédi = (45 + g%)Ko, we can recover individual
variables from condition 3 in Definition 10.1 as this condition requires that choices are

optimal for arbitrary initial net worth.!”

10.3 Solution Method

Optimal Consumption and Investment Choice. Like in previous chapters, the in-
vestment rate ¢ enters only the expected capital return ]Et[drf’{(t)]. Assuming that
agents hold no negative quantities of capital, all agents agree that it is optimal to choose
the investment rate li in a way that maximizes the expected capital return [E; [drf’;(ti)].

In particular, ll; = 4; for all 7 and ¢ satisfies the Tobin’s Q condition

gk =1+ 1. (10.7)

Due to log utility, the optimal consumption choice of all agents is clz = pn’;. Integrat-

ing the optimal consumption condition across all households i yields
C = /C’;di =p / nidi = p(4f + g1 K,

where the last equality follows from the fact that aggregate net worth consists precisely

19The individual variables are, of course, dependent on histories of the idiosyncratic shocks dZ! as
well, that is these processes for agent i are adapted to the filtration generated by the pair (Z, Z').
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of all capital and bond wealth combined.'!
We next use g7 + gX = gK/(1 — 9;) by the definition of 9 to replace the right-hand
side of the previous equation and get

_ P K
Ct— 1—l9ttht.

Substituting this into goods market clearing (10.3) and using equation (10.7) to elimi-

nate gX yields the equation

P
1_—1%(1+¢1t)+g+lt:at-

Solving this linear equation yields the expression for 1. Substituting this result into

equation (10.7) recovers the solution for gK. Finally, using the identity g7 = 1‘_92% gk,

which follows directly from the definition of ¢, we obtain the expression for g7.

Proposition 10.1. In any equilibrium, the investment rate, (scaled) value of government bond,

and price of physical capital are given by

(1—8)d —p
— ) 10.8
Lt 1—l9t+¢p ( )
1+ ¢paiy
B_ g9 10.9
1+ ¢di;
K—1—-¢)—T" 10.10

where dy:=a; — G.

These equations determine the equilibrium uniquely as a function of the exogenous
process a; and the (endogenous) bond wealth share ¢;. To fully characterize the equi-

librium, we thus only need to determine 9.

¥; can be thought of as a relative price between capital assets (including equity

which is a claim to capital) and government bonds. It is determined by households’

Note that, in our formulation, taxes are effectively imposed on capital holdings such that the present
value of tax liabilities of households is implicitly capitalized in capital valuations. Also note that outside
equity claims are in zero net supply and thus do not contribute to aggregate net worth.
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portfolio choice and asset market clearing. We use the martingale method to derive

optimal choice conditions for the household problem.

Optimal Portfolio Choice. Recall that under the martingale method, the excess ex-

pected return of the risky asset A to the risky asset B is given by
= =gilof —of) + 8@ —ap),

where the excess return is determined by the differences in their exposures to the un-

derlying Brownian motions.

There are four alternative derivations for the expected excess return relative to the

bond return, each based on a different numeraire or asset definition.

Under the consumption numeraire:

(i) The expected excess return of capital relative to the bond return. This expres-
sion becomes more involved when oP # 0, as seigniorage becomes stochastic
and lowers capital taxes, complicating the return on capital. The expression

takes the following form:

. G _ B
- ar — — 1 > K B
dr” = <—t ZIZ P () — o+ +Z—§< (ﬁ?+ (o +0] —UF)UF)> dt
t t
% B, B_ G .
+ <U'+U'? + w> dZt +(~7tdZ;
qt

(ii) The expected excess return of individual net worth (i.e., the portfolio return)

relative to the bond return.
Under the total net worth numeraire:

(iii) The expected excess return of capital relative to the bond return.

(iv) The expected excess return of individual net worth (i.e., the net worth share)

relative to the bond return.

This last expression remains tractable even when ¢ # 0, and for this reason, we
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adopt this derivation as our baseline going forward.

We define the drift and volatility of the value of a single bond or coin expressed in

the Ny-numeraire as

d(8:/B;)
8/ B;

Applying It0’s quotient rule to the ratio 9/ B;, we obtain

=p’Pat+of'Pdz,.

d(8:/B:)

5g, = (1 —uf +of(of —of)) di+ (of —of ) dz,

= (! — up)dt +ofdz,
because the outstanding nominal government debt follows the continuous process

dB; = uBBdt with no volatility. This result implies that the drift and volatility of the

value of the bond/coin under the N;-numeraire are given by

9/B _ 08 B 9/B _ ¢
He' W =Wy — MWy, 0T =0y

By the asset pricing equation under the martingale method, the expected return of

individual net worth satisfies

B

K K, B Ky B
3 =ﬁw=(4—(¢w)—@—#?ﬂ —mﬂ*q+@wf*7)+@rw$»0+@u—ama

Similarly, the expected return of a bond or coin under the N;-numeraire is

E[dr}""]
dt

, K B K B K B
=i = (o] = @) = 0) = =0t ol )+ (=)ot

-

N

- ~~ - “  price of risk in Ny-numeraire
risk-free rate in N;-numeraire

The advantage of this martingale method is that when we subtract the bond return
from the portfolio return, all terms associated with the risk-free rate in the N;-numeraire

cancel, leaving only the risk premium terms:

or—ir — B = —(cr —oM)o?’B + & (1 - 6:) .
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We then apply the capital market clearing condition 1 — 6; = 1 — ¢, and substitute

in the expressions for the prices of risk under log utility. Under log utility, we have

v

gt = p, ¢t = o, and ¢; = (1 — &) x5, which simplifies the expression to:

p—ir—pl'F = (1-0) 30"

Recall the change-of-numeraire adjustment formulas:

9/B _ ¢ B 9/B _ ¢
He' W = HWe — MWy, O =0y

Substituting into the asset pricing equation under the martingale method, we obtain:
p=(1- 022" +pf — it
Multiplying both sides by ¢, and expressing ¢ as a function of &2, yields:
p8(&%) = (1-8(5%))2F20% (%) + p 9(5%) — jif (7).
To compute the drift of 8(72), we apply Itd’s Lemma:
8 = (6 o1+ 5 0(02) (" )2

Next, we equate the drift expressions and include the time derivative in the dynamic

case. The resulting equation becomes:

p8(e?) = [(1- 86?2 R0 — ] 8(6%) — 9@ - (@) (%) + T 7

or in time-dependent form:

p8(32) = 248(7%) + [(1 - 8(F2) 2 272 8(5%) — i 0(6%)] - p(? — (¢9)%) #'(6%) + T I

ut M?

To solve for ¥(&?), one can use a function iteration method as demonstrated in the
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previous chapters.

We temporarily depart from log utility and consider CRRA utility as a model exten-
sion, both to enrich the analysis for interested readers and to illustrate the numerical
solution method in greater depth. For CRRA utility, the analysis requires de-scaling
individual value functions to v. In this setting (with a single sector), equilibrium is
characterized by solving two partial differential equations for v(#2) and ¢#(32), which
jointly determine the endogenous distribution of risk and asset prices.

We begin by recalling the CRRA value function. For an agent i, the value function

takes the form:

Next, we recall the envelope condition for the value function:

AR (i)~

= olK () ()T

= UéK;ry(th + E]f)_l(ﬁz)_’y (after noting that Tlé = Nt = (C]F + C]f)Kt)

Turning to the pricing of risk, for the aggregate price of risk (noting that o = 0, i.e,,

capital has no aggregate risk), we use:
B K H
of —pr—of T =—y0f =—c.

For the idiosyncratic price of risk, we recall that 0’;7 = (Ttﬁi, and obtain:

& = o = y(1— ) xon
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Combining the capital market clearing: 1 — 0 =1 — ¢, we get
] ]
pr—pf = (o — (p=10)0f + (1 - 8)°3°5

Next, we determine the BSDE for vi. By Itd’s product rule, the value function is
given by
. [ (aT\1—y -
avi (@)K 7)
Vi eloKT

= [V? + (1= 7)(P(u) —90) — Z’Y (1—7)*+ (o, 1 —=jo0; | dt + volatility

Recall by consumption optimality, % — pdt + Z—% follows a martingale. Hence, drift
t t

above = p — ;—% Equate drift terms to obtain BSDE:
t

P‘f“‘(l_'Y)(q)(Lt)_(s)—z’)’l— )% + (& )?) + (L=o)o0] = p——~

Now, we derive two PDEs of v(52) and ¢(&?) for the numerical model solution. We
begin by generalizing the PDE for ¢, now allowing for ¢ # 1 and including aggregate
risk via 0. Recall that the drift and volatility of ¢/ satisfy:

9/B _ 08 B 9/B _ ¢
He' W =MWy — Uy, Oy =0y

Substituting these expressions into the asset pricing equation gives:

e —ir—pf’'" = (0f — (o =10)07"F + 9(1 - 6:)* 35,
This implies:

pr=pf — P + (o7 — (x=1)7)0f +v(1 - 0,)*F%>. (10.11)
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Multiplying through by ¢ and expressing all variables as functions of 2, we obtain:
pu(02) 8(5%) = [f — B+ oF (@) + (1 — 8(6)2P0°] 8(0°).

To characterize the dynamics of ¢(52), we apply Itd’s Lemma. The drift and volatil-
ity of ¢ are given by:

3 1 N 3
ulor =8 (&) ul e + E19”(&2)(0‘7&,5)2, 0?9 = -9 (6% 5.

We equate drift terms and include the time derivative, leading to the PDE:

(0'&5})2

(%) 8(6%) = [7(1 - 8(6%))* 1% - Ft[”} 9(5%) — (a7 — (5°)%)8' (%) + 9" (57)
— o?2(5?) 075 0 (52).

Or, in full dynamic form:

(
\

Next, we derive the PDE for v(&?). Starting from the backward stochastic differen-

tial equation:

W+ (1= 1) (@(0) = 0) = 37(1 =) (¢4 (012 ) + (L=ppoef =p - &,

we apply Itd’s Lemma to v(&?) to obtain:

———

(o) = (—9(0F - (@200 (0%) + 3R (o ))dt—mv( 2)d7;

' :U(Tt

247 / 315



CHAPTER 10. SAFE ASSETS

The PDE for v(#?) is then:

po(?) = 00 (e?) + (;—éﬂl—v)(@(tt)—cs) -6 +<aff>2>+<1—v>wf) 0
Lo a2y, 0T3)? ,
P(or — (07)7)v'(07) + v (07)

Finally, the system of two PDEs — one for #(&?), and one for v(&?

) — is solved
numerically by iterating over both equations simultaneously in an outer loop. No inner

loop is needed, since within-sector parameters like ¥ and x do not generate macro-level
teedback effects.

Uniqueness of Stationary Monetary Equilibria From this point onward, we return to

the log utility case. Our analysis of the model solution yields the following proposition.

Proposition 10.2. In any equilibrium, ¢ must satisfy the equation
Ei[d6)) = (p+ if — (1 - 0:)° $07) dyat. (10.12)

Conversely, any |0, 1]-valued solution ¥ to this equation is associated with a competitive equi-

librium.

In our model, equilibria as defined in Definition 10.1 may not be unique because
equation (10.12) for ¢ is a fixed-point equation that can have multiple solutions. How-
ever, we establish here that if we make suitable Markov assumptions on exogenous
processes, then there is always at most one solution to equation (10.12) that is both
non-degenerate, i.e. different from ¢ = 0, and stationary. This solution corresponds to
a unique stationary “monetary” equilibrium in which government bonds have always
a positive value. This equilibrium has a particularly appealing property: it is the only
equilibrium consistent with any belief that, with positive probability, bonds retain a
positive value bounded away from zero in the arbitrarily distant future. In this chap-
ter, we always focus on this equilibrium with the exception of Section 10.5.1, where we

briefly discuss how alternative equilibria may be associated with a loss of safe asset
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status.!?

We next formulate our uniqueness result. To do so, we first need to provide a precise

definition of the notion of stationarity we are requiring.

Definition 10.2. The exogenous processes 01, a;, and i are stationary if there exists an
ergodic Markov state process X; on a compact domain X C R" and continuous functions
&,a, % : X — R such that

0r = 7 (Xt), ar = a(X¢), jip = B (Xy)

forall t > 0.13

Given stationary exogenous process, we say that a solution 9y to BSDE (10.12) is stationary
if there is a continuous function ¢ : X — [0, 1] such that ¢; = 9(X;) for all t.

Proposition 10.3 (Uniqueness of stationary non-degenerate solutions). Suppose the ex-
ogenous processes are stationary and p + ji8(X) > 0 for all X € X. Then, equation (10.12)

has at most one stationary nondegenerate (i.e. not identically 0) solution.

The proof for Proposition 10.3 is in the Appendix B.1 of Brunnermeier et al. (2024).
The key idea behind the proof is to investigate the finite-horizon version of BSDE (10.12)
and show two key properties. First, the mapping from terminal conditions d7 > 0
to the (always unique) finite-horizon solution over [0, T] represents a contraction in a
suitable sense. Second, conditional on a fixed state X;, the finite-horizon solutions are
monotonic in time t. We establish these properties with the help of the comparison
theorem for BSDEs.

In fact, these properties do not only allow us to establish uniqueness of the non-
degenerate stationary solution but also yield an additional limit result: for any given
terminal condition d1 > 0, the solution to the finite-horizon equation converges to

the unique non-degenerate stationary solution as T — oo, provided the latter exists.

12We make two further remarks with regard to this equilibrium selection. First, the selection of the
unique stationary monetary equilibrium is in complete analogy to the standard choice in models with
monetary frictions. Second, under the fiscal policy arrangements discussed in Brunnermeier et al. (2021),
this equilibrium would emerge as the unique equilibrium in the sense of Definition 10.1.

3Informally, an ergodic Markov process can travel from any state to any other state.
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Conceptually, this additional result is important because it implies that all nonstation-
ary solutions must converge to 0 in the distant future. Practically, the additional result
matters because it ensures that the solution procedure that we employ for the numerical

illustration in Section 10.4.3 converges to the desired solution.

10.4 Properties and Asset Pricing of Safe Assets

10.4.1 Safe Asset Definition

Individuals hold a safe asset for precautionary reasons, which they can “liquify” at
an above average return when they face an idiosyncratic and/or aggregate shock and
they attach a high marginal value to extra resources. This marginal value for individ-
ual i is measured by that individual’s stochastic discount factor (SDF) process, which
we denote by &. This process satisfies (;‘6 = 1and dg&/& = —r{dt — ¢dZ; — ¢idZi,
with a negative drift term equal to the risk-free rate and aggregate and idiosyncratic
prices of risk, ¢;, ¢ respectively.'* The return of citizen i’s net worth, " is given by

equation (10.4).
The following definition makes the “Good Friend Analogy” of a safe asset precise.

