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Course Overview

Intro

Real Macrofinance Models with Heterogeneous Agents

Immersion Chapters
Money Models
i Single Sector: Money Model with Store of Value and Medium of Change

Safe Asset with Time-varying ldiosyncratic Risk

i Multi-Sector: Money Model with Redistributive Monetary Policy
Price Stickiness (New Keynesian)

i Welfare and Optimal Policies

| International Macrofinance Models |
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The Big Roadmap: Towards the | Theory of Money

m One sector model with idio risk - “The | Theory without I"
(steady state focus)
m Store of Value
Insurance Role of Money within a Sector
m Time-varying ldiosyncratic Risk and Safe Assest
m Fiscal Theory of the Price Level
m Medium of Exchange Role

2 Sector/Type Model with Money and Idiosyncratic Risk

m Equivalence btw Experts Producers and Intermediaries
m Real Debt vs. Nominal Debt/Money
Implicit insurance role of money across sectors

m Banking, | Theory, Redistributive Monetary Policy

Price Rigidities
Welfare analysis

m Optimal Monetary Policy and Macroprudential Policy

m International Monetary Models
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Optimal Policy

Finding the Optimal Policy is generally Complicated, we Need

Precise Definition of Policy Space
Analytical Tools to Characterize the Optimum

m One Side: Inefficiencies / Tradeoffs

m Insurance vs. Investment (One Sector/Type)
m Allocation of Assets / Risk (across Sectors/Types)

Other Side: “Large” Policy Space
m Controlling Money Growth Rate
m Macroprudential Tools / Wealth Redistribution
m Risk Redistribution

Approach

m Start with Simple Model
m Add Step-by-step More Model Elements
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Roadmap

m Expected Utility/Value function with log-utility

m One Sector Model with Stochastic Idiosyncratic Risk
m Two Sector Model

m With Exogenous Net Worth Share 7
m With Endogenous Net Worth Share 7
m | Theory (with Two Technologies)
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Welfare with log utility

m The welfare for any agent 7 of type i

E [ /0 T et |og(cf)dt]

v dNT o A
fip =1, =% — 57 qZ]
Ut

m Recall from general model with log utility
e
W P

- cf = ni(A(k) — Lt)Ktﬁ’;, using goods market clearing
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Welfare with log utility

m The welfare of any agent i is:
5| [T etontelyae] =& | [T e iogtuiamd - kiifat]
0 0
=E [/ e "t Iog(ni)dt] +E [/ e Pt log(A(kt) — Lt)dt:|
0 0

+E [ / e "t log tht] +E [ / e " log ﬁidt}
0 0
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Aside: Expected Integral

m Consider X; that follows de = U Xdt + Jf(dZt + &7 X427,
m Recall log X; — log Xy = fo dlog X

m Integral by parts:
o 1 o0
E [/ et IogXtdt] [ / log X;de pt}
0 pJo
1
= [ < log Xo — e_ptdlog Xt>]
p
m Apply to Itd's lemma:
x 1. xpo 1 ~ X
dIOgXt: M —5(0'1_.) —5( ) dt"‘(f dZt+ dZt
m Plug into expected integral

o 1 1 o 1 1
E / e Pllog Xpdt| = = log(Xo) + —-E / e P X — Z(0%)? = Z(65)? )dt
0 p P Lo 2 2
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Welfare with log utility

m The welfare of any agent i is: ignoring constant k’—gpﬂ

E [ /0 et Iog(cZ)dt} —E [ /0 et log(n}(A(ke) — Lt)KtﬁZ)dt]
= E [ /0 T et |og(n§)dt] +E [ /O et log(A(ke) — Lt)dt}

log 7 oo o 'y
o g0 empt( M- 7))

00 o0 .
+ E [ / et log tht} +E [ / e "t log ﬁgdt]
0 0

/

|°ng0 +E[fooo efpt(q)(bt)_a_ﬂ)]

P 2 B[ ert )dt]
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Welfare of Intermediaries | and HH h

m Intermediaries (Pareto weight \)

) =0 (oF)  (1—9e) R%z&%)dt]

E P log(A(k) —
[ e (togme -+ togae) — ) + e

m Households (Pareto weight 1 — \)

