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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 The Three Watershed Moments in Macroeconomics

Why financial crises are so important? Figure 1.1 depicts the striking resilience of
the economy of the United States. The US GDP bounced back after most recessions
and returned to the previous trend growth, i.e., the economy made up previous output
losses. There are two exceptions: the Great Depression in the 1930s for which the re-
covery took almost a decade and the global financial crisis (GFC) after 2008. In other
words, Figure 1.1 suggests that regular business cycles come and go, but the economy

is less resilient after financial crises.

Logarithm of US Real GDP (millions of 2017 dollars) Logarithm of US Real GDP (millions of 2017 dollars)

Great
recession

9.8

Global
Financial
Crisis

dotcom

Great

depression 94

R I I I AR  APC I LU PC A I T T I PN N L

Figure 1.1: Panel A depicts the log-level of US GDP, while Panel B zooms in log GDP-
level from 1996 onwards. The shaded areas show recession periods.

After the great depression in the 1930s, the economy did not bounce back for a long
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CHAPTER 1. INTRODUCTION

time, and arguably it required the fiscal spending associated with WWII to return to the
previous GDP trendline. The Global Financial Crisis in 2008 led to the Great Recession,
also because - as some observer argued - the fiscal spending was not aggressive enough.
Panel B zooms in to stress that after 2008 both the level of GDP and the subsequent
growth rate are depressed. So far, there has been no bounce back. Remarkably, the US
economy was resilient to the Covid19 pandemic shock: US GDP returned to its post-
GEFC trend.

1.2 What is Macrofinance?

Macrofinance studies examine how finance impacts the macroeconomy. This field
reached new prominence after the global financial crisis, but its roots go far back in his-
tory of economic thought. In fact, arguably all eminent economists throughout history

have been concerned with the relationship between the macroeconomy and finance.

Macrofinance deals with big issues in macroeconomics, growth and efficiency, as
well as with stability of the financial sector as well as the whole macroeconomy. It
encompasses many strands of models and empirical analysis. All models involve a
dynamic general equilibrium analysis. In most macrofinance models with financial
frictions and heterogeneous agents the distribution of wealth matters. Indeed, wealth
shares are important state variables. Hence, inequality is also an important policy con-

cern for macrofinance besides growth and stability.

Macrofinance is a “broad church” that touches on most subfields of economics and
tinance. In finance, it is tightly connected to asset pricing, intermediary finance, cor-
porate, household, and behavioral finance. In economics, the overlap with monetary

economics and public finance is arguably the largest.

1.3 Continuous-Time Modeling

Continuous-Time macro-finance models will be the main workhorse of this class.

Continuous-time modeling has several attractive features. First, there is a sharp distinc-
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CHAPTER 1. INTRODUCTION

tion between stocks and flows. Rate changes only affect the stock over a time interval
of strictly positive length. Importantly, there is no distinction between beginning-of-
period and end-of-period stocks. For example, wealth is equal in the beginning and
end of the period, so that consumption is the time-preference rate times the end of pe-
riod wealth (for log utility). Second, when solving optimal stopping problems, one

does not face integer issues.

Third, it helps overcoming time aggregation of data. Different data come in different
frequencies. For example, GDP is quarterly, whereas financial data is of much higher
frequency. Continuous time models provide an easy framework to deal with these

discrepancies.

Fourth, continuous time modeling sometimes squares better with reality. We live
in a continuous-time world and do not consume only at the end of the quarter, even
though the aggregate macroeconomic data commonly come in quarterly. In discrete
time modeling, consumption within periods is simply summed up. This creates an
artificial distinction between consumption substitution within and across quarters. Im-
plicitly, the elasticity of intertemporal substitution in a quarterly discrete time model
is infinity within quarters, while across quarters it is given by the curvature of the
per-period utility function. In contrast, in continuous-time models the elasticity of in-

tertemporal substitution is the same within and across periods.

Besides, continuous-time modeling is often more tractable and allows for a tighter
characterization of economic models. For example, in the models discussed in these
notes, we can fully characterize the whole dynamical system including the volatility
dynamics instead of simply studying a log-linearized representation around the steady
state. The well-known Kolmogorov Forward Equation (Fokker Planck Equation) re-
veals state variables” distribution evolution path starting from any initial distribution,
while the impulse response functions in discrete time capture only the expected path
after a shock that starts at the steady state.! Also, the stationary distribution can be bi-
modal and exhibit large swings, unlike stable normal distributions that log-linearized

models imply.