Definition 10.3. An asset j is in equilibrium a safe asset for individual i at time t if the
conditional covariance between her SDF and return of the asset in excess to her net worth

return, dri — dr’;’i, is positive, i.e. Covy [déi/d, dr{ — dr’;’i] > 0.

We make several remarks. First, the safe asset concept is an equilibrium concept.
The same asset with the same cash flows can be a safe asset in one equilibrium and not
a safe asset in another equilibrium. The returns r} and r’f’i as well as the SDF ¢! depend

on the equilibrium the economy is in.

41n integral form the individual SDF is

f;i:exp —/trfd*r -exp —/‘tgtdZT—l/tgsz - exp —/tchzf—l )tCZdT
t Jo T Jo 2.0 T Jo T 2 0 T ’

time discounting aggregate risk idiosyncratic risk

where the second and third factors are martingales.
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Second, an asset is safe for individual 7 relative to her own net worth n'. A safe asset
provides (on average) better payoffs in high marginal utility states than the total net

worth portfolio.'®

Third, the definition is contingent on the economy’s state. An asset can be safe at a

specific point in time t but may lose its “safe-asset status” at a different time.

Fourth, the definition focuses exclusively on the risk properties of the asset. This is
sufficient because, in our model, we have assumed that all assets enjoy perfect market
liquidity (all the time). However, as we explain in the next section, safety derives from
retrading. Therefore, liquidity is also an important feature of a safe asset. Beyond our
model environment, a definition of a safe asset should also include that the asset can

be traded easily without any trading frictions, e.g. due to asymmetric information.

The following proposition shows that government bonds are indeed a safe asset in

the steady-state solution derived in Section ??.

Proposition 10.4. If & > 0, a;, and i are constant over time, the government bond is a safe

asset for all agents at all times.

In equilibrium each citizen’s net worth return is positively correlated with her con-
sumption growth rate and hence negatively correlated with her SDF, as the incom-
plete markets frictions prevents her from hedging her idiosyncratic risk. Since the
government bond return is risk-free, Cov;[d&} /&, rf — t:lr?'i] > (0 and consequently the
government bond is a safe asset. Capital is not a safe asset as Cov;[di/¢l, drK] <
Covi[dg}/ g, dry”].

More generally, with stochastic idiosyncratic risk &;, the real return of the govern-
ment bond is not risk-free. However, as we will see in Section 10.4.3 in the context
of our calibrated model, it depreciates in volatile times less than citizen’s net worth.

Indeed it even appreciates, and hence more than satisfies the safe asset criterion.

15 Alternatively, one could define an asset as (absolutely) safe by Cov; [d:ﬁ / C};, dr{] > 0.
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10.4.2 Two Perspectives on Asset Valuation Equations

The value of government debt has to satisfy a debt valuation equation that relates
the real value of debt to the present value of future primary surpluses. In this section,
we contrast the standard asset pricing approach of deriving such an equation with an
alternative approach that emphasizes and makes explicit the benefits from retrading of
the asset. Both approaches imply an identical valuation formula with complete mar-
kets, but lead to two distinct equations when markets are incomplete. These equa-
tions provide two different perspectives for asset pricing in incomplete market envi-

ronments. Here, we apply these perspectives to government debt valuation.!'®

The standard approach to asset valuation is based on a buy-and-hold fiction. An
asset is priced as if it was held forever, so that the value of the asset must equal the
present value of all future cash flows derived from the asset’s payouts.!” We call this
the “buy and hold perspective” of asset pricing. Applied to the total government debt

stock, the cash flows in the present value formula are precisely the primary surpluses.'®

We propose an alternative approach that recognized that, in equilibrium, individ-
ual agents may not intend to buy and hold an asset, but plan to retrade it whenever
they face a shock. They raise cash flow by selling the asset and face a cash outflow
when buying more of the asset. The aggregate stock of the asset can also be priced by
first valuing the cash flows from agents” optimal dynamic trading strategy in equilib-
rium and then aggregating across all agents. This approach leads to a “dynamic trading
perspective” of asset pricing. Importantly, the aggregated present value of individual
trades may be different from zero, even though trades among private agents wash out
in the aggregate. Hence, the dynamic trading perspective incorporates an additional

term that makes explicit the aggregate value of equilibrium trades. Applied to gov-

16For concreteness, we present the equations only for government debt in the context of our model.
But we remark that our alternative valuation approach, the “dynamic trading perspective”, is general
and can be applied in any incomplete markets setting to any asset.

17To be fully precise, the buy-and-hold fiction does assume an eventual liquidation of the asset which
results in a single terminal resale cash flow. The liquidation time is then sent to infinity, so that the
present value of this cash flow only matters if there is a bubble.

8Despite the label, this may require the agent to trade, but only directly with the issuer, the govern-
ment, in order to absorb new debt issuance, not with other agents.
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ernment bonds in our model, this term is positive because bonds allow agents to self-
insure against idiosyncratic shocks. We refer to this term as the “service flow” term

from retrading.

The distinction between the two perspectives is particularly illuminating when there
can be rational bubbles. Dynamic programming implies that a transversality condition
has to hold only from the dynamic trading perspective, for each individual agent. Op-
timality does not imply a transversality condition from the buy and hold perspective.
For that reason, a gap may appear between the value of debt and the present value of

surpluses from the latter perspective. This gap is closed by an additional bubble term.

Unfortunately, it can even happen that both the bubble term and the present value
of primary surpluses are infinite with opposite sign, yet their sum still converges as
the time horizon approaches infinity. In contrast, the terms in the dynamic trading

perspective are always well-defined and finite.

Buy and Hold Perspective. We denote by s; := 1a; — ¢ the primary surplus per
unit of aggregate capital. Recall that & is agent i’s SDF process. From the buy and
hold perspective, individual uninsurable risk does not enter the valuation equation di-
rectly, so that only the aggregate component &; of the processes & matters, i.e. d¢, /& =
—r{ dt — ¢1dZ;.1% Absent aggregate shocks (including inflation shocks), the government

bond is a risk-free asset and the relevant discount factor is simply &, = exp(— fot r{dr).

Proposition 10.5 (Buy and Hold Perspective). The value of government debt at t = 0
satisfies

Bo .
P, i (E

T_
/ gtSthdt
0

+E {ET%] . (10.13)

The derivation of equation (10.13) is standard. We start by using dB; = uBB,dt to

9The aggregate discount factor is the projection of any individual citizen’s SDF onto a common filtra-
tion generated by the aggregate Brownian Z. Put differently, &, := E [{f; | Ze it < t} , takes conditional

expectations with respect to the history of aggregate shocks dZ up to time ¢ but without any knowledge
of idiosyncratic shocks. Equivalently, ¢, = [ ¢idi is the unweighted average of individual SDFs.
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rewrite the government flow budget constraint (10.2) as

— (dBt — itBtdt) = Pt (Tﬂt — g) tht.
—_——
=5t

Multiplying both sides by the nominal SDF &/P; of agent i and using Ito’s product
rule to replace &/ P;dB; with d (&1/PiB; ) — Bid(&}/Pr) yields

—d (giBt /Pt) + B (d (gg’ /Pt> iy /Ptdt) — &g, K,dt.

Integrating this equation from t = 0 to t = T, taking expectations, and solving for
(?680 /Pp implies

i B T T i : i i B
CO% =E /O CisiKedt | —E /O B; (d (Ct/Pt> —f-ltét/Ptdt) +E FTP—;} (10.14)

Equation (10.14) is simply an accounting identity, an integrated version of the gov-
ernment flow budget constraint (10.2). We now note that the individual SDF (;‘;' must
price the bond because agent i is marginal in the bond market. This implies that the
associated nominal SDF &!/P; must decay on average at the nominal market interest
rate, so that the second term in equation (10.14) vanishes. In addition, we can replace
the individual SDF ¢ with the average SDF ¢; because equation (10.14) holds for all
individuals i and s;K; and Bt /Pr are free of idiosyncratic risk. When taking the limit

T — oo, we obtain equation (10.13).

This equation consists of two terms: a discounted stream of primary surpluses plus
(the limit of) a discounted terminal value. The latter can be positive even in the limit,
giving rise to a possible bubble on government debt.”! The reason is that individual
transversality conditions do not necessarily imply E [ET%} — 0 because agents do
not buy and hold a fixed fraction of the government debt stock but constantly trade
bonds. If the terminal condition does converge to zero, then we obtain the traditional

debt valuation equation that says that the value of debt must equal the present value

20There is no quadratic covariation term because dB; is absolutely continuous.
21The bubble term on government debt is discussed in detail in Brunnermeier et al. (2021).
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of primary surpluses.

Dynamic Trading Perspective. Let ;i := nl/N; be agent i’s net worth share and de-
note again i’s SDF process by &i. In our model, 7} also represents the share of total bonds
held by i because all agents hold identical portfolios (up to scale). Pricing individual
bond portfolios and aggregating over agents i yields our main valuation equation from

the dynamic trading perspective,

B S i B :
?(OJ = / (IE {/0 Gt - ntsthdt} +E {/0 Cr-mp (1 — ﬁt)zxzaf#dt}> di. (10.15)

The real value of all outstanding public debt By /Py is the integral of the valuations
of individual debt holdings. Each of these valuations consists of two terms, the dis-
counted value of the share of future primary surpluses, ’7§5th = nf(rta — @)K}, paid
out to agent i plus the discounted value of future service flows, 7} (1 19,;)2 X0t gt , that
agent i derives from trading bonds. The safe asset service flow is due to partial in-
surance. It increases in the value of public debt and the amount of idiosyncratic risk
the citizen is exposed to. The latter depends on her portfolio share on physical capital
(1 — ¢;) and undiversified risk 3;. Government bonds provide a positive service flow
because the agent sells bonds precisely when she experiences a negative idiosyncratic
shock, so that the bond portfolio generates a positive payout in times of high marginal
utility g;

Equation (10.15) emphasizes that the total value is obtained by aggregating individ-
ual portfolio valuations. Mathematically, it is more convenient to interchange the order

of integration (Fubini’s Theorem). This yield the following proposition.

Proposition 10.6 (Dynamic Trading Perspective). The value of government debt at t = 0

satisfies

+E

/ < / & ;m) siKedt

/ ( / & ;m) (1— 0,2 5267 %dt] (10.16)

This equation discounts aggregate cash flows (surpluses and service flows) free of
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idiosyncratic risk like equation (10.13) obtained from the buy and hold perspective.
But importantly, the “stochastic discount factor” ¢;* in this equation is a net-worth-
weighted average of individual stochastic discount factors. Since a single agent’s indi-
vidual net worth weight 77! co-moves negatively with her SDF &, the discount factor
is lower (discount rate is higher) than the usual unweighted average discount factor
(used in the buy and hold perspective). It turns out this weighted average SDF is not
a mere mathematical artifact from swapping integrals but has an economic interpreta-
tion. It is the correct marginal rate of intertemporal substitution of aggregate cash flows
for a pseudo-representative agent who is forced to distribute aggregate consumption to

individuals according to the equilibrium consumption shares c./C; in our model. We

discuss this interpretation in more detail below.

To derive valuation equations (10.15) and (10.16), we start by valuing agent i’s bond

portfolio at time t = 0.

We can write the evolution of the bond portfolio as

bi :
b—;f — drB 4+ dAl. (10.17)

Absent trading and payouts, the bond portfolio grows at the (stochastic) bond return

drB, but the actual portfolio value has to be adjusted for cash inflows bidAf’i due to

trading and payouts. Writing
drB =yt +or°dz,  dAY = yNdt+ o™z, + eMazi

and using Ito’s product rule, we obtain for the discounted bond wealth

d(&ipt B B - A
(‘:Citbit) = (P‘? —rf - gto-[/+l’ltA,l — g0 — Glt‘TtA'l) dt
19

-~

=0
+ (a[B + oM gf> A7, + (&ffi _ gt> a7 (10.18)

Here, the first part of the drift is zero by standard asset pricing logic because agent i

is marginal in the market for government bonds. Integrating over t € [0, T|, taking
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expectations, and rearranging yields
i Toivi [ A A izAj [ pi
chbh = —Eo | [ aibt| i — o™ — glot )t | +Eo [eheh] .

Optimal behavior implies a transversality condition limr_,., [E [CZTnIT] = 0 on total
wealth nl. of agent i as a necessary choice condition. Because total wealth consists of
bond wealth and capital wealth and the latter cannot become negative, a transversal-
ity condition for bond wealth b immediately follows. Consequently, the second term
converges to zero as T — oo and we obtain equation (10.19) in the limit. Under the
optimal trading policy, the initial bond wealth b} must equal the discounted value of

future payouts (=outflows) from the bond portfolio,
by = —E { | e (ut = o — i) dt] - (10.19)
0

As all agents hold the same constant fraction of their net worth in bonds (6} = &), the
value of the individual bond portfolio is simply the product of the agent’s net worth

share and aggregate bond wealth, bi = 7igPK;.

To characterize the trading process dAf’i, start from (10.17):

. dbl
dAb = Zt B (10.20)
bi
Because all agents hold the same fraction 0! = ¢; of their net worth in bonds, we have
bi = 57igPK;. As 7i loads only on the idiosyncratic Brownian and gPK; only on the
aggregate Brownian, their quadratic covariation vanishes and thus Ito’s product rule
simply implies ‘ ‘
dbj _ d(qKi) | dn;

b afKe o
Furthermore, the return on bonds can be written as (compare equation (10.6))
d(qBK
arB = WK sy
qy Kt
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Substituting the previous two equations into (10.20) yields

, dnit L
dAl = Bt + % = jiPdt + o dZ,
t

which implies

Ai B A,i ~Ai i
Mo = Pt 0, 0" =0 .

From the government budget constraint (10.2) and the definition of s;, we get
jif = —s/qf. (10.21)

Note that individual net worth ni and total net worth N; := (K + gP)K; have identical
drifts and volatility loadings on the aggregate Brownian dZ;, so that simply

inf _ d01/N) i

W n/N,
because 7! loads on the idiosyncratic Brownian dZ}, but N; does not. Combining the

net worth evolution (10.4) with the equilibrium portfolio weights, we obtain

o = (1 — ) X0t (10.22)

Thus, we show that the bond trading process satisties

W= s/, om0, o= (- )R (102

The first equation says that the proportional reduction in the value of all agents’
bond portfolios due to trading with the government equals the surplus-debt ratio s; / g7.
This term captures cash flows from payouts, not from retrading among private agents.
The second and third term capture such retrading in response to aggregate and idiosyn-
cratic shocks, respectively. Here, agents do not trade in response to aggregate shocks
as they are all exposed symmetrically, but agents do trade in response to idiosyncratic
shocks: they sell capital and buy bonds when they receive a positive shock and vice

versa.
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Combining the previous equations and using gPK; = B;/P: leads to the individual

valuation equation

By
1 =Y — IE
7707)0

+E { / il (1—8;) Xzﬁtzﬁdt : (10.24)
0

/0 giﬂiSthdi’ Pt

Finally, integrating over individuals i yields equation (10.15).