( ) ( t) (( ”)7)(7 )
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Overview

m Expected Utility/Value function with log-utility
m One Sector Model with Stochastic Idiosyncratic Risk

m Two Sector Model

m With Exogenous Net Worth Share 7
m With Endogenous Net Worth Share 7
m | Theory (with Two Technologies)
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One Sector Model with Stochastic Idiosyncratic Risk

= Each heterogenous citizen i € [0, 1]:
Eo [/ e "t (Iog(cf)) dt] where K; := /kidf,and o =0
0

d 7 7 4 T 4
st 20— Ctqr 1 arB 4 (1 - 00)(drf(]) — drB) & No Ponazi
ny ny

m Each citizen operates physical capital k!
= Output (net investment): yidt = (acki — JkD)dt

di i 5.d57 7
= (d)(Lt) - 6) dt + 6.4z +dAY, oK =0,

) (dZ! idiosyncratic Brownian)
m Output tax Tazk;dt
m Financial Friction: Incomplete markets: no dftf claims
m Aggregate risk &;, ar, g exogenous process by aggregate Brownian dZ;
m E.g. Heston model: d52 = —(62 — (6°)?) — 05:dZ; CiR-ensures 5 stays positive
m a; = a(6:), gt = ¢(5+)
= Money/bond issuing policy: dB;/B; = pBdt 4 oBdz,
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One Sector Model with Money/Gov. Bond
m Dynamics of ﬁ;:

il d(ni/Ni
Wi _ A/ N _ (1 g,)5,a20
Mt t

m Total wealth as numeraire has return p, drVN = pdt

= Money as return:

o/ d(V¢/By
drt/ :%: ,U Nt +‘7t( _Ut) dt + (o} _Utlrg)dzt
¢/ Bt =
N ~~ 9/B
408 Tt

m Money/bond valuation (FTPL) equation:

9/B ~ ~
P Mt/ = (Ut ) =(1- )2‘7?
Without policy, equation:
p—pi = (10057
has a unique solution ¥(5) € (0, 1) (if & sufficiently large)
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Recall Equilibrium

m Price of physical capital

1+ ¢a
K
—(1-9,)—— 29
w00y v
m Price of nominal capital
1+ ¢a
B
=%—
% t(l — ) + ¢p

m Optimal investment rate

(I1-d)a—p
(1—9¢) +¢p

Lt =

m Fraction of nominal wealth ¥;:

_ Vot uf — (o) —pi +ojof
1— 0 =

Ot
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Welfare

m Welfare for one sector model (no intermediaries): n =0,k = 0 is:

=a

ogKo 0 S —
%% 9 iE /0 e " log(A(ke) — 1¢)dt

p p

/

E[f et flog(p 25ty di]

0o ) e} 1— 2~2
+ E [/ e_pt—(bt)dt} —]E[/ et LTV g,
0 Pl 0 2p

L[ et log( LSS
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Optimal Policy

m Welfare is:

B | [Ter oo
0

p P> po+1— 13,
1 1)(1— v 1— 19,)252
—|——|og((a¢+ )( t))_( Jt) Ut]dt
po po+1—1; 2p
m Lemma: Problem collapses to a static problem for each t.
m Let ¥7(52) be be the maximizer of welfare (optimal policy).
9*(62) == ar maxilo (1—) — po+1 log(pp + 1 —V¢) — %
t): g 5 o g t o0 P t 20
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Optimal Policy

Red: equilibrium 7 in the baseline model
Black: optimal policy 9*

e ' equilibrium ¥ in th¢ baseline model
071
06
05t | ’
* A2 | 1 _9) _
e g
! +1 1-9)“6¢
03f ! pe log(p¢p +1—19) — a-9'
I 2p
0.2} | . .
[
0.1 |
[ ~
0 : . . L (o
0 01 0.2 03 0.4 0.5 06 07 08
i ¥
1-kp
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Pecuniary Externality Explanation

= Money/bond growth 1% affects

m Shadow risk-free rate
m (Steady state) inflation in two ways

7= 1 4 i — (S(?)) - )
—_——

m Proposition
m For sufficiently large & and ¢ < oo welfare maximizing 2 > 0.
B Laissez-faire Market outcome is not even constrained Pareto efficient
B Economic growth rate g is also higher