!We will introduce its continuous-time version: “distributional impulse response" in Chapter 3.
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CHAPTER 1. INTRODUCTION

Moreover, continuous time allows one to derive more analytical steps and “more”
closed form characterizations of the equilibrium before resorting to a numerical analy-
sis. For example, the evolutions of capital, price, net worth are captured by the closed
form stochastic differential equations. One can also derive explicit closed-form expres-
sions for amplification terms, as only the slope of the price function is necessary to
characterize amplification. In contrast, in discrete-time settings the whole price func-
tion is needed, as the jump size may vary. On the other hand, the numerical procedure
is more straightforward and faster? than discrete time as one no longer needs to search

the grid when looking for policy functions.

In terms of tractability, one of the largest benefits of continuous-time models for
macrofinance arises in the context of portfolio choice problems. To appreciate this, let
us briefly describe a fundamental difficulty of analytically handling portfolio choice in
a discrete-time environment. Suppose there are | assets, j = 1, ..., |, with (gross) returns
R{. In the cross section, returns aggregate additively to portfolio returns. The portfo-
lio assigning weight 0{ on asset j has a return of 2}21 G{R{;. To retain tractability in the
cross-section, we typically assume that R} is normally distributed, so that the portfolio
return payoff also follows a normal distribution. However, in the time dimension, re-
turns aggregate multiplicatively. The return of asset j over time is R{ X R{; 4 X+ The
returns can only be aggregated over time within the same family of distribution if they
are log-normally distributed. To tackle this problem in discrete-time models, it is com-
mon place to log-linearize the first-order conditions around the steady state. However,
a first-order approximation ignores all volatility terms and makes all assets equivalent.
A second-order approximation around steady state is only a partial resolution: it elim-
inates time-varying volatility, making it impossible to study volatility dynamics. Often
one resorts to a log-linearization approximation beyond the steady state a la Campbell
and Shiller, (1988a, 1988b), that mimics the continuous time portfolio choice problem

and is precise in the continuous time limit.

Admittedly, some of these features are not due to continuous time per se but due

to the continuous nature of a particular class of stochastic processes that is typically

ZNumerical implementations will be studied in Chapter 3. The equilibrium is characterized by par-
tial different equations and solved numerically.
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CHAPTER 1. INTRODUCTION

assumed in continuous-time modeling, so-called Itd Processes. An It6 process is a pro-
cess whose changes over infinitesimally small time intervals are normally distributed.
If X; is the value of a stochastic process at time ¢, we denote by dX; its time differential,
which is to be interpreted as “X;, ;s — X;” for a small (infinitesimal) time increment dt.

An It6 process X; satisfies
dXt = ‘l/lX,tdt + U'X,tdZt.

Here, dZ; is the time differential of a Brownian motion. Intuitively, one can think of
dZ; as the continuous-time analog of normal white noise, i.e., i.i.d. standard normal
shocks, in discrete time time series models. We discuss Brownian motion in the next
subsection. The coefficients yx ; and ox; are called the (arithmetic) drift and volatility
of the It process at time t. The volatility dynamics are fully loaded on the Brownian
shocks dZ;, instead of some probabilistic states as is commonly the case in discrete-
time models (e.g., a Lucas tree). Importantly, even if the time differential dX; of the Itd
process is normal at any given time, the time increments X; — X of the process over
any positive-length time interval [s, t] can nevertheless be non-normal and exhibit, for

example, skewness when the drift and volatility are time-varying.

An important property of Itd processes is that their paths are continuous. In eco-
nomic models, this means information arrives smoothly in a continuous manner. Im-
plicitly, it also assumes that agents can react continuously to a continuous information
flow, so there are no jumps of any variables. On the one hand, continuous paths can
greatly simplify analysis and numerical computations. For example, the discrete-time
collateral constraint b;R; ;11 < min{g; 1 tk; becomes by < (g; + dg¢)k: in continuous
time. Since continuous paths rule out jumps, dg; is infinitesimal compared to g;, hence
the condition simplifies to b; < g:k;. On the other hand, continuous paths can be re-
strictive. For example, in an environment with only Itd processes, investors can delever
continuously to avoid default, which emboldens investors ex ante and makes it impos-
sible to study default in equilibrium. For more general purposes, one might use Lévy

processes which allow for jumps.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

Chapter 2

Portfolio and Consumption Choice in

Partial Equilibrium

To start with, we introduce the basic terminology and results we will follow in this
course and apply them to solve Merton’s portfolio choice problem. The main objective
of this lecture is to introduce the basic techniques to solve continuous-time macrofi-

nance models.

2.1 It6 Calculus

2.1.1 Brownian Motion

As described, a Brownian motion is a process Z; whose time differentials dZ; play
the role of normally distributed white noise. This can be motivated from a discrete-time
approximation as a binomial tree over shrinking time periods At, with shrinking steps
h, = o+/At/n. Figure 2.1 shows processes for different n. Even though the individ-
ual time steps in the discrete tree are not normally distributed (they have a Bernoulli
distribution), the change in the tree over a fixed number of time units sums over more
and more time steps as we refine the tree (increase 1) and, by the central limit theorem,
are normally distributed in the limit n — oco. In Section 2.1, we introduce a formal

definition of a Brownian motion on a filtered probability space.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM
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Figure 2.1: Binomial trees for different n.