Comparison of the SDFs ¢; and ¢;* The SDFs used in equations (10.13) and (10.16)
are both free of idiosyncratic risk and imply the same aggregate risk premium, but they
differ with respect to their average rate of decay, the “risk-free rate” they imply. The
average SDF ¢ decays at the equilibrium risk-free rate r{ . It is thus a proper SDF in
this model that prices all assets free of idiosyncratic risk. The same is not true for the
weighted average SDF ¢;*. The latter decays at a rate r{ +G:0}', where 07 is the idiosyn-
cratic net worth volatility of agents (which is identical for all agents in equilibrium).
The weighted average SDF ¢;* therefore discounts safe cash flows at a higher rate than
the risk-free rate that contains a risk premium for idiosyncratic wealth risk. The rea-
son for this is apparent from equation (10.15) which inverts the order of integration:
while aggregate cash flows from bonds are free of idiosyncratic risk, each agent holds
a stochastic share 7! of the aggregate bond portfolio so that individual bond portfolios

do contain priced idiosyncratic risk.

These considerations imply that only equation (10.13) is a standard asset pricing
formula, a discounted present value formula using a SDF that prices all assets (at least
those free of idiosyncratic risk). But equation (10.13) can have a bubble and infinities
with opposite sign. It can be more informative to work with equation (10.16) instead,
as this equation makes the source of trading gains transparent. However, we need to
keep in mind that this equation uses a SDF that does not (in general) price the assets in

the economy correctly without additional service flow terms.

Relating the Dynamic Trading Perspective to a Representative Agent. The weighted-
average SDF may not be a proper SDF that prices assets in the competitive equilibrium
of our incomplete markets economy. Yet, it turns out to be the correct SDF of a hy-

pothetical representative agent who is forced to distribute aggregate consumption ac-
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cording to the consumption shares that arise in our incomplete markets economy. For
details on the representative agent formulation, we refer readers to Appendix B.3 of

Brunnermeier et al. (2024).

10.4.3 Counter-cyclical Safe Asset and Negative Beta

Setup for Numerical Illustration In this section, we illustrate the dynamics of our
model with aggregate risk in the context of a numerical example. To ensure that this
example captures a quantitatively plausible situation, in particular with regard to the
implications for government debt valuation, the example is based on a calibration.
However, because the most important takeaways from this section are qualitative, not
quantitative, we defer a description and justification of our calibration choices to Sec-
tion 10.6.

We introduce aggregate risk as shocks to idiosyncratic risk ;. We assume that the

idiosyncratic variance &7 follows a Cox-Ingersoll-Ross process,
2 2 0)? o
452 = —y (&t - (rr ) ) dt — o®5dZ; (10.25)

with parameters ¢, 07, 5% > 0.

We interpret periods of high idiosyncratic risk as recessions and want them to be as-
sociated with lower consumption and higher marginal utility. Rather than microfound-
ing this relationship explicitly, we simply impose an exogenous relationship a; = a(;)
with a’(+) < 0 that generates the desired correlation structure.

For government policy, summarized by debt growth net of interest payments, ji?,?>

we similarly impose a functional relationship 1% = ji%(;) with (ji%)/(-) > 0. For suf-
ficiently large (ji®)’, this ensures that primary surpluses s; = —jiPqP are positive for
low idiosyncratic risk (in expansions) and negative for high idiosyncratic risk (in reces-

sions). Primary surpluses therefore correlate negatively with marginal utility and any

22To be precise, the government also chooses the nominal interest rate i;. However, in our flexible
price model, this policy choice merely affects the equilibrium inflation rate but not real allocations or
asset prices.
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agent in the economy would require a positive risk premium for holding a (hypotheti-

cal) claim to primary surpluses, a feature that is empirically plausible.

Imposing tight functional relationships between &; and the other exogenous vari-
ables a; and iy is somewhat stylized but allows us to keep the state space of our model

one-dimensional. This is helpful to illustrate global dynamics.

We also remark here that, for our numerical example, we replace logarithmic prefer-
ences of households with stochastic differential utility with relative risk aversion y > 1,
but we continue to assume a unit elasticity of intertemporal substitution (EIS). We elab-
orate more on the details in Section 10.6. This modification does not matter for the
qualitative behavior of the model, but it allows us to generate quantitatively realistic
aggregate risk premia. This is important to capture the full extent to which pro-cyclical

primary surpluses reduce the value of the cash flow component.

Equilibrium Dynamics of Bond and Capital Values Figure 10.1 illustrates the equi-
librium dynamics of the value of the government bond stock qB (blue line) and the
value of the capital stock X (red line) per unit of capital in the economy by plotting
these valuations as a function of the state variable . The gray shaded area depicts the
stationary distribution of &. g® is strictly increasing in idiosyncratic risk whereas gX is
strictly decreasing. We can interpret this observation as flight to safety from capital to
bonds in times of elevated idiosyncratic risk. We discuss implications for the pricing of

(diversified) equity from flight to safety in Section 10.4.3 below.

Because output comoves negatively with & by construction, the monotonicity pat-
terns of g%(#) and X (&) imply that bond valuations are counter-cyclical whereas cap-
ital valuations are pro-cyclical. It is this counter-cyclical valuation that makes govern-
ment bonds a good safe asset in the presence of aggregate risk. We analyze the source

of the counter-cyclicality in the following subsection.

Analyzing the Two Bond Asset Pricing Terms Separately We now consider the two

terms in the government debt valuation equation derived from the dynamic trading
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Figure 10.1: Equilibrium asset valuations ¢® (blue line, left scale) and gX (red line, right
scale) as a function of idiosyncratic risk ¢. The gray shaded area in the background
depicts the (rescaled) ergodic density of the state variable &.
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Figure 10.2: Decomposition of the value of government debt as a function of idiosyn-
cratic risk &. The blue solid line shows the present value of primary surpluses (qB'CF ),
the red solid line the present value of service flows (qB'SF ) and the black dashed line the
total value of government debt (g%), all normalized by the capital stock.
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perspective, equation (10.16). Figure 10.2 plots the two present values

gBCF(7) = E /O ( / giqui) siKedt | 59 = 7, Ko | /Ko,

qB,SF(ﬁ) — F / Kp.

(o) i . o B ~ ~
/ (/ éiﬂidl) (1—0,)? Y2072 =dt | &y = 7, Ko
0 P,

The blue solid line shows the present value of future primary surpluses (cash flows)
B,CF
g5

iosyncratic risk and has a low — in fact negative — value. Comparing the present value

as a function of the single state variable &. This value is strictly decreasing in id-

of surpluses g%CF K in our model to the market value of government debt g®K, which is
represented by the black dashed line in Figure 10.2, reveals a large gap (4% — qF)K,
a “debt valuation puzzle”. In addition, when compared with the present value of sur-
pluses g% K, the total value of government debt 45K has also the opposite correlation
with the aggregate state. Yet, there is no puzzle from the perspective of our model:
government debt is a safe asset valued for its service flow from re-trading which is rep-
resented by the component ¢%5F (#). As the red solid line in Figure 10.2 shows, this
value is positive, large and positively correlated with ¢;. This additional component
dominates the overall dynamics of the value of government debt and is the reason that
qP appreciates in bad times despite the simultaneous drop in g%CF. That g%5F must
be positively correlated with ¢ can also be seen from the present value equation: for
our policy specification, residual net worth risk (1 — 9;) xd; is increasing in &3, so that
an increase in idiosyncratic risk increases the value of insurance service flows from
re-trading.?*

F

The correlation structure apparent in Figure 10.2 implies that, if the two claims g5¢

B,SF

and g could be traded separately, the cash flow claim would be a high-f asset,

while the service flow claim would be a negative-p asset. The presence of this second,

Z3Relative to equation (10.16), here an additional factor 7 appears because we no longer assume log-
arithmic preferences.

24This is not an entirely rigorous argument as it ignores changes in the discount rate. The effective
discount rate in the weighted-average SDF [ &inidi can both increase or decrease with the aggregate state
7t depending on whether the aggregate risk premium increases or decreases. Note however, that the level
of idiosyncratic risk does not directly matter for the effective discount rate because the risk premium on
idiosyncratic risk exactly offsets the lower risk-free rate due to a precautionary motive.
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negative-B component makes government debt as a whole a negative  asset. Govern-

ment debt emerges as a “good friend” also with respect to aggregate shocks.

We remark that, while the exact numbers in Figure 10.2 depend on our calibration,
the broad qualitative pattern described in this section is fairly robust, so long as the
calibration is consistent with the following two stylized facts about US primary sur-
pluses: (1) the average primary surplus is close to zero or even slightly negative and
(2) primary surpluses are pro-cyclical. Fact (1) implies that even a risk-free claim to
the cash flows would have a non-positive value and, together with fact (2), the most
likely outcome is a negative cash flow component that has a positive 8. The model can
then only generate a large positive total value of government debt if the service flow

component dominates.

The Possibility of Insuring Bond Holders and Tax Payers at the Same Time In our
simple setting, households are both capital owners and bond holders. In this section,
we conceptually separate each household into two sub-units, a capital owner and a
government debt holder. Surprisingly, it is possible to follow a government policy that
provides insurance against negative aggregate shocks for both tax payers and bond
holders at the same time. By cutting taxes (or even granting subsidizes) for capital
owners in recessions, their tax burden is positively correlated with their income pro-
viding insurance to tax payers. At the same time, the safe asset service flow rises in
recessions, which provides insurance to government bond holders. This finding in our
incomplete market setting with a safe asset is in sharp contrast to traditional asset pric-
ing in which either tax payers or government bond holders can be insured, but not
both.

We remark that the government nevertheless faces a trade-off also in our setting. By
making debt issuance more counter-cyclical, tax payers become better insured whereas
insurance to bond holders is reduced. This is the case because bond holders are also
exposed to the cash flow component, which captures the conventional logic. However,
the trade-off is considerably more favorable because the cash flow component repre-

sents only a small fraction of the total value of debt.
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Volatile, Flight-to-Safety Prone Equity Markets The presence of idiosyncratic risk
and government debt as a safe asset has also implications for equity markets. We ex-
plain here why the diversified equity portfolio does not emerge as a safe asset and how

flight to safety can generate quantitatively large additional equity return volatility.

First, why are stocks not safe assets? In our model, agents can hold a diversified
stock portfolio. Like government bonds, this stock portfolio is free of idiosyncratic risk
and thus allows agents to self-insure against idiosyncratic consumption fluctuations.
However, unlike government bonds, stocks are poor aggregate risk hedges as they are
ultimately claims to capital, which looses in value in recessions. This implies that stocks

are positive-p assets in our model.

To understand why stock prices fall in times of high idiosyncratic risk, even though
idiosyncratic equity risk can be diversified away, note that the marginal holder of cap-
ital in our model is always an insider who has to bear the increased idiosyncratic risk.
As a consequence, when idiosyncratic risk goes up, so does the insider premium earned
by the managing households, which is achieved by a reduction in the dividend that is
paid to outside equity holders. This makes stock dividends more procyclical than pro-

duction cash flows, so that stocks lose value precisely when idiosyncratic risk goes up.

When evaluating the diversified stock portfolio with regard to the key characteristic
of safe assets, the Good Friend Analogy, stocks fail to qualify as safe assets in the same
way as government debt does. Stocks have the good friend property only partially:
stocks are valuable when an agent experiences a negative idiosyncratic shock, but due

to their positive B, they are not in bad aggregate times.

Second, how does flight to safety generate volatility? While the focus of this chapter
is on government bonds, our model can also match the empirical mean and volatility
of the excess return on the stock market in excess of government bonds as we discuss
in Section 10.6 below. The realistic Sharpe ratio is clearly a feature of recursive prefer-
ences with a high risk aversion, but the ability of our simple model to generate large

return volatility in the presence of realistic levels of output variation is noteworthy?

Z5This is so because we work with preferences that feature a unit EIS. It is well-known from the long-
run risk literature that recursive preferences can also generate large return volatility, but only if the EIS is
sufficiently larger than 1. In contrast, the mechanism we describe here works even for EIS < 1.
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and directly related to the existence of safe government bonds.

To gain intuition, let’s abstract from the distinction between capital and outside eq-
uity?® and consider the following equation, which aggregates the intertemporal budget

constraints of all households:

g¥XK; + gBK; = E;

< S Gmdic gl (10.26)
v [ Cimdi

In many macro asset pricing models, government debt does not represent positive
net wealth, g% = 0, and thus equation (10.26) implies for such models that the value
of the capital stock equals the present value of future consumption. In other words, in
these models, pricing the aggregate equity claim is equivalent to pricing the aggregate
consumption claim.”” In the presence of realistic consumption volatility, large volatil-
ity in capital valuations gKK; is then hard to generate (and requires substantial time
variation in the SDF [ &lyidi).

Our model with g% # 0 suggests an additional explanation for the high observed
stock market volatility. When idiosyncratic risk ; rises, there is a flight to safety that
increases the value of bonds (47) and lowers the value of capital (gX). Even in the
absence of changes in the present value on the right-hand side of equation (10.26), this
portfolio reallocation generates flight-to-safety volatility in capital valuations and thus in

the stock market.

To understand how much flight-to-safety volatility matters quantitatively, we com-
pare the excess stock return volatility in our model to the one generated by a version
of the model without government debt. In that alternative version, g% = 0 at all times
and thus flight-to-safety volatility disappears.”® We find that the average (annualized)

excess return volatility in the alternative model would be 2.4% as opposed to 11.7% in

26 As discussed previously, a state-dependent insider premium will ensure that equity values and
capital values move in lockstep despite the fact that idiosyncratic equity risk can be diversified away.

27Because the equation results from aggregating individual intertemporal budget constraints, the SDF
used in this pricing equation is again the weighted-average SDF as in the dynamic trading perspective.

ZFormally, we selection the “non-monetary” equilibrium in our model (degenerate solution ¢ = 0 to
equation (10.12)). We keep all parameters as in our baseline model.
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our baseline model.”” We can therefore conclude that flight-to-safety volatility accounts

for more than three quarters of the overall excess return volatility in our framework.