= Growth maximizing p8* > p®", s.t. p& =0, Tobin (1965)
m Corollary: No super-neutrality of money
m / : Super-neutrality only w.r.t. part of money growth rate that is used to pay

interest on money (Neo-Fisherian)
m £/5: Nominal money growth rate affects real economic growth by distorting

portfolio choice if ¢ < oo
(No price/wage rigidity, no monopolistic competition)
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Optimal Policy
m If the planner can control ¥, directly, she would set ¥, = ¥*(52)
A6, = % (64)5:dt 4 0% (64)5:dZ;
A0y = p?(6,)0.dt + 0% (64)0:d Z;
m The planner can choose instruments 15(5;), 05 () to achieve any function ¥,

m How to find the instruments 15(5;), o58(5;) that achieve 9*(5;)?
— solving money/bond valuation (FTPL) equation

p—(uf —puf +of(of — o)) = (1—0.)%67

9/B
:Nt/

m Optimal policy is easier to find than equilibrium outcome.
m differentiation vs. integration (or solve PDEs)

m If we choose optimal policy, risk-free rate

=) =0+ = p— (1= 07)°57 + O(ue) 0

declines as &2 increases

m Nice relationship between baseline and dynamic model.
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Overview

m Expected Utility/Value function with log-utility

m One Sector Model with Stochastic Idiosyncratic Risk
m Two Sector Model

m With Exogenous Net Worth Share 7
m With Endogenous Net Worth Share 7
m | Theory (with Two Technologies)
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Two Switching Sectors with Exogenous 7

m Model setup with infinitely fast switching types kills dynamic.

A5
Switching infinitely fast

\_’16/‘

Agents Intermediaries | Householdss
Networth Share n 1—n
Idio risk of capital wd,p € (0,1) &
Output per unit of capital al=a ah=a

m Policy marker can choose the money/bond growth rate 15, 5.
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Remark

m Policy-marker cannot affect the wealth shares
m Welfare Pareto weights

m )\ = 7 for intermediaries and

m 1 — )\ =1-— 75 for households from the setup

= Optimal monetary
(with or without macroprudential policy — controlling capital allocation)

m Perfect commitment — Ramsey problem
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Equilibrium Capital Allocation

m Fraction y of risk (k of capital) is held by the intermediaries (x = k)

m Capital allocation must be such that

(1 —V)kepd: . (1-9)(1— k)5t
ag _— =
\,.t/ 7 ~—~ 1—n
idio risk of | “=—~——— idio risk of AN ~~
I's price of idio risk h's price of idio risk
n
> K="
@*(L=n)+n

m Policy marker may try to affect x ...
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Welfare of Intermediaries | and HH h

m Recall A(k) =aVk, cX =0

m Intermediaries (Pareto weight \)

q)(Lt) — (5 (1 — lgt)2 112(‘0252
pt _ t
E [/0 e (Iog ne + Iog(a Lt) + 5 5 dt

m Households (Pareto weight 1 — \)

E [/000 ept<|og(l —n¢) + log(a —t¢) + (D(Ltg —5_a _2;9t)2 (1(1__R1)72)§%>dt}
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Welfare

m Law of large numbers: switching risk does not matter.
Everyone's wealth growth averages out to ®(¢;) — ¢ and idiosyncratic risk
exposure to (ignoring t-subscripts)

~1\2 ~h\2 (1 )22 @ _ (1-r)?
W8P + (= (6"R = (- 0252 (AT (-0 )
=(52€)2

5 (1 —19)/<;<pa, GH _ (1-9(1—-k)s
U 1—mn

E Ooefptlo a—u(vy))dt]| +E Ooefptwdt
L emetesomye] 5| | |

_E[/OOO e—rt(1— ﬁt;;(fvg)Zdt] p

m Welfare

m Given 537¢"%¢ optimal to set ¥ = ¥*((57¢)?)

m Set A\ = 1, (Pareto weight is population share)
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Money/Bond Valuation (FTPL) Equation

m Money/bond valuation (FTPL) equation

o (uf By Bt - af)) — p(E12 (L )3l

~~ - 1—9,)2(536)2
~ (1003 (57)
Ht
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Macroprudential Tools

m Average idiosyncratic risk of capital
2,2 1— 1)2
(2, =)
U 1—n
2

K 11—k n
n 1-n P (1—mn)+n

m This is the same as the equilibrium & allocation!