This section will more formally introduce the basics of 1t6 calculus, which will be

extensively used during the course.

Consider a filtered probability space (Q, F, (Ft)¢>0, P) and let X; be a Fi-measurable

process, and let us start by defining Brownian motions and It6 processes.

Definition 2.1. A Brownian motion Z; on (Q, F, (Ft)t>o, IP) satisfies
Zy=0

Z; is almost surely continuous

Z; has independent increments

Zy—Zs ~N(0,t —s) fors € [0,1]

Z1 is Fy-measurable

Gk b =

Definition 2.2. An It0 process X; is defined as

t t
Xy = Xo +/O Jx,sds +/O 0x,s4Zs

with (ux t)1>0 a predictable Lebesque integrable process and (0x 1 )0 a predictable Z-integrable
process. That is, fot (0% s + lux,s|)ds < oo for all t. Differentiation with respect to time yields
the representation

dXt = ,uX,tdt + O'X,tdzt,
where ux ; and ox ¢ are the arithmetic drift and volatility of X;.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

The previous definition introduced an arithmetic It6 process. However, in this
course, we will work mainly with a geometric representation of Itd processes,
dX
—t — yfdt + ofdz,,
Xt
where the geometric drift and volatility are defined as uX = ux;/X; and o = ox;/ Xs.
This representation is well-defined if the process is always positive or always negative.

Throughout, we use the notation convention that subscripts refer to arithmetic and

superscripts refer to geometric drift and volatility.

2.1.2 It6’s Lemma

Let us now introduce three important formulas: Itd’s lemma, It6’s product rule, and

Itd’s quotient rule. The latter two are corollaries of Itd’s lemma in two dimensions.

Lemma 2.1. [td’s lemma. For any twice-differentiable function f : R — R, f(X;) is also
an Itd process with

df (Xe) = [ /(X)) (uiXe) + %f”(Xt)(UtXXt)Z dt + f'(X¢) (07 X¢)dZ,

Moreover, if the function is such that f(t, X;) depends explicitly on time, then the drift
of f(t, Xy) includes d;f (t, X¢).

Corollary 2.1. It6’s product and quotient rule. For any geometric It0 processes X¢, Yy, Xt Y}
and Xy /Yy are Ito processes with

d(X:Y,
(Xth) _ (V£<+y2(+atxag)dt+ ((TtX—l-(TtY)de'
tYt
d(X:/Y,
(Xtthtt) = [Vg(_.l’l}/+0'}/(0'i}/_0—5():| dt + (07 — 0}")dZs.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

2.2 A Simple Portfolio Choice Problem

In this section we describe a simple version of the Merton portfolio choice problem
with a single risky asset and a single Brownian shock process. Both assumptions are
for ease of exposition only and can be generalized without additional conceptual or

practical difficulties.
Preferences. Consider an agent who chooses a lifetime stream of consumption {c;}{2,
and portfolio weights {6;}> ; to maximize

IEO/ e Ptu(cy)dt.
0

where u(c) = (¢!=7 1) /(1 —9).

Net worth evolution. The agent’s net worth at t = 0 is given by 1 and thereafter it
evolves as follows

dnt — _Ctdt —+ 14 [Gtrtdt + (1 — Qt)di’ﬂ

for all t > 0 subject to a solvency constraint n; > 0. r; is the risk-free rate and dr{ =

(r¢ + 07 )dt + o7 dZ; is the risky asset return process with risk premium 7.

State space. Suppose that returns are a function of an external state variable 7; so that

re = r(ne), 07 = 6%(n:) and of = o (1¢) where 1 evolves according to a diffusion process

digs = p () medt + o} (1) dZy

with g given.

Hence, the decision problem has two states variables (7, ;) where n; is a controlled

state and #; is an external state.
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

2.3 Solving Stochastic Control Problems: Hamilton-Jacobi-
Bellman Equation, Pontryagin Stochastic Maximum

Principle, and Martingale Method

We will now present three methods to solve this optimization in continuous time:
the Hamilton-Jacobi-Bellman (HJB) Equation, Pontryagin’s Stochastic Maximum Prin-

ciple, and the Martingale Method.