10.5 Safe Assets, Bubbles, and Convenience Yield

10.5.1 Safe Asset Tautology and Loss of Safe Asset Status

In this section, we clarify the relationship between safe assets and bubbles as well
as the fragility of the safe asset status. We offer two key takeaways: First, while safe
assets and bubbles are two distinct concepts, they complement each other. If an asset is
associated with a bubble, it is more likely to be a safe asset. Second, safe-asset status is
fragile and may be lost when the bubble pops. The same asset with the same payoffs
might be a safe asset in one equilibrium, but not a different equilibrium. In this sense,
a safe asset is safe because it is perceived to be safe, a tautology. In contrast to our stan-
dard equilibrium selection (compare Section 10.3), in this section — and in this section
only — we do not restrict attention to stationary equilibria in which government bonds
have a positive value. Then Proposition 10.3 does not apply and multiple equilibria

may possibly arise.

Bubbles and Safe Assets. While bubbles and safe assets are distinct concepts, there

is a complementarity between bubbles and the negative  property of safe assets:

First, low-f assets can sustain bubbles more easily that high-f assets. A bubble on
an asset is possible if, in the buy and hold perspective, the discounted terminal value
does not necessarily vanish in the limit. For example, in the case of government debt,
the terminal value may not vanish if IE [¢7B7/Pr| does not necessarily converge to
zero as T — oo (compare equation (10.13)). In the long-run, the value of government
debt Br/Pr grows on average at the same rate as the aggregate economy, so that the

discounted terminal value grows on average at the rate

g — 1/ — risk premium on gov. debt

29 As the benchmark asset in the alternative model, we choose a zero net supply risk-free bond, the
most common choice in the literature.
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where g is the average growth rate of the economy and 7/ is the average risk-free rate.
The (average) risk premium on government debt scales linearly with its (average) S,
at least approximately. Hence, the smaller is the 3, the larger is the growth rate of the
discounted terminal value and the easier it is to sustain a bubble on government debt.

The same argument applies of course also to other assets than government debt.

Second, a bubble component can lower an asset’s f and thereby make it safer. To
understand this point, take again government debt as an example but now consider
the dynamic trading perspective, equation (10.16). Suppose the situation is as depicted
in Figure 10.2 with a cash flow component that has a positive g and a service flow
component that has a negative 8.3’ The relative contribution of the two components
to the overall value of government debt determines the size and sign of the asset’s B.
The service flow component is proportional to the market value of government debt
whereas the cash flow component does not directly depend on it. A bubble component
raises the market value of the debt and thus increases the relative contribution of the

service flow component, which lowers the asset’s .

The previous discussion implies that the safe asset status can be bubbly. An asset
whose cash flow component has a sufficiently large f may be safe in some equilibria but
not safe in others. Specifically, in an equilibrium in which the asset has a (sufficiently
large) bubble component, the service flow component dominates, it has a negative total
B and its required risk-adjusted rate of return is low, such that the asset can easily
sustain the bubble. In a different equilibrium without a bubble component, the cash
flow component dominates, the total § is positive and, as a result, the risk-adjusted

rate of return so large that the asset does not appear to be able to sustain bubbles.

Bubbly safe assets give rise to the Safe Asset Tautology: the asset is safe in a given
equilibrium because it is perceived to be safe, but there are alternative equilibria in
which the asset is not safe. In these alternative equilibria, the asset has a positive  and
is therefore not a good friend after negative aggregate shocks. When government debt
is merely a bubbly safe asset, the safe asset status can be fragile. If markets coordinate

on a different equilibrium, the bubble bursts and the government loses the safe asset

30 As we have explained previously, this is the relevant case to make sense of the empirical facts about
primary surpluses and debt from the perspective of our theory.
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status together with the fiscal space it implies.

Bubbly versus Fundamentally Safe Government Debt. In our model environment,
a precautionary savings motive arising from uninsured idiosyncratic risk can depress
discount rates sufficiently to make bubbles possible. But importantly, it depends on
government policy how strong this precautionary savings motive is. If the government
makes bonds more attractive by raising higher primary surpluses (equivalently, by low-
ering jiP), the bond wealth share ®; increases, idiosyncratic risk sharing improves and

the precautionary motive is dampened.

A government that makes its debt very attractive can therefore raise discount rates
sufficiently to eliminate any space for rational bubbles. Under such a policy, govern-
ment debt can still be a safe asset, however. In this case, government debt is a fun-
damentally safe asset whose safe asset status does not require the continued belief of

market participants in its safety, unlike for bubbly safe assets.

The simplest way to retain a safe asset status in the absence of a bubble is for the
government to give up insurance of tax payers in recessions and make the B of the
cash-flow component negative. Alternatively, there may still be a sufficient amount of
residual idiosyncratic risk for the counter-cyclical service flow component to be sub-
stantial even though the precautionary savings motive is not large enough to sustain
bubbles. In this case, also a mildly pro-cyclical surplus process may be consistent with

safe government debt in the absence of bubbles.

Selecting the Public Debt Bubble. When the safe asset status is bubbly, a government
with access to a richer set of policy tools than considered in this chapter may still be able
to select a unique equilibrium. Brunnermeier et al. (2021) analyze how fiscal policy and
asset regulation can affect the set of possible equilibria in environments with public

debt bubbles. Their results also apply to our model:

The government can impose a number of specific policy measures that target bub-
bles on alternative assets or give an advantage to government bonds: it can eliminate
private Ponzi schemes by imposing no Ponzi conditions on private agents through in-
solvency laws, it can tax competing bubbly assets, and it can use financial repression

tools such as reserve and liquidity requirements to generate additional demand for its
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own liabilities. But most importantly, if a government can credibly commit to create a
fundamentally safe asset off equilibrium by raising surpluses, it can eliminate all other
equilibria. Hence, a government with sufficient backup fiscal capacity does not need to

fear a loss of the safe asset status of its debt.

10.5.2 Privately Issued Safe Assets and Convenience Yields

So far, we have emphasized government debt as a safe asset. In this section, we dis-
cuss safe asset issuance by private agents. We also elaborate on the difference between

service flows derived from retrading and convenience yields.>!

Privately Issued Safe Assets. Assume that each agent can issue nominally risk-free
bonds, just like the government. The safe asset definition, based on the Good Friend
Analogy, applies equally also to such debt instruments issued by private citizens. For
any individual asset holder, government bonds and privately issued safe bonds are per-
fect substitutes. As a consequence, the equilibrium interest rate i} that private agents

have to pay on their bonds equals the government’s, i} = i.

In equilibrium, agents are then indifferent as to how many bonds to issue and how
many privately issued bonds of other agents to hold. Privately issued bonds are equally
suitable as safe assets for their holders. However, private bond issuance also comes
with a short position in the bond for the issuing agent. In the same spirit as before, we
can value the short position by determining the present value of net payouts that an
issuer makes to all bond holders. That valuation exercise reveals that the short position
generates a negative service flow for the issuing agent. This negative service flow re-
sults from the fact that the agent repays outstanding debt after negative idiosyncratic
shocks and issues additional debt after positive idiosyncratic shocks. While the cash
flows generated from this contingent bond issuance are zero on average, they are sys-
tematically correlated with marginal utility and thus tend to increase the overall riski-

ness of the agent’s portfolio.

Once we aggregate all long and short positions of all privately issued safe bonds, the

31 For the equations presented in this section, we revert back to the logarithmic preference specifica-
tion.
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service flows “earned” by bond holders and the service flows “paid” by bond issuers
exactly cancel out. Therefore, unlike government debt, private safe asset creation does

not generate net service flows for the economy as a whole.

Convenience Yields. A conclusion from the previous part is that Ai; := if —i; = 0,
the yield spread between privately issued and government debt is zero. Government
debt is not special. In the presence of idiosyncratic risk, a precautionary motive de-
presses all asset returns symmetrically. Equivalently, a service flow from re-trading can
be derived from all assets that are both free of idiosyncratic risk and tradeable on liquid

markets.

Such a service flow is conceptually different from a convenience yield. A conve-
nience yield on government debt captures the special role that government bonds play
in certain transactions. It can be measured by a positive yield spread Ai; > 0 between
government debt and safe corporate debt of equal maturity. In contrast, the service
flow from retrading we emphasize in this chapter affects also safe corporate debt. It is

therefore unrelated to the spread Ai;.

We can once again price government debt according to our two valuation perspec-

tives:

Proposition 10.7. In the model with convenience yields, the value of government debt at t = 0

satisfies from the buy and hold perspective:

By .. T2 T . B = Br
o = fim (E /0 ZsiKidt| + E /0 g +JE{§TP—T] ,

and from the dynamic trading perspective:
By o 0 , 2 2.2\ Bt ]
= | [ grskidt| +E | [ e (si+ (-0 =any
Po {ogtstt%r {0 t<lt+( t)XUt)Pt

From the latter, dynamic trading perspective, the service flows from bonds in the
utility function (captured by Ai;) and from self-insurance through retrading (captured
by (1 — l9t)2 X?07) appear symmetrically. However, the buy and hold perspective re-

veals an asymmetry. The convenience yield still enters the valuation explicitly as a
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service flow term. In contrast, the service flow from retrading is absent in this perspec-
tive. Instead, it is implicitly contained in the stochastic discount factor ¢; and results in
a lower discount rate due to precautionary savings as well as — potentially — a bubble

term.

The terms arising from the buy and hold perspective are the ones that are typically
measured in empirical asset pricing. The best an empirical researcher can do when
estimating a SDF based on aggregate asset price data is to identify ¢;. When looking
at yield differences between safe corporate and government bonds, the empirical re-
searcher identifies an estimate of Ai;. The importance of self-insurance service flows

can only be determined indirectly, e.g. by finding a bubble component.*?

10.6 Calibration and Quantifying the Bubble Mining Laf-

fer Curve

In this section we describe the calibration underlying the numerical illustration pre-
sented in Section 10.4.3 and argue that it leads to predictions for asset prices and macro

aggregates that are broadly realistic.

Details on the Model Setup Recall that 7; is assumed to follow the Cox—Ingersoll-Ross
process, as specified in Section 10.4.3, equation (10.25). For the functional relationships

for a; and i, we choose parsimonious linear specifications

a(5;) = a° — a"(5; — &), (10.27)
B = B0 4 a8 (5 — 5°) (10.28)

with parameters aY, ﬁB'O, a?, and 5. Sufficiently large coefficients a®, a8 > 0 ensure

that output, consumption, and primary surpluses all fall when idiosyncratic risk rises.

In order to match certain aspects of the data better, we also make two small mod-

32The presence of a bubble component in the buy and hold perspective means that even at the low
discount rates implied by ¢t, cash flows s;K; and convenience yield service flows Ai;3;/P; are insuffi-
cient to explain the total value of government debt. The same always remains true if we discount at the
higher rates implied by ¢;*, so that the self-insurance service flow must explain the gap.
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ifications to the model itself. First, for our model to generate a quantitatively realistic
price of aggregate risk, we replace logarithmic preferences with stochastic differential
utility with unit EIS and arbitrary relative risk aversion v > 0: household i maximizes

V{, where V} is recursively defined by

[ = mevi (tog(ch) - 1= tog (11 )))ds].

In the special case v = 1, this specification collapses to our baseline specification with

Vi =E,

logarithmic utility. Second, to separate the level of investment from the adjustment cost
parameter ¢, which governs fluctuations in investment and capital prices, we consider

the slightly more general capital adjustment cost function
S(1) =L+ (-1

with the additional parameter (°. All solution formulas for the baseline model remain

valid for this more general specification if we replace a; with a; — i and 1; with 1; — /0.

Following the same steps as in the baseline model, we obtain the slightly modified

equation
Erldo) = (p+ 7 = (of = (1= 1)of ) of = (1 00 207 ) o,

where (th is the volatility of ¢ := g + gK.

we now also have to characterize the process v; as it affects the BSDE for ¢; through
the term ¢?.% To characterize v, we start from the costate equation (a necessary opti-

mality condition by the stochastic maximum principle), which is here given by

i i ivei | OH]
E[dgy] = — (an(Ct/Vt)gt + anit> dt
t

o i
=— ((1 — y)plog(ci/ni) — plogvy —p + py" + n—i — G0 — ltazll> gidt

t

3There is no need to solve for v; in the baseline model because there it enters the value function
additively and thus only impacts total utility but not optimal choices.

273 / 315



CHAPTER 10. SAFE ASSETS

) . . N 2 .
= - ((1 — 7)plogp —plogvs + i — (o —of ) o = (&) ) Gidt,
(10.29)

where the last line uses c!/n} = p and the price of risk. We also know & = v;(ni)~7

and applying Ito’s lemma to this equation yields for the drift term
, . 1 \ 2 N2 N\
E/[d2]] = (u? o+ LED () (o)) - wfaf") St (1030)

Combining equations (10.29) and (10.30) and solving for y{ yields

. 1 \ 2 \ 2 ,
ul =yl — v ('7;‘ ) <<O.tn,z> + (5.:1,1> ) + yolol
. . . . N 2
- ((1 —7)plogp — plogv; + " — (WZ” — UZ’) ot = (ffl”) )

= plogvi 4 (7 —1) (plogp—i—y?,i _ % ((q”’i)z + (thnfi>2> +Uf(7;l,i>

] N2
=plogv+ (y—1) (plogp+y?+<l>(zt) — —% (((7?) +(1—19)2X2(7t2) +0’f0’?> ,

where in the last line we use that individual net worth has the same drift and aggre-
gate volatility as aggregate net worth 7;K;, while its idiosyncratic volatility is (ft”’i, as

determined previously. The previous equation for y} leads to a second BSDE
]Et[d’(?t] = ]«l?l)tdt

that has to be solved numerically jointly with the BSDE for ¢; stated previously.

Numerical Model Solution. As before, we solve the model numerically using a finite
difference method. For our numerical solution, we impose the functional relationships
% = 9(t,0¢), v+ = v(t,0¢) and use the known forward equation for the state variable
0t to transform the two BSDEs into partial differential equations in time t and the state
t. We choose suitable terminal guesses for the functions ¢ and v>* at a finite terminal

time T and solve the two PDEs backward in time using a finite difference method. We

3Specifically, we use the functions implied by the steady state equilibrium with & = &° forever.
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Table 10.1: Parameter Choices

parameter description value parameter description value
0 07 stoch. steady state ~ 0.54 G gov. expenditures 0.138
P % mean reversion 0.67 1180 118 stoch. steady state  0.0026
o7 72 volatility 0.4 ol a slope 0.072
X undiversifiable risk 0.3 b 1B slope 0.12
v risk aversion 6 capital adj. cost 8.1
o time preference 0.138 0 capital adj. intercept ~ -0.022
al a; stoch. steady state  0.625 ) depreciation rate 0.055

choose T sufficiently large such that an increase in T no longer changes the solutions at
t =0,9(0,-) and v(0, -), noticeably. These solution functions ¢(0, -) and v(0, -) represent
our numerical approximation to the stationary (Markov) equilibrium functions &
), v(F).