is minimized when:

m Lemma: Optimal not to use macroprudential tools.
assuming A =17
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Remarks

m Same trade-off between insurance and investment
m Equilibrium allocation is efficient, minimizes the cost of risk exposure
m Policy space

m (1) money/bond growth and
m (1) + (2) (money growth + macroprudential tools) leads to the same outcome
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Overview

m Expected Utility/Value function with log-utility

m One Sector Model with Stochastic Idiosyncratic Risk
m Two Sector Model

m With Exogenous Net Worth Share 7
m With Endogenous Net Worth Share 7
m | Theory (with two Technologies)
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Endogenous 7n-Law of Motion

m Wealth distribution can change endogenously with

m Risk exposure of intermediaries and households
m Risk premia
m Consumption rates

m Consider the following model
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Fixed Types (No Switching)

m Model Setup: Types fixed (no switching)
You have already seen this model except here & =1 (or >~ ¥ = 1)

Agents ‘ Intermediaries ‘ Households
Welfare weights A 1-)
Net worth Share n 1—n
Aggregate risk o o

Idio risk of capital i, € (0,1) &
Output per unit of capital al=a a"=a

m Two policy settings:
(1) money growth rate 15 only
(1) + (2) also choose allocation (macroprudential)

and transfer wealth between group
(why/how?)

Markus.Economicus@gmail.com Summer, 2026
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Welfare of Intermediaries | and HH h

m Recall A(k) =aVk

m Intermediaries (Pareto weight \)

oo . K2 . 2,2 2~2
E [/ e"’t<lognt +log(a —t¢) + Ol =0 (o7)° (=Vef 9020 >dt}
0 p 2p 2p n

m Households (Pareto weight 1 — )\)

IR TR R o
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Optimal policy: (1) MoPo + (2) MacroPru

m Planner chooses ¥, k and 17 to maximize discount integral of:

O(u(e) — 0 (0¥)2
2p

_(1—19t)2&2 K22 B (1— k)2
2p (A 7 A)(l—n)z)J

Alogne + (1= A)log(1 —1¢) + log(a — u(:)) +

~

A(1=N)¢?

T 22— +1—2n2

1=)n?
A2 (1-n)2+(1=-2)n?
not the competitive allocation (unless n = A)

Given the optimal choice of k =
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Optimal Policy: (1) MoPo + (2) MacroPru

m Step 1: Solve optimal x (or x) for a given 1 and A
Competitive x vs. minimizing cost of risk

1 T T T T | T T T
09} optimal given A and 7 o)
_ 2 .
08} k= a-2n .
Ap*(1 —m)?* + (1~ Dn?
0.7 competitive outcome =
06 k=T i
P*A-m+n
05t -
2
04t | .
|
03f | i
| of course, here n also can be chosen by the planner
= | ... but this is important because when n can move |
01k ' freely, planner may want to push risk to the group
: ,  Whose wealth exceeds its welfare weight
0 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
n
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Optimal Policy: (1) MoPo + (2) MacroPru

m Planner chooses ¥, x and 7 to maximize discount integral of:

Alogne + (1 — A) log(1 — n¢) + log(a — «(V¢)) + <1>(1(u;))—5

_(1—19t)2&2 K2p? B (1-k)?
2p (A 7 S A)(1—17)2>

J/

_ AQ=N)¢?
T Ap2(1-n)2+(1-2)n2

(127
Ap%(1=n)*+(1-A)n?
not the competitive allocation (unless 7 = \)

Given the optimal choice of k =

m Step 2: solve ¥ = ¥*(-) (having used optimal k) for each given n

m Given k and 7, optimal to set ¥ to:

A1 = N)p?
Ap2(1—n)2+ (1 - A)n2)

¥ = 9*(52
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Optimal Policy: (1) MoPo + (2) MacroPru

m Step 3: Optimal 7 (given V)
m Let's look at terms containing n

m Given k and 7,

(1—9,)%5? A1 —N)p?
20 Ap?(1—=n)2+ (1 =212

max Alogne + (1 — A) log(1 —7¢) —
n

m Hence it is optimal to set n > A

(unfortunately no closed-form expression for the optimal 7)
m Push more risk onto intermediaries than they'd take under competitive outcome
m Relative to previous infinite switching model

m It is optimal to give intermediaries more wealth, because they are more efficient at
absorbing risk
m Overall risk is reduced and the value of money/bond is lower (more intermediation)
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Optimizing over 7