Calibration Strategy We calibrate our model such that, when we feed in a quanti-
tatively realistic process for idiosyncratic risk, the model generates variation in macro
aggregates and aggregate risk premia that are broadly consistent with US data. We
briefly outline our calibration strategy here. The resulting parameter choices are sum-
marized in Table 10.1. Additional details as well as a description of the underlying data

sources can be found in Appendix A.10 in Brunnermeier et al. (2024).

We normalize the time period in our model to one year. Because ours is a continuous-
time model, this is merely a choice of units that does not affect any results. With regard
to the parameters ¢°, 1, 7 of the exogenous risk process &;, we tie our hands by esti-
mating them externally. Specifically, we choose these parameters such that &7 closely
matches, in a maximum likelihood sense, the common idiosyncratic volatility (CIV) fac-
tor proposed by Herskovic et al. (2016). For the share of undiversifiable idiosyncratic

risk, X, we choose an intermediate value of ¥ = 0.3 based on previous broad literature.

We choose the nine parameters 7, p, av, G, ﬁB'O, a?, ob, o, % such that the model
generates values for a number of moments that are broadly in line with the empirical

evidence.*® These moments are the average ratios of consumption, government expen-

%We do not employ a formal simulated method of moments estimation but merely adjust parameters
manually to achieve a good visual fit.
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ditures, primary surpluses, capital, and debt to output, the average investment rate,
the volatilities of output, consumption, investment, and the surplus-output ratio, and
the equity premium and equity sharpe ratio.*® Our empirical moments are based on
a sample from 1970 to 2019 just prior to the start of the covid pandemic with two ex-
ceptions. The first is the debt-output ratio. Over the largest part of our sample period,
this ratio has exhibited a clear upward trend. For this reason, we target the average
over the last decade in the sample (0.71) instead of the average over the full sample
(0.37). The second exception is the average investment rate, IE[I /K], which we do not
compute ourselves but take directly from Cooper and Haltiwanger (2006), who report

a value estimated from micro data.

Matching the average ratios is directly informative for the average value of the en-
dogenous variable ¢; and the parameters p, a’, G, ]JLB'O, and /0. Requiring the model to
match the macro volatilities is standard in the business cycle literature and also ensures
that the model generates a broadly realistic amount of aggregate macro risk.”” While
including the surplus volatility is less standard, this moment is important to discipline
the (cyclical) variation in primary surpluses, a key ingredient into the valuation of gov-

ernment debt.?8

Finally, requiring the model to match the equity premium and equity
sharpe ratio ensures that this aggregate macro volatility is realistically priced in capital

markets.

The remaining parameter 6 does not affect anything of interest for the purpose of
this chapter.>” We set it to 0.055, a value slightly smaller than but broadly in line with
typical calibrations. With this choice, the average growth rate of our model economy is

2.0%, close to the empirical counterpart of 2.1% in our sample.

Model Fit. Table 10.2 summarizes the quantitative model fit. In addition to our target

moments, we report in Table 10.2 also a number of untargeted moments: the correla-

%6 Volatilities of macro aggregates are at the quarterly frequency. Equity moments refer to annualized
quantities but are measured at a monthly frequency.

3 These moments also discipline the model parameter a” and ¢.

3That moment also disciplines the parameter a5.

¥This is due to the combination of the AK structure of our economy with a unit EIS. The former
implies that § merely affects the growth rate of the economy and the latter that income and substitution
effects from permanent variations in growth rates cancel out.
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Table 10.2: Quantitative Model Fit

moment model data
symbol description

(1) targeted moments

oY) output volatility 1.3% 1.3%
o(C)/o(Y) relative consumption volatility 0.61 0.64
o(I)/o(Y)  relative investment volatility 3.35 3.38

a(S/Y) surplus volatility 1.1% 1.1%
E[C/Y] average consumption-output ratio 0.58 0.56
E[G/Y] average government expenditures-output ratio 0.22 0.22
E[S/Y] average surplus-output ratio -0.0005 -0.0005
E[I/K] average investment rate 0.12 0.12
E[g8K/Y]  average capital-output ratio 3.48 373
E[g®K/Y]  average debt-output ratio 0.74 0.71
E[d7E — drB] average (unlevered) equity premium 3.59% 3.40%
% equity sharpe ratio 0.31 0.31
(2) untargeted moments
p(Y,C) correlation of output and consumption 0.98 0.92
(Y, I) correlation of output and investment 0.99 0.94
p(Y,S5/Y)  correlation of output and surpluses 0.98 0.60
a(qBK/Y)  volatility of debt-output ratio 4.8% 2.0%
E[rf] average risk-free rate 5.18% 0.64%
o(rf) volatility of risk-free rate 5.47% 2.25%

Notes: For x ¢ {drf —drP,+/}, o(x) denotes the standard deviation of x and p(x,) denotes the correlation of x and y, both at a
quarterly frequency. Inputs x and y are HP-filtered with smoothing parameter 1600. For x,y € {Y,C,I, G}, we take logarithms
before filtering. [E[x] denotes expectations over the ergodic model distribution, inputs x are not HP-filtered. x € {drf — dr®,+f}
refer to annualized returns measured at monthly frequency and are also not HP-filtered. Y: (aggregate) output, C: consumption, I:
investment, G: government expenditures, S: primary surplus, rf: risk-free rate; K, qK, qB, drB, d7E are defined as in Section 10.2.
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tions of consumption, investment, and primary surpluses with output, the standard
deviation of the debt-output ratio, and the average and standard deviation of the risk-

free rate.

Section (1) of Table 10.2 reveals that our model achieves overall a very good fit to
the targeted moments. As we have varied only nine of our parameters to match twelve
moments, this is by no means a trivial observation. Most importantly, our model is con-
sistent with the observed large equity premium and price of risk (Sharpe ratio) while
at the same time matching the volatility and comovement of macro aggregates. This
verifies that our model is capable of generating realistic aggregate risk premia without
requiring excessive real volatility. Notably, our model achieves quantitatively plausible

aggregate risk pricing with a moderate risk aversion parameter (-y) of just 6.

Quantifying the Bubble Mining Laffer Curve When idiosyncratic risk is large, safe
asset demand may be sufficient to sustain a public debt bubble. This is indeed the case
for our calibration. As Brunnermeier et al. (2021) point out, such public debt bubbles
represent a fiscal resource that can be “mined” for revenue as a substitute for taxa-
tion. However, the ability to mine a bubble does not imply that a government can
expand spending without limits. Bubble mining affects the sustainability of bubbles

and thereby creates a “debt Laffer curve”.

Here, we briefly revisit the Laffer curve logic and then use our calibrated model to
quantify the Laffer curve for the US. The main takeaway is that the negative  property
of government debt matters considerably. The (average) maximum permanent deficit
is above 2% of GDP in our dynamic model but merely 0.1% if we hold idiosyncratic

risk constant over time.

The Laffer curve logic follows from the following simple formula for primary deficits

per unit of capital*’

_ ~B_B
=St = Ui 4t -

The first factor, jiP, measures revenue raised by bond issuance that is not distributed to

bond holders in the form of interest payments. If it is positive, the claim of old bond

40This equation, in turn, follows immediately from the government budget constraint.
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2.5% ‘

. dynamic model
~ =Gy = 50 (steady state)
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Figure 10.3: Debt Laffer curve for dynamic model and in steady state (constant &;) when there
is a bubble on government debt. E[i5] is varied by varying parameter 7% while keeping all
other parameters as in Table 10.1.

holders is diluted by the issuance of new bonds, i.e., a higher ji? represents a tax on
existing bond holders. The second factor, g7, is the tax base, the real value of existing
debt (per unit of capital). Permanent deficits are possible if this tax base remains pos-
itive even for (permanently) negative primary surpluses. That this is a possibility can
be seen from both perspectives to debt valuation discussed in Section 10.4.2: the value
of debt remains positive despite negative surpluses if, in the buy and hold perspective
(equation (10.16)), a positive bubble term offsets the negative surplus term, or, equiv-
alently, in the dynamic trading perspective (equation (10.16)), the service flow term is
sufficiently large. In this case, the tax base is positive, but it nevertheless reacts nega-
tively to an increase in the rate of bubble mining ji7.*! This negative reaction creates a

Laffer curve.

The blue line in Figure 10.3 depicts the debt Laffer curve for our calibrated model.

#'We can see analytically that higher ji% lowers the equilibrium value of g® in steady state, compare
the formulas in Section ??. Outside of the steady state, equation (10.9) tells us that there is a negative
relationship if an upward shift in jiP at all dates decreases ;. Equation (10.12) suggests that this is indeed
the case, but additional technical considerations are required to make this a fully rigorous argument.
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Specifically, the figure plots the average deficit-GDP ratio that can be sustained for dif-
ferent debt growth policies of the form (10.28) with identical a? (identical cyclicality of
debt growth and surpluses) but varying ji??, i.e. the average level of (interest-adjusted)
debt growth varies across different policies on the x-axis. The implicit assumption in
Figure 10.3 is that ¢ remains unchanged, so that larger deficits imply smaller output

taxes.*?

In Figure 10.3, if the bubble is mined too aggressively so that the average i exceeds
7.3%, the government fails to raise additional real revenues. In particular, there is a
limit to bubble mining and the government still faces a constraint on real spending.
Our calibrated model suggests that the average primary deficit that can be sustained
by bubble mining is bounded above by 2.25% of GDP.

It turns out that the negative B property is very important for the qualitative and
quantitative shape of the Laffer curve depicted in Figure 10.3. If we abstract from
counter-cyclical idiosyncratic risk and consider a constant level of & = ¢° instead, the
resulting Laffer curve is as depicted by the red dashed line in Figure 10.3. This steady-
state Laffer curve reveals two differences compared to the dynamic model. First, the
Laffer curve is quantitatively tiny. The maximum (average) permanent deficit is merely
0.1% (and it is reached at a much lower average value of ji®). Second, the steady-state
Laffer curve quickly decays to zero, so that the tax base is more quickly eroded as the
government dilutes the claims of existing bond holders at a faster rate. Instead, in
the dynamic model, agents hold on to some bonds even at very large levels of aver-
age (interest-adjusted) debt growth rates of more than 10% despite the high inflation
rates that they imply. The reason is that the insurance against adverse aggregate events

makes bonds attractive for agents even if they pay negative rates of return on average.

“2]f instead the increased revenues from bubble mining are used to fund additional government ex-
penditures (higher (), the slope of the Laffer curve is uniformly smaller.
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10.7 Exercises

Consider the model of Lecture 10 with log utility and without government policy
(P =i = ¢ = 1 = 0).*3 In this problem, we add stochastic volatility to the model.

Suppose idiosyncratic risk 0; evolves according to the exogenous stochastic process
dﬁ't = b(a’ss — 5’t)dt —+ v/ 5’tdzt,
where ¢7%°, b and v are positive constants.

1. Use goods market clearing and optimal investment to express gX, g% and ¢ in

— _14
terms of ¢ := L

2. Derive the “money valuation equation" using martingale method:

(a) First, write down:

* Returns on capital (drf’f) and bonds (drf” ), and the law of motion for
individual wealth ng. Keep in mind that gX and g are now stochastic

processes.

* Prices of idiosyncratic and aggregate risks, ¢; and ¢; respectively. You

may take as given that prices of risk are volatility loadings of net worth.

(b) Use the martingale pricing condition:

E[drf’] E[arf] (o
dt ar o\

B U Ki /B
—of )+ &@ —a))

and market clearing conditions to derive an expression of the form u! =
f(84,0¢), where function f only depends on model parameters (the “money

valuation equation”).**

3. Suppose that v = 0 and the economy is at the steady state with &; = 7*°.

#3There can still be a (constant) supply of bonds B; # 0.
ird

to
9K +qP

#You should derive an expression for y! using Ito’s Lemma and the definition of ¢; :=

K B
substitute yf - y? in the martingale condition.
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e Derive expressions for 4%, gK and ¢ in the monetary and non-monetary
equilibria.

¢ What is the smallest value of 7*° that allows for a monetary equilibrium?
Denote this value by ¢>°. .

* Suppose that 0*° > ¢,". , what happens to g5, ¢X and ¢ as &°° rises?

e Suppose that 0 < & < &%, , what happens to 45, gX and ¢ as & falls?

min’
4. Suppose that v > 0 and solve the model numerically:

(@) Seta=02,¢=1,6 =0.05p=0.01,5 =0.2,b = 0.05, v =0.02.

(b) Since 0; follows a Cox-Ingersoll-Ross process, it is distributed according

to Gamma distribution with parameters a = 2b5%° /v? and B = 2b/v?:

F@) = Bt

I'(a)

Based on this, suggest a grid for ¢ and construct the M matrix using build_M.m.

Hint: The function shares the same logic as in Chapter 6.

(c) Apply Ito’s lemma to & = ¢(d%), and equate the drift term with 1941?,
using the expression for u? from question 2. This gives you an HJB-looking

equation for 9(7).
(d) Solve the model using value function iteration:

i. Rewrite the money valuation equation such that in the discretized form
you get:
pd = u(9) + M9

ii. Write a loop that updates ¢(7) with the implicit method:

O n = ((1 + oA — AtM) o (Atu(ﬂt) 4 ﬁt)

iii. Iterate over (&) until convergence.
Hint: Following is main code for VFI under the assumption of log-

utility.
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1 %% Solution VFI
2 v = ones(N, 1)/2;

v0 = v;

w

for i = 1:maxit
6 u = v0.*(1-v0)."2.*xsigt."2;
v = update_v(v0, sigt, rho, u, MU, S, dt);

9 d = max(abs(v-v0)/dt);
10 if d < tol

11 break

12 end

13 vo = v,

(e) Plot 9, qB, qK, v, ¢, ¢ as functions of 7.%° Explain the dependence of the

variables on .
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CHAPTER 11. MONEY AND BANKING: I THEORY OF MONEY

Chapter 11

Money and Banking: I Theory of Money

11.1 Introduction / Overview

In this chapter, we extend the simple model introduced in Chapter 8 to a two-sector
setting with financial frictions, allowing us to investigate the role of financial interme-
diaries in the transmission of monetary policy. This chapter builds on the framework

developed in Brunnermeier and Sannikov (2016).

We use several tools to analyze the model. First, we adopt a total wealth numeraire,
which simplifies many of the derivations by normalizing prices relative to the econ-
omy’s total wealth. Second, we apply the “benchmark asset” approach to portfolio
choice, which enables us to isolate deviations in asset returns relative to a reference
asset and simplifies derivations. Lastly, we rely on several techniques developed in
Chapter 4, including methods for handling heterogeneous agents, dynamic optimiza-

tion, and risk-sharing constraints.