3 0.08 0.4
g |
2007 | =035
-2 0.06 £
=0 | g 0.3
0.05
% | %025
2004 | x
© 02
2003 5
So02 I 5015
2001 | = 01
o |
5 0 0.05
s o 02 04 06 08 1 0 02 04 06 08 1
H n n
1 optimal
| 2
0.8 |
competitive _g -25 |
06 I 8 s I
. o
- | o-35 |
04 | 5 |
| e [
2
o | 45 |
0 ! 5 !
0 02 04 06 08 1 0 02 04 06 08 1
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Optimal Policy: (1) MoPo only

m Planner cannot alter competitive alloc. k; = % ~——
P E Q2 (1—ne)+ne

m Welfare is the discount integral of

Alogne + (1 — A)log(1 — 1) + log(a — u(9:)) + W
RO DR A PN ()
> \(A e m)z)

TV
_ Ap24(1-2)pt
(92(1—nt)+m1)?

d - - 1—9 2~2 2 1— 2
st. % = (1—ne) (5 = (67)%) dt = (1 - nt)( (sozt()lfnf)im)f e
m Planner can not choose k; or n; but has some control over i}

m Now, fully dynamic problem!
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Optimal Policy: (1) MoPo only

m Payoff flow: (e, 0¢) = Alog e + (1 — A) log(1 — ) + &%)

pp+1

(1 —19,)%62 [ K22 (1 — k¢)?
log(pg + 1 —¢) — 2 <A 2 (1- A)m)

| = _7;
with 1 @*(1-n)+n

m HJB equation:

1
PV (n) = max f(n,9) + V'(n)u"n + 5 V" (n)(c"n)?
m Law of motion of #:

% — (1 _ t) (1 — 191')2&2902(1 - 902)

—(1-1 dt 4+ 0dZ
e (©2(1 — ne) +17¢)? '
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Optimal Policy: (1) MoPo only

= Payoff flow: f(1e, ;) = Alogne + (1 — A) log(1 — 1) + 80=2e)

(1 —19,)%52 K',t(p o\ Kt )?
2p (‘ i +a )(1—77t)>

201 log(po -+ 1 0,) -

i [ / E—
with 1 @*(1-n)+n

m HJB equation:

1
pV(n) = max f(n, 9) + V'(n)u"n + 5V Am)a)?

m Law of motion of #:

d 1—1,)26%p2(1 — ¢?
ﬁ_(l_ t)( t)O-SD( '

)
— dt +0dZ
Nt T2 =) + ne)? ‘
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Optimal Policy: (1) MoPo only

m Optimal 9*
m HJB equation:

log(1 —9) pp+1 o (1 9:)?52 [ K2p? o= K)?
i po log(pé+1-9) 2p <A P . A)(1 - n)2)
16 ) it 2 O R )
V=0 e

m ) affets the drift of ), it is optimal to choose

(52 (WP @R il = )ae? (L= )
v (“ (A 2 A)(l—n)2> 20V 20—y e )

m Speed up n when V'’ > 0, slow down when V/ < 0.
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Example: using ¥ to push 7

-38 g
o
208
-4
5% S
E g oo
542 g
[} ©
2 44 g 04
c
s (%]
46 go02
©
-48 o0
1 0 02 04 06 08 1
n
05 gl
0.45 7 ;
myopic
0.4 6 vop
035 aking into account the effect on 7 =5
= 03 24
0.25 T3 optimal
0.2 - 2
myopic
0.15 Vot 1
0.1 0
0 02 04 06 08 0 02 04 06 08 1
n n

p=005¢=25=03,0=05\=0.2
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Optimal policy: (1) MoPo only

m Using MoPo ¥ to push 7 (to recapitalize banks via risk premia)

m Using screwdriver as hammer

S
r
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Overview

m Expected Utility/Value function with log-utility

m One Sector Model with Stochastic Idiosyncratic Risk
m Two Sector Model

m With Exogenous Net Worth Share 7
m With Endogenous Net Worth Share 7
m | Theory (with Two Technologies)
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| Theory of Money

m Aim: intermediary sector is not perfectly hedged
m ldiosyncratic risk that HH have to bear is time-varying

m Needed: Intermediaries’ aggregate risk # aggregate risk of economy
m One way to model: 2 technologies a and b

Technology ‘ a ‘ b

Capital share (Leontief) 1-& I

Risk 9 = ()dt + 0°dZ, + 542, | G = ()dt + 0PdZ, + 5d 2,
Intermediaries No Yes, reduce & to p&
Excess risk —Ro — Ui:gB (1-R)o— "i:gB
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| Theory: Balance Sheets

Firmsi...