The extended model yields several important economic insights. Intermediaries
emerge as key actors due to their expertise in risk management, which gives them an
advantage in allocating capital under uncertainty. The presence of money, especially
when markets are incomplete, has nontrivial implications for how risks are shared
across the economy. In particular, inflation risk can actually help complete markets

and improve overall risk sharing. Furthermore, monetary policy that responds en-
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dogenously to the nature of economic shocks can enhance welfare by improving the
allocation of risk. Finally, we highlight the “Paradox of Prudence”: efforts by indi-
vidual agents or intermediaries to act prudently in isolation can, in aggregate, lead to
worse outcomes for the system as a whole, due to feedback loops and systemic risk

amplification.

11.2 Economy without versus with Outside Money/Gov.
Bonds

11.2.1 A Model with an Intermediary Sector

Households. There is a continuum of households of measure one. Denote the house-
hold sector by h. Each household (k,1),1 € [0,1] operates a firm that has a CRS produc-

tion technology
vt = a"kp
The capital stock of each household evolves according to

diklt . '
A T 7

T~ {cp@t ) — (5] dt + 0dZ + 5dZ!
t

The households face both aggregate risk (dZ;) and idiosyncratic risk (de) in the capital
accumulation process. Incomplete markets make it impossible for the households to
insure each other against the idiosyncratic risk. Nevertheless, they can reduce their

exposure to idiosyncratic risk through the intermediary sector.

Finally, the households have logarithmic utility

Eo {/ e Plog ci"fdt} :
0
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Intermediaries. There is a continuum of identical intermediaries. Denote the inter-
mediary sector by I. The intermediaries are not involved in production. Instead, they
have competitive advantage in risk management. Each intermediary holds shares of
all individual firms and diversifies the idiosyncratic risk of each firm to go("def where
0 < ¢ < 1.' The following figure shows the balance sheets of intermediaries and

households in this economy.

Firms T

A Househol_ds i.. L
A Intermediaries L fy A!é"—nw L -
Out-Mone : 2 .
Capital 9 Inside
q:K: 9 equity
Debt 3 Net worth

(real vs. nominal) — Debt

(real vs. nominal) B

I

Figure 11.1: Balance sheets

The intermediaries take deposits from the households (real or nominal) and invest
in shares of household-operated firms (risky claims). The intermediaries also hold out-
side money issued by the central bank. The intermediaries have limited capacity of
risky claim issuance. The fraction of risk held by intermediaries x! cannot exceed a

certain threshold y < 1.

The intermediaries also have logarithmic utility

Eo {/ e ?'log c{’;dt} .
0

! Although intermediaries hold shares of all firms, they are still subject to idiosyncratic risk. One
way to generate this is through unequal exposure to different firms. Suppose that intermediary 7 allo-
cates fraction (1 — ¢) of their portfolio equally across all firms and puts the remaining mass ¢ into one
single firm 7. Because the (1 — @) portion of risk diversifies away, the intermediary is exposed to & of
idiosyncratic risk.
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Monetary Policy. The intermediaries also hold government-issued outside money

(narrow money and government debts). The quantity of outside money follows

dMB;

.A/Bt = }/l{VBdt + U{\/det.

In this chapter, we continue to use the notion “outside money” as a reminder that in-
termediaries can create "inside money" (privately issued debts).

Frictions. There are two frictions in this economy

* The intermediaries can only issue a limited amount of risky claims (x; < X).

* The intermediary can only issue debts to the households (incomplete markets).

Specifically, we will study and contrast two situations

1. Nominal debt issuance (monetary economy)

2. Real debt issuance only (non-monetary economy)

An equivalent expert-household setting. Note that the model with intermediaries is
equivalent to the following expert-household model that resembles the ones in Chap-
ter 3 and 4. Consider a Basak-Cuoco economy with experts and households where
both groups have the same productivity (a° = a’*), but experts are better at managing

idiosyncratic risk (0¢ < ah.

A Experts i
Out-Mone
' A Households ]
i (real \Eenlztminal) K{}tht

S | Net worth

kq.K,
tqelie Dbt
(real vs. nominal)
Net worth

Figure 11.2: An equivalent model
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The experts hold «¢ fraction of capital and the households hold /' = 1 — «¢ fraction
of capital. Since a° = a", allocation of capital has no effect on aggregate productivity,
which is the same as in the model with intermediaries where all capital is owned by
households. It can also be shown that any risk allocation induced by a (k¢, ') pair can
be replicated in the model with intermediaries by the correct choice of x!. The skin-

in-the-game constraint on the experts corresponds to the constraint on intermediaries

XtX

11.2.2 Solution Method

As in Chapter 8, let gK be the real price of capital and g*® = MB;/PiK; be the
normalized price of outside money. Then the real value of total capital stock is gKK; and
the real value of total outside money is g{"®K;. Define the total wealth of the economy

as N; = (gX + g/P)K; and the fraction of nominal weath as & = g/*®/(gK + g/'P).

To study the portfolio problems of intermediaries and households, we first state the

utility maximization problem of agent (i,7) as

max B [ / e P'log c’fdt}
{10y el Y 0
dnit i
s.t. t = f,dt + (1 — 07)drK (i) + ¥ drbm
né’l ny'

i i given.

Here r/"™ is the return on a benchmark asset, which corresponds to either nominal or

real debt in this model. Similar to Chapter 8, the return on capital is?

7 "
drk (i) = “q‘f + o) — 6+ + ool q; w8 4 (of " — ofB)oB| L dt
t t

ZHere we omit the index on the idiosyncratic Brownian motion dZ;. This is because the interme-
diaries hold claims of all individual firms, and technically, their exposure should be f;&de. We have
assumed that the intermediaries can only diversify away a part of the idiosyncratic risk (e.g., Z{ are
correlated with each other), so f;&dZi = @odZ; where Z; is a single Brownian motion.
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+ <‘7‘|“7t +q;—o't )dZt-l— [1{1 ne+ - gdZ;. (11.1)
t

The intermediaries are also subject to the following “skin-in-the-game” constraint:

I (1—95)’7{ .
=2 K
Xi 1_l9t —X/

where 57/ = N!/N; is the wealth share of the intermediary sector. To understand this
equation, note that (1 — 6/)}/ = (1 — ¢)x! are two expressions of the same variable —

the intermediaries’ risky claims as a fraction of the total wealth in the economy.

Equations (8.6) and (8.7) still hold. That is, given ¢;

1+ ¢ v . 1+ (1—8)i—p

K
=(1-%)——"L—, = —"—, = 11.2
Qt ( t>1_l9t+¢p CIt t1_19t+4)p Lt 1_19t+(,bp ( )

Throughout the rest of this chapter, we will proceed in the N;-numeraire as we once

did in Section 4.2.2. We postulate that

% = uldt + ofdz;, in the Ny-numeraire]
t
dg ni ni i

ht; = —r/dt —¢/'dZ; — ¢ let [in the N;-numeraire]
Gt

The drift of individual SDFs no longer equal to the risk-free rate. This is because by

Itd’s quotient rule,

i ¥
yf N = _py— uN 4+ oN(oN + g}tl’l) # —11. [in consumption numeraire]

Ideally, we would use different symbols for variables denoted in the N;-numeraire.
However, that would make the notations overly cumbersome, and, as a result, making
this chapter unreadable. Hence, we will continue to use the same notations but keep

in mind that all variables are denominated in the N;-numeraire hereafter.

In equilibrium, all households have the same SDF, so

h/ _ ~/‘_
' _rtr Gt = G, Gt = Gt~
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Note ¢; is unchanged under the new numeraire. To solve for risk allocation between
households and intermediaries and ¢, we once again utilize the price-taking social

planner’s problem from Section 4.2.1. In this model, it corresponds to

max By |dri'] /dt — el + it o — |glox! +aixt] o, stoxl+ad =1,
XtSX

where drY is the return of the total wealth in the economy and ¢7X is the excess risk
of capital relative to the benchmark asset. The definition of benchmark asset varys
depending on the specific model (e.g., nominal debt vs. real debt). In the N;-numeraire,

the total wealth is constant, so dr,* = 0. The first-order condition is then
cio7" + ¢loo < ¢ioi + ¢lo. (11.3)

The FOC holds with equality if intermediaries’ credit constraint is loose (x! < x). Anal-
ogous to Section 4.2.2, the evolution of sectoral wealth shares can be obtained from
martingale asset pricing equations on agents’ portfolio return. In the Ny-numeraire, the

net worth of agent (i,1),i € {I,h},i € [0,1], n” ! becomes

i i i

e _ My Nt _ Fid % i

Ne NN " G /
t f t ~—~—~ N~

within-sector wealth share  sector i’s wealth share

where Nf = fol ni’idf is the total net worth of sector i. Again, consider two assets

* Asset A: agent (i,1)’s portfolio return in terms of total wealth, that is ni’i/ N; =

77; liyt 3 The return to this asset is

d_ ~l 1 CZIZN/N d d ~l l

(77" np) + ( t p)dt 77t i th + pdt.
i "

Remember that this model is scale-invariant, so all agents within the same sector

make the same consumption-portfolio decisions. Hence, 17;’1' only moves because

of individual agents” exposure to idiosyncratic risk, which implies [E; [dﬁﬂ = 0.

3Note that variables that are ratios of two other quantities (e.g., ﬁ;’i, nl) are numeraire invariant.
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As before, we use the following notation*

dni i i ditt "
Dt — v ol'dz, T =5Tazi

; =

(11.4)

e Asset B: a benchmark asset (bm) that everyone can hold. In this chapter, asset bm

is either real debt or money in terms of total wealth. Note that both these assets

are free of idiosyncratic risk. Denote the return on bm by dr?™ = pb™dt + g?™d Z;r.

The martingale asset pricing equation is then
Wl o — = (Ut”i - crf’") +¢iol
Take 7! -weighted sum across the two sectors (i € {I,h})
Sl - = Yol (cf?i - af””) +Y niciol
i i i

Since Y17l =1, Y qiyfl =Yy 171'0;71 = 0. Also, since ' =1 —y/,

h I
—
Log utility implies
1_ i h_ o it g A~ “h ATl
Gt = 0p Gt = 0y —_1_;71‘71" 6t =0 Gt = 0y
t

(11.5)

(11.6)

(11.7)

The asset pricing equations can thus be simplified to the following “benchmark asset

4In Ny-numeraore, individual net worth ni” evloves according to

d i i i i S =
(”fl, M) _ 1 dt v o dz, + 67 a7,
¢ 13
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evaluation equation”

N 2 N 2

bm ' i ~7

0 — M =Y 7 ( 0, ) +Yn (Ut ) : (11.8)
~—— i i

excess return on N N _

-

net worth weighted risk premium

Subtracting (11.6) from (11.5), we get the drift of 17% as

—i

.”7 :(1_7711;) Gi(‘ff _Ufm)_g;i(ay _Ut )+€t‘7t -G 0} } (11.9)

where —i = {I,h}\i denotes the other sector in the economy. Since each agent’s port-
folio contains a linear combination between the benchmark asset and capital, her net

worth (in the Ni-numeraire) 17t 11t has a loading on the aggregate risk of

= 0io?" + (1 - 0})o]" = o™ + (1 — 6})o7, (11.10)

where 1 — 6} = Xi &L - (1 — 0) is the portfolio weight on capital of agents in sector i. Sim-
1t

ilarly, since the benchmark asset is idiosyncratic-risk-free, ﬁ;’lng’s exposure to idiosyn-
cratic risk depends on the portfolio weight on capital,
i (1—-0) s ifi=1

o] = , . (11.11)
(1-6)e ifi=h

11.2.3 The Non-monetary Economy

In this subsection, we consider a non-monetary economy where outside money has
no value and intermediaries can only issue real debts. This is exactly the Basak-Cuoco
economy in Chapter 3 with an additional idiosyncratic risk component. Equation (11.2)
tells us that in consumption numeriare

1+ ¢i i—p
M3 K

:‘(_9 :0’ —_= , = .
L T e T T
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In this economy, the benchmark asset bm is the risk-free real debts issued by interme-

diaries. In the N;-numeraire, O'tbm = —O'tN = —0. Therefore, from (11.1) we know that

K
ok =g} —af’”z(UJrat —qt M —oN| - (-=oN) =0.
Clt

K
Further, notice that since U? =0,

K
of :U+at qt—at —oN =o.

Qt

Equations (11.9) and (11.10) then imply

g =l od =l A\ o 1=\
t nt 77t(1_’7t) t (’71> ( I>

1_771
0;7 — glgbm = Xt —to, (11.13)
ur

so the aggregate risk is not perfectly shared as long as x! # 7. However, investment
rate 1; and capital price gK are constant (in consumption numeraire). This is because
the changes in 7/ induced by aggregate shocks are fully absorbed by movements in the

risk-free rate, which can be computed from (11.8).

To conclude the model, we can plug (11.11) and (11.13) into the FOC to the planner’s

problem (11.3) to solve for x! as a function of the state /:

I _ min ’7(‘7t+ )
= { 2 (1= yDg? + e "}

The evolution of qtl is governed by the SDE consisted of (11.12) and (11.13).

11.2.4 The Nominal Economy

In this subsection, we consider a monetary equilibrium where outside money is

positively valued and the intermediaries issue nominal debts (inside money) to the
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households. In this setting, the benchmark asset bm is the nominal money (inside and

outside). In the Ni-numeraire, the risk of capital and money is

K
o =c+a] —I—qt—at —aN,
t
AMB
Utbm:a—i—(ff —(TtMg—UtN

The second equation is derived from the fact that in consumption numeraire dr{'f =
d(l /Pt) _ d(q{VBKt/./\/Bt)
1 / Pt Q{VBK,ﬁ / ./\/B t

MB
K M3 (o) g
O.th O_tq 0_;1 (1 Qt ) O_t/\/t’j' t t

. Hence,

Qt

M8 A K
Because N; = (¢ + gK)K;, 1td’s lemma implies N = ; b (c+ol )+ st (o +
t

K
o/ )°. We can rewrite the risk of money as

M3 M3 M3 gk K
o =c+of —of - qNZ;MK(o—w? R e G
t t t t
:af—at/\/g.

Equation (11.10) then implies

I XI
of = of" + (1-6])0} :(—;_1>(‘th\/8_‘7;9)-
un
(41
Postulate that ¢; = ¢(57}). By Ito’s lemma, 0 = 9 ((;7;)) 1 Solving for i7; 0y , we get
M
Xl — !
1 _ — M3
00, oi ",
o — i O (r)nt t
1 + i
77t 8 (n;)

Both sectors’ balance sheets are perfectly hedged against aggregate risk if c}*® = 0.

M3
This result is achieved via inflation risk (o] ), which effectively completes the market

SThe risk of aggregate capital stock is simply oKX = o.
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for aggregate risk. As such, a strict inflation targeting might not always be desirable.

Again, we can plug (11.11) and ¢/ ' = 0 into the FOC to the planner’s problem (11.3)

to solve for x! as a function of the state n!:
Xt ur:

I
1 . 7y _
X; = min X0 (11.14)
t {(1—77{)402+17{ }
, , d(q/PK:/ MBN;)  d(8;/ MBy)
In the N;-numeraire, the return to money is dr?"” = t = .
' y t q{VBKt/./\/BtNt 19t/./\/8t
So ubm = u? — 4 and (11.8) becomes the following money evaluation equation

(cF =0)

I 2 1 I 2
p—uf + = (1-0)° {qozn{ (%) +<1—m1)<1_f7‘§> 152 (11.15)

t

The drift of 5/ is given by (11.9)

2 2
I I 1 — ol y
W= (—gha—e)?|[X) ¢*— —X§> 2. (11.16)
uh 1—n;

To solve the model, postulate that ¢; = 19(17{ ,t). By Itd’s lemma,
I
iy = 08 + (9, 8)nini .

Plugging in (11.15) and (11.16), we get the following PDE

1\ 2 1\ 2
M 1- _
ﬂt{pﬂtt —(1—) {(pzﬂf (%) —(1—17t’)<1_;c§) ]‘72}
t t

Xl 2 1— 2
30 + (3y Oy (1 — 1) (1 — 61)° (—ﬁ) ¢ — ( ;) 2,
uh 1—n;

where x! is given by (11.14). We can start with a terminal condition (5!, T) and solve

this PDE backwards in time as in Section 6.1.1.
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11.2.5 Numerical Results and Discussions

Numerical Code. Following is main code executing the algorithm. We use the PDE

solver payoff_policy_growth.min Section 6.1.1

1 % solves chashless vs. monetary model in lecture 6

N

% required script: payoff_policy_growth.m

3 close all; clear; clc

5 %% parameters

6 a = 0.15; % productivity

7 rho = 0.03; % decay rate

8§ sigma = 0.2; % aggregate volatility

9 sigmaldio = 0.3; % indio volatility

10 phi = 23 % investment function parameter

11 chibar = 0.5; % risk claims upperbound of intermediaries

12 varphi = 2/3; % diversification ability of intermediaries for idio risk
13 delta = 0.03; % decay rate

14 tol = 1le-3; % tolerance

15 muB = 0.01; % monetary policy: constant

16 sigmaB = 0; % monetary policy: constant

17 lambda = 0.5; % lambda = dt/(1+dt), dt is the time step

18

19 %% Grid

20 etaLength = 300;

21 eta = (linspace(0.001,chibar,etalength))’; /), wealth share of intermediaries

22 8 = zeros(etalength,1);
23 G = zeros(etalength,1);

25 hth —-------—--- Cashless Economy -- closed form solution ------------ %%
26 % cashless -- vartheta = 0
27 varthetaCashless = 0;

28 % real price of capital

29 qKCashless = (1l+phixa)/(l+phix*rho)*ones(etalength,l);

30 % normalized price of outside money

31 qBCashless = zeros(etalength,1);

32 % Investment

33 iotaCashless = (a-rho)/(l+phi*rho)*ones(etalength,1);

34 % risk share of intermediaries

35 chiCashless = min(etax*(sigma~2+sigmaldio~2) ...

36 ./(sigma~2 + ((l-eta)*varphi~2 + eta)*sigmaldio~2), chibar);

37 % drift of etal

38 muEtaCashless = (chiCashless-eta) . 3xsigma~2./eta.”2./(1-eta)

39 + (1-eta)*sigmaldio~2

40 .x((chiCashless./eta) . 2*varphi~2 - ((1-chiCashless)./(1-eta))."2);

41 % volatility of etal

12 sigmaEtaCashless = (chiCashless - eta)./eta * sigma;

43 % Risk free rate

44 PhiCashless = log(gKCashless)/phi;

45 riskFreeRateCashless = rho + PhiCashless - delta - chiCashless./eta*(sigma~2+sigmaldio
~2);
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88
89
90
91

92

93

hh ———mmmm—— - Monetary Economy -- iterative method ------------ %

% risk share of intermediaries

chiMonetary = min(eta./((l1-eta)*varphi~2 + eta), chibar);

% initial vartheta: start from steady state

varthetaSteadyStateMonetary = 1 - sqrt(rho)/sigmaldio/varphij;
varthetaInitMonetary = varthetaSteadyStateMonetary*ones(length(eta) ,1);

varthetaMonetary = varthetalnitMonetary;

for i=1:1500
% 1. compute updated coefficients
muEtaMonetary = (l1-eta) .* (l-varthetaMonetary). 2 * sigmaldio~2
.*((chiMonetary./eta) . 2*varphi~2 - ((1-chiMonetary)./(l-eta))."~2);
muVarthetaMonetary = rho + muB - (l1-varthetaMonetary)."2 * sigmaldio~2
.x(varphi~2*chiMonetary.~2./eta + (1-chiMonetary)."2./(1-eta)); % money

valuation equation

% 2. PDE time step, call payoff_policy_growth.m function
MU = muEtaMonetary.*eta;
newVarthetaMonetary = payoff_policy_growth(eta, muVarthetaMonetary, MU, S, G,

varthetaMonetary, lambda);

% 3. check convergence

absChangeVartheta = abs(newVarthetaMonetary-varthetaMonetary)/lambda*(1-lambda);

relChangeVartheta = absChangeVartheta./(abs(newVarthetaMonetary)+abs(varthetaMonetary

)) *2;
maxRelChange = max(relChangeVartheta);
if maxRelChange < tol
break;

end

% 4. update vartheta
varthetaMonetary = newVarthetaMonetary;
end
% real price of capital
gKMonetary = (l1-varthetaMonetary) .*(1 + phix*a)./(1 - varthetaMonetary + phi*rho);
% normalized price of outside money
gqBMonetary = varthetaMonetary.*(1 + phi*a)./(1 - varthetaMonetary + phi*rho);
% Investment
iotaMonetary = ((l1-varthetaMonetary)#*a-rho)./(l1-varthetaMonetary+phi*rho);
% drift of etal
muEtaMonetary = (l1-eta) .* (1-varthetaMonetary)."2 * sigmaldio~2
.*((chiMonetary./eta) ."2*xvarphi~2 - ((1-chiMonetary)./(l1-eta))."2);
% volatility of etal
sigmaEtaMonetary = zeros(etalength);
% Find risk free rate
PhiMonetary = log(gqKMonetary)/phi;
muVarthetaMonetary = rho + muB - (l-varthetaMonetary)."2 * sigmaldio~2
.*(varphi~2*xchiMonetary.~2./eta + (l1-chiMonetary)."2./(1-eta));

muP = (1./varthetaMonetary + 1./(1 - varthetaMonetary + phi*rho)).*muVarthetaMonetary.*

varthetaMonetary;

riskFreeRateMonetary = PhiMonetary - delta + muP - sigma~2;
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Numerical Results The equilibrium for the non-monetary economy and monetary is

as follows

0.5
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Figure 11.3: Non-monetary Economy (blue) vs. Monetary Economy (red)

Parameter Value Parameter Value

Iy 0.05 o 0.2
a 0.15 o 0.5
¢ 2 [ 0.4
0 0.03 ¢ 2
oMB 0 B 0.01 (monetary economy)

Table 11.1: Parameters for Baseline Model.

An Economy with Both Real and Nominal Debts. Including real debts in the mon-
etary economy does not alter the equilibrium at all®. This is because the markets are
already complete with respect to aggregate risk if there exist nominal debts. Adding
real debts will not change aggregate risk sharing and can not affect idiosyncratic risk

sharing.

®This result relies on the absence of price stickiness.
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The Role of Financial Frictions. Note thatif Y = 1 (i.e, the intermediaries are not con-
strained), then both models (non-monetary vs. monetary) converge to the one-sector
model in Chapter 8 in the long run. This is because the intermediaries will manage
all capital stock and the wealth distribution between sectors have no impact on risk

sharing.

Discontinuity at the Non-monetary Limit. In this model, the absolute quantity of
money MB; does not affect the equilibrium (although u*® does). However, as we
move from MB; > 0 (monetary economy) to M3; = 0 (non-monetary economy), equi-
librium dynamics jump discontinuously (as illustrated in previous sections). This result
is seemingly contradictory to the standard DSGE literature (e.g., Woodford, 2003). The
reason behind this discrepancy is that traditionary monetary models consider money

as a medium of exchange, whereas in our model money is a store of value.

11.3 The I Theory of Money

11.3.1 Model Setup

In Section 11.2.4, the intermediary sector is perfectly hedged against aggregate risk
and the idiosyncratic risk that households bear (”7 ) is constant over time. These two
results might seem unrealistic in practice, and in order to break them, we need the
intermediaries” exposure to aggregate risk to differ from the aggregate risk of the econ-
omy. One way of modeling differentiated aggregate risk exposure is to introduce two

production technologies that have different levels of aggregate risk.

Specifically, assume each individual firm has two technologies a and b. The two
technologies are Leontieff in the sense that their relative capital share is fixed. In other
words, each firm allocates (1 — ) fraction of its capital to technology a and  fraction
to technology b. The capital accumulation processes for both technologies are
dk;” _

o [@([’;5) - 5} dt + 0*dZ; + 5dZi,
t
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dkh,; .
b k’:f - [cp(ti”) (5} dt + o?dz, + #dZi.
t

b

where ¢ := ¢” — ¢® > 0. Total output is equal to:

Y; = AKy = A%(1 — §)K; + ALQK;,

with A% and AY being per-capital output for technologies a and b, determined endoge-

nously. Aggregate capital evolves as follows:

dks

= (q)(lt) — 5)dt + O'KdZt,
K

with oK = (1 — )c® + Po?, and returns on the two technologies are given by:

AF — A8
dri (i) = { th " + ®(1) — (5+Vt +0" ‘7t 6]{; [yt + (oy - U{‘”B)U{VB} } dt
t t

+ (ax + th + qt—at > dZ, + dZ;,
a5
for x € {a,b}. Further, assume that intermediaries can only hold risky claims of tech-

nology b. Their return on outside equity is given by:

dr?E,I = rOEdt + ((7/\/8 + ‘Tt qt_o't ) dZ; + eadZy,
ar

OEh _ g0 !

whereas households’ return is dr, + (1 — ¢)5dZ;. The balance sheets of

intermediaries and households are as follows
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A Firms1... L
‘ A Househol_ds i.. L
A Intermediaries [ A!ﬁ'.—”}li LL
Out-Mone .
Inside
Equity
Nominal Net worth
Debts Nominal
Debts ‘B
1

Net worth

Figure 11.4: Balance sheets

To be clear, capital ownership in the economy is

Tech. a | Tech. b held by intermediaries | Tech. b held by households | Total

1—-9 x! P —xi 1

Solution. The price-taking planner’s problem in N;-numeraire is
. - a - b ~ - ~
min (1= §)choi + [clxf + ¢l (@ — D) ™ + [cload + 1 —xD)] o
where 5 B 5 B
a - o —C b ol — 0o
i = —po - At = (=lo -

The FOC is (which holds with equality if x! < %)

I xKV | ~I ~ h _xKb ~
610 + G0 <gioy + G40,

i.e.,
9 _ MB i 1.1 9 _ MB
7' T AV 1— 8.) Xt o3 5« MY 1)t Y
at [( l/J)U' 1_l9t + ( 19t) ﬂt]q) gDU'_ 1_7]1}1 ( lIJ)U' 1_l9t
o
T PN 43 (11.17)
— Nt
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The rest of the model is the same as before. Since the return on money is

d(q t Kt/./\/Bth) d(ﬂt/./\/Bt)
Tt q{VBKt/-/\/BtNt ﬂt//\/Bt l(ﬂt Mt ) t ( t t)] ( b t ) t
yltam (Ttm

Equation (11.8) implies

o= [(uf — ) + B —of)| = Zn( )2+Ziji7i<1’7i)2 (11.18)

The drift of ! is still given by (11.9), (11.7) and (11.11),

,,]I

I h
My =(1-7nf) {Q{(Utn —of )—Qt( —of )‘|‘€t‘7t _C?‘Ttﬂ]f

2
I 2 1 2 10—771 - 2 I
=) | (o) + (o) (1’7”,71) () |~ et -t
t

(11.19)
The volatility of 5/ is given by (11.10)
o' = gt 4 (1 — oheK! (11.20)
I ¥ M3
9 M Xi 7 Ot — 0
=0 - At(q - 1—g)o— %
ot~ + X1 - [( Po— L= ]
Postulate that ¢; = 9(57}). By Ito’s lemma, ¢ = 19;9(;7’;);7 Lol so
t
1= xIA-9)r+ (x o8
;7t10.;7 — ( f) Xt1< l/J) /( 771‘) t ) (1121)
. nt (=8 ()nf
1 I I
Mt 8(1;)
M3

So the intermediaries are not perfectly hedged under ¢/ = 0. Amplification results
from the changes in the price of money relative to capital, #(77/). As long as the inter-
mediaries’ portfolio share of households’ equity (1 — /) is greater than (1 — &), the

overall capital share (so that x! > 7/), and as long as ¢(1!) < 0, amplification exists.
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SLAUI L, ((qf)'(v{)n{ N —<qﬁ>(’(7;f>n{ ) |
qr Tt

Amplification arises from two spirals: changes in the price of capital gX, i.e. the
liguidity spiral, and changes in the value of money g/'®, the disinflationary spiral. In
the region where intermediaries are undercapitalized (i.e. 7/ is low), negative shocks
are amplified both on the asset sides of intermediary balance sheets, as the price of
physical capital g¥(!) drops following a negative shock, and on the liability sides,
through the Fisher disinflationary spiral, as the value of money g*® (1) rises. Both
effects impair the intermediaries” net worth. Intermediaries” response to these losses
is to shrink their balance sheets, leading to fire-sales (lowering the price gX) and re-
duction in inside money (increasing the value of liabilities g/®). In other words, in-
termediaries take fewer deposits, create less inside money, and the money multiplier
collapses.” This again reduces their net worth, and so on. The “Paradox of Prudence”
emerges. Each individual intermediary micro-prudent behavior to scale back his risk

is macro-imprudent, as it raises endogenous risk.

Specifically, this feedback effects lead to a geometric series, which has been summed
up in Equation (11.21). Amplification becomes greater as ¥'(77}) becomes more nega-

tive, and as intermediary leverage (1 — /) rises.