Intermediaries

m Frictions:
m Household cannot diversify idio risk
m Limited risky claims issuance
m Only nominal deposits
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Model with Intermediaries — New Policy

= Model Setup:

dk ~
k—t = (®(1¢) — )dt + 0¥ dz, + 5d 2,
t

m Intermediaries can hold equality share up to %

m can diversify some idiosyncratic risk, reduce it to &

m Intermediaries’ wealth share n; = Nt/(th + q:K¢)

m Welfare weight \ on the intermediaries, 1 — )\ for HH
m Two policy settings:

= (1) money growth rate 1 only

m (1) + (2) also choose allocation (macroprudential) and

transfer wealth between group (why/how?)
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Optimal Policy: (1) MoPo + (2) MacroPru

m Same steps as above

m Step 1: Optimal K = min {sz(lglgflﬁ_é)nz,/%} given 7
AL = N)¢?

m Step 2: Optimal ¥ = ¥*( &2 5 )

/

2p%(1=n)2+ (1= A)n

TV
welfare weighted average risk exposure

m Step 3: Optimal 1 (given ¥) as a function of Pareto weight A
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Optimal Policy: (1) MoPo + (2) MacroPru

m Step 3: Optimal n (given ) — let's look at terms containing 7

(1 —0:)%5° AL = A)¢?
Al +(1-=X)I 1— —
mr?x A ogn ( v—) Og( 77) 2p sz(l _ ,'7)2 + (1 _ A)UZ

concave, max at 7 = )\, goes to co at 0&1

0.5

0.45

=

0.4

0.35

0.3

0.25 0.25 0
0 0.5 1 0 0.5 1 0 0.5 1
A A A

For ¢ = 1, the optimal policy as a function of ) is
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Optimal Policy: (1) MoPo + (2) MacroPru

m For p =1, and & — 0.6 (intermediaries’ risk taking is constrained)

0.6 T 0.8 T 1 T

0.25 L 0.1 L 0 .
0 0

MacroFinance 15:
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Optimal policy: (1) MoPo + (2) MacroPru

m For p =08 %=1 and ¢ =0.8,x =0.8

(Intermediaries given a lot more risk when they can diversify it)

0.6
0.55
05
0.45 |
<

04

0.35

03

0.25 . 0.1 0 -

0 0.5 1 0 0.5 1 0 0.5 1
A A A
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Optimal Policy: (1) MoPo + (2) MacroPru

m Step 3: Optimal 7 (given 9) — let's look at terms containing n
m Same as above

m Given k and 7,

(1—0:)%52 A1 = N)p?
2p Ap2(1—=n)2 + (1= X)n?

Ap?
S <2

max  Alogn+(1—A)log(l—n) —
"

concave, max at 7 = ), goes to co at 0&1

concave also, max at

Assuming FOC holds uniquely, it is optimal to set n > A

push more risk to intermediaries and they'd take under competitive outcome

relative to previous infinite switching model

m it is optimal to give intermediaries more wealth, because they are more efficient at
absorbing risk
m overall risk is reduced and the value of money is lower (more intermediation)

Markus.Economicus@gmail.com Summer, 2026 52 / 55



Optimizing over 7
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Optimal Policy, (1) MoPo only

m Using 9 to push n — Same analytical steps as before
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Take-aways of Optimal Policy

Baseline (one-sector) model

m Trade-off: insurance vs. investment (growth)
Multi-sector model

m Allocation of risk/assets

= Money is not super-neutral

m since it affect portfolio choice, risk allocation
m Price of risk (risk premia), n-drift

® (1) MoPo + (2) MacroPru
m Static problem — 3 steps maximization
Always 9*(-)-function g
= (1) MoPo only j
m Using screwdriver as hammer to push 7 —
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