Numerical Algorithm. Postulate that ¢; = 9(t,!). By [to’s lemma,

I 1 I 2
dd; = (910 + (8,719);1;7 ’7tI + E(awﬂ) (‘Ttﬂ ’7tI>

~~ Ut&l%
uiv

dt + (3,9)0” ! dz;
———

7In reality, rather than turning savers away, financial intermediaries might still issue demand de-
posits and simply park the proceeds with the central bank as excess reserves.
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Plugging in (11.18), we have
9 Oy 1 10y [ 1 ;\? 3,0 1
- [Tﬁ“%“y "t 5o (0? 175) R Cabt
. i . At 2
pa () o ()
i i

In a "PDE" form:

. {pwg\/ﬁ _ (M) [Zijni (a?i)2+2ij’7i (6?,-)2] }

I I 1 I 2
= a0+ @0t (! ot ) + 5@00) (o'

t
2
+

1

171 171 h =1 ~
where y, ,0/ ,0/ ,7/,

h
¢/ ,5/ are given by (11.19), (11.21), (11.7), (11.11). Further, x; can
be obtained as a function of 7/ by solving the planner’s FOC (11.17).

Numerical Analysis. Consider parameter values p = 0.05,a = 0.5, = 0.1, = 04,
()b:Z,(P:OZ,lI_):OS,X:OZLSand‘u'tA/B :ai/\/BZO

K MB

1.79 —a . 08 d

178! - 07

1771 - 06}

176} - 05}

1.75 - 04}

174 ' ' ' 03 ' ' '

0 01 0.2 03 0 01 02 03

7 7

Figure 11.5: Equilibrium prices of capital g€ and money g;'P.

Figure above shows the prices X (77) and ¢*5(1) of capital and money in equilib-
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rium. At/ = 0, the values of ¢ and /P converge to those under the benchmark
without intermediaries (Chapter 8). As 7/ rises, the price of capital rises and the price
of money drops. Money becomes less valuable as 5/ rises mainly because interme-
diaries create money, the inside money on the liabilities sides of the intermediaries’
balance sheets is a perfect substitute to outside money, and intermediaries” diversify

idiosyncratic risk away, which lowers the demand for money.
Figure below illustrates the equilibrium dynamics through the drift and volatility

of the state variable 7.

o =0.05
0.04

Drift

0.03 Volatility N
= = Fund. Volatility

-0.02

Figure 11.6: Equilibrium dynamics.

The drift of 57} captures the relative risk premia that intermediaries and households
earn on their portfolios relative to money. As intermediaries become undercapitalized,
the price of and return from holding claims on b-firms rises, leading intermediaries to
take on more risk. The opposite happens when intermediaries are overcapitalized - risk
premia decline and the households’ rate of earnings rises. The stochastic steady state
of 5! is the point where the drift of 7/ equals zero - at that point the earnings rates of

intermediaries and households balance each other out.

The left panel also shows the volatility terms: The dashed red curve shows the fun-
damental portion of the volatility of 77/. The solid curve depicts the total volatility that
includes the effects of amplification due to the liquidity and the disinflationary spiral.

Amplification becomes prominent when intermediaries are undercapitalized. While
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the left panel illustrates dynamics for our baseline parameters, the right panel reduces
fundamental risk parameter to o = 0.05. The right panel illustrates the volatility para-
dox: endogenous risk persists due to amplification even as fundamental risk declines.
We see that the maximal volatility of 7/ below the steady state stays roughly constant

as fundamental risk declines, i.e. amplification in this model can be very large.

11.3.2 The Transmission of Shocks

To understand how shocks propagate in this economy, we decompose the transmis-

sion of a negative shock to capital stock in the following steps.

Step1 Shock Onset

Suppose a nagetive shock dZ; < 0 destroys some capital ¢;K;dZ; in the economy.

Recall the evolution of net worth for each agent is

L= —pdt+ (1—0})drf (i) + o™,

Since the intermediaries are levered ((1 — 6}) > 1), the shock reduces their net worth
by a larger percentage than it does to the value of assets owned by intermediaries. As

a result, the leverage of intermediaries rises after a negative shock.

In the meantime, since the households are nominally insured ((1 — /) < 1), the
negative shock hits them less than the intermediaries in the sense that the households’

net worth shrinks by a smaller fraction.

Step 2 Deleveraging

As the intermediaries’ net worth declines, they have to reduce the size of their bal-
ance sheets by fire-selling their risky claims. If prices of capital and money are fixed,

pure deleveraging has no real impact.
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Step 3 The Liquidity Spiral

As the net worth of both groups falls after the shock, the total demand for capital
contracts. Hence, deleveraging results in lower price of capital and lower investment
rate. Drops in the capital price also hurt intermediaries’ balance sheets (as drX depends

on ny), leading to further deleveraging — which we call the “liquidity spiral”.

Step4 The Disinflation Spiral

The liability side of the intermediaries” balance sheets is also affected by shocks.
On the one hand, shrinked intermediary balance sheets mean that less inside money
is being created and total money supply decreases, and therefore, the value of outside

money appreciates (q7F 1, or disinflation).

On the other hand, intermediaries” ability to diversify idiosyncratic risk is impaired
after deleveraging, so the households have to bear more risk. The households in turn

demand more safe assets, and increased money supply leads to further disinflation.

11.4 Policy

11.4.1 Fiscal Policy

The government can impose a flow of transfers/taxes on individual agents dt”,

subject to a budget constraint

where T; is the government’s seigniorage income. In the models of Chapter 8 and 9,
we have assumed that the transfers are made to agents proportional to their capital
holdings. That is, drf'; = (ki’{/ K;)dT;. The government could also make the transfers
proportional to bond holdings (drti’; = (ni’;(l — 9;"’7) / MB;)dTy) or to net worth (thi’; =
(nlt";/ N;)dT;). It can be shown that if transfers are made to bond holders, then policy
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based on 7P,/ has no real impact. If transfers are based on net worth, the effects

of fiscal policy are between the two other cases.

Intra-temporal Transfer Policy. If the government can instead choose Tti’i in an un-
constrained way (while respecting its budget constraint), it can essentially complete

the markets for idiosyncratic risk and achieve first-best outcomes.

If the government is constrained to make only sector-specific transfers (Tti’f = 1/, Vi),
it can effectively control 7! by shifting resources between sectors. This constraint on
the government can be micro-founded by agents” hidden savings (e.g., Di Tella and
Sannikov, 2016)

Inter-temporal Transfer Policy. Now we focus on bond supply policies (u8, o*B).

We focus on the case where seigniorage is rebated to capital holders.

e A policy that uses 7P and transfers (6/*® = 0) affect only the drift of 9 (see eq.
11.18)

M3

* A policy that uses 0}'P and transfers (u/® = 0) affects the risk of money and

nominal bonds and therefore affects agents” portfolio choice.

Through Chapter 8 and 9, bonds are a bubble and backed by agents” demand for
nominal insurance. Hence, all transfers/seigniorage come from bubble mining (i.e.,
through bond supply policies). However, if the government also imposes taxes, a part
of the bond price (7{%) and its fluctuations will be induced by future taxes (see FTPL-
Equations). Thus, the government can generate transfers through changes of future

taxes, which we refer to as “inter-temporal” fiscal policy.

11.4.2 Monetary Policy.

Interest Rate Policy. To study monetary policy, we need to first introduce interests on
bond /money. Previously, bonds pay no interest rates and the fluctuations of its value

solely from inflation (1/7;). If we instead assume that bonds pay a nominal rate of i;,
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equation (8.5) becomes

d(1/P%)
1/P;

d(q/BK;/ MB;)
q{VBKt/./\/Bf

dr® =i dt + = i,dt +

M M M5 i
= {it+<I>(Lt) — 5+l — {thng(af —(TtM”)atNB} }dt+(0ﬁ — oM)dz?.
To study monetary policy without fiscal implications, we let /' = 0, so

drM? = {it —uMB L D(y) -6+ y?w} dt + UdeZf.
For now, we shut off transfers to capital holders by setting Tti’f = 0. If interest payments
on bonds are entirely funded by drift in MB;, the government budget constraint implies
i = uP, so changes in interest rate only affect inflation and have on real impact. Note
that this is a special case of transferring seigniorage to money holders, so variations in

V{VB (i;) are neutral.

Long-term Government Bonds. Now we introduce a consol bond, which has face
value F} and nominal price PL. The consol bond never matures but pays an interest
rate i-. In this subsection, we denote outside money by M; (whose nominal price is 1)

and MB; = M; + PFFF. With two bonds, the government budget constraint is
dM; + PFAFE = iy M, dt + iEFEdt.

Define the fraction of bond values that are not in short-term reserves as

Postulate that the price of a single long-term consol bond follows

dPt

— = nydt + UtpLdZt.
P,
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Assume that only intermediaries find it worthwhile to hold consol bonds. The martin-

gale pricing condition is that
E; [drtL - dr{\q /dt = (TtPL(T?.
Hence,
drk = drM + ol oldt + of dZ;.
In the total net worth numeraire, the return on total bond portfolio (MB;/N; = &) is
drf = uldt + o’dz;.
On the other hand, by definition

dﬁ:u—%mwuwm&

Therefore, the return on reserves
d r{w = (]/t}9 — z9tL(Ttp Uﬁ)dt + (of — 8tof )dZt

Note that reserves is the benchmark asset in this economy. Similar to equation (11.20),

the volatility of 7/ is

o = o™ 4+ (1- M — oo 0L (o — o)
1
oM Mg gty OOt
t ’7t
1-90 _ v -
¢ Xi(1—=%) (1— f)o— - +X(1 19t)1+19t 77t19L o
’7t 1—19 Ur
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: N ¢ _ @Dyl nt _pL_ (PYY'(D)ul '
Again, by Itd’s lemma, o7 = 300 o 00 = 80 o/ ,s0
I 1—) xI(1—¢)o
17{(7;7 - I I 1(,1 1( t) t(L / IIJ) I I I (11.22)
o () L PR () \ m —xp (L=0) — &
1 i 1 + 0y L] I
T 8(n;) P (n;) Ur

The new term in red can either mitigate or amplify the volatility. Suppose that the
interest rate policies (i; and i}) are such that the long-term bond price appreciates as
11 goes down, e.g. it is constant and i; is increasing in 1. In that case (PL)’ < 0 and
the term in red is positive for low 77, as 5/ — x} (1 — 8) — 0 < 0 if 57 is small. In this
case long-term bonds act as a hedge for intermediaries and mitigate volatility because

of interest rate policy.

11.4.3 Macroprudential Policy

Macroprudential policy usually takes the form of restrictions on the intermediaries’
leverage. In this model, we simply interpret it as the government directly controlling

the portfolio decisions of intermediaries (and households).

11.4.4 Three Policy Benchmarks

Inflation Targeting.

Removing Endogenous Risk. This benchmark of monetary policy aims at eliminat-

ing endogenous risk. That is, u/® = 0,0/ = ¢?. Now the FOC gives yx; in closed
form
Xl = min( 1 Ul . X) (11.23)
ni+ 1 —n))e?+ (1 - ¢)%0?/5?
and
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2 2 2

nt I o[ 1=2n] [l ) xi 2.2 1-x{\ .
e =(1=n)A=0)" | ——35 | 57| A=9)7c"+ |7 970 — o

: t 1—nH2 \n} ! !

The “money valuation equation" becomes
in"z i~77i2 1,0 1 noT
gqp— | (o) + 107 =90+ (9y8) (et ) +5(0m®) (oF i
1 1

We compare the equilibrium with and without (u** = ¢}*® = 0) monetary policy.

q MB
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Figure 11.7: Prices, drift and volatility of 17{ without policy (solid) and with (dashed).

The price of money falls since the intermediary sector creates more inside money: it
does not need to absorb as much aggregate risk to do that. As a consequence, the price

of capital rises - there is more demand for capital from both sectors.

Ultimately, monetary policy affects the degree of market incompleteness with re-

spect to sharing of aggregate risk, but it cannot disentangle risk and risk-taking. The
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allocation of capital, the value of money relative to capital, and earnings rates of sectors
a and b as well as intermediaries are endogenously determined by the risk profiles of

available assets.

Perfect Aggregate Risk Sharing. Finally, we can also set the intermediaries” aggre-
gate risk exposure to zero. Consider the model with long-term bonds and a policy that

1
ensures that the red term in (11.22) converges to infinity such that (7;7 — 0.

We obtain an economy with perfect sharing of aggregate risk. In this case the aggre-
gate risk exposures of all households and intermediaries is proportional to ¢X, and 7,

qf and q{VB have no volatility.

1.8 q
179¢ -
1.78
1.77
1.76
w/o Policy
1.75 == == No End. Risk
No Risk
1.74 . . . 0.2 . . .
0 0.1 0.2 0.3 0 0.1 0.2 0.3
n n
7

0.04 e 0.04
0.03+

0.03+
0.02;
0.01 ff 0.02}
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-0.02 . . . 0

0 0.1 0.2 0.3

Figure 11.8: Comparison on the degree of aggregate risk sharing.

Figure 11.8 compares prices, allocations and dynamics in the baseline model, un-
der policy that eliminates endogenous risk, and with perfect risk sharing. Equilibrium
moves further in the direction that it took with the application of policy that removes

endogenous risk. Specifically, the value of money falls, the steady state of 77/ moves
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closer to zero, and the volatility of 7/ becomes zero.

Qualitatively, what makes perfect aggregate risk sharing different is the fact that
the boundary condition without intermediaries no longer plays a role at 7/ = 0. The
absence of crisis dynamics contributes to the significant drop in the relative value of
money 9(7}).® Also, leverage of intermediaries rises without bound approaching 77 = 0
- in normal circumstances this would be impossible due to the rise of endogenous risk,
since endogenous risk is generated by the increase in leverage even in environment

when exogenous shocks are small (but not zero).

It is important to highlight one more time the observation that monetary policy
cannot provide insurance and control risk-taking at the same time. Leverage rises en-
dogenously the more risk sharing becomes possible. Asset allocation, together with
asset prices and risk premia, are also endogenous and dependent on the insurance that
monetary policy provides. Hence, the value of money & falls with perfect risk sharing,
which may be detrimental to welfare as we observed in the model without intermedi-

aries.

These links, which cannot be broken without macroprudential policy, have implica-
tions beyond the stylized elements of our model. In particular, loose monetary policy
can lead to excessive leverage in some sectors, reduced risk premia and, consequently,
bubbles in some asset classes. These can pose significant threat to financial stability.
Also, with incomplete markets, improving risk sharing along some dimensions does

not necessarily lead to higher welfare.
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