2.3.1 Hamilton-Jacobi-Bellman (HJB) Equation

The HJB equation is the continuous-time analogue to the Bellman equation. To de-
rive the HJB equation, let A(n,77) be the set of admissible choices {c;, 6;}7°, given the
initial condition 19 = 1,19 = 17 and Ar(n, 17) be the set of policies {ct, 0;} L, over [0, T]
that have admissible extensions to [0,0), {ct, 0}, C A(n,77). The value function

V(n,n) of the decision problem is defined to be

V(n,y):= E /oo —pt dt].
(n.17) [0t} EA() t[o e uler)

Notice that V satisfies the Bellman principle of optimality: for all T > 0 so that

V(n,n) = max E;
{Btzct}tT:()CAT(nfﬂ)

T
0

where nt depends on the choice {6;, ct}fzo over [0, T|.

With V; := V(ny, 1¢), we can write the principle of optimality as:

0= max IE;
{thct}Z:OCAT(n”?)

T
/ e Ptu(cy)dt +e PTvr — Vg
0
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

Integrating e T Vr — Vj by parts yields
T T
e PtV — vy = —p/ epttht—i—/ e Ptd V.
0 0
Thus,

0= max E;

T T
e P (u(cy) — Vt)dt+/ e Ptdv;| .
{gt,Ct}ZZOC.AT(l’l,}Y) ~/O p 0

We can now divide by T and take the limit as T | 0 to obtain the stochastic version
of the HJB

pVidt = max{u(c;)dt + E[dV;]} (2.1)

ct, 0t

Now we will transform the previous equation into a non-stochastic differential equa-
tion. To do so, recall that V; = V (1, ;) and by 1t6’s lemma

1
E[dVi] = |0aV (e, 110) pn + 0y V (e, 110 )iyt + 5 (annv(nt/ )% ¢ +8,7,,V(nt,17t)0,?,f) + Oy V (114, 171) O 0y 1 | At

where ‘I/ln,t = —C(¢ + ng [7’(1’]15) + (1 — 91})5“(171})] and Ont = Ylt(l — Gt)O'a(ﬁt).

Hence, Equation 2.1 can be written as
oV(n,7) = max {u(c) —0,V(n,n)c} + max {anV(n,iy)n [r(17) + (1 — 0)8° ()]
(G V ()1 = 0)0" (1) + DugV n, e ) ) 1 = 9)0“(17)}

1 2
+ oy V() py (i) + 59y V(1 1) (‘7’7(’7)>

which is a nonlinear partial differential equation in V (1, 7).
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

Special case: constant returns

Assume that returns are constant so that r; = r,6f = 6%, 0f = ¢“. Then, we can drop

1 from the problem and write the HJB as

pV(n) = max {u(c) = V'(n)c} + max {V’(n)n [r+(1—-0)5"] + %V”(n)n2 ((1- 9)0‘1)2}

The first-order conditions yield the optimal consumption and portfolio choices

u'(c) = V'(n)

-1
[ V'(n)n 57
: "‘( w(n)) Cak

where —V" (n)n/V'(n) is the relative risk aversion coefficient.

To solve this problem, we will guess a functional form for the value function V(n) =

u(wn)/p for some constant w > 0. Plugging this guess into the HJB equation yields

A\ 2
logw +1logn =logp +logn — 1 +% (r+ % (%) ) if v = 1(log utility)

(wn)'™ 1/, 11/ (wn) 77 _ 1 () ()
T — pl/ 11 W (g 7)(r+27(ﬂ)) S ify £ 1

Notice that in both cases, n cancels out, thus verifying our guess, and we can then

solve for w. The full solution is given by

V(n) = ”(:’”)
c(n) = "7V rn
1 - 0(n) = }Y((f:)z

v
11 1 /6\2\\""
“’P(“%ﬁ(f”ﬁ(ﬁ)))

Let us analyze the optimal consumption choice. We can denote the consumption
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

net worth ratio by ¢ and write it as
pi=ci/ny = p/ w717

where w can be referred to as "investment opportunities”. The reaction of ¢/n to invest-
ment opportunities depends on the elasticity of intertemporal substitution ¢ := 1/.

In particular

i. if < 1, then better investment opportunities lead to an increase in consumption

and a decrease in savings

ii. if ¢ > 1, then better investment opportunities lead to a decrease in consumption

and an increase in savings

iii. if = 1, then the consumption to wealth ratio is independent of investment

opportunities.

Behind these results are income and substitution effects. On the one hand, better in-
vestment opportunities make the agent wealthier, and she responds by increasing con-
sumption in all periods. On the other hand, these better investment opportunities make
saving more attractive, and to benefit from it, the agent needs to postpone consumption
today to get more consumption in the future. Whenever ¢ < 1, the substitution effect,
a desire to smooth consumption, is weak and the income effect dominates. However, if
¢ > 1, the investor is less averse to variation in consumption and the substitution effect

dominates.

Special case: time-varying returns

When returns are time-varying, we can use the same approach as before where now
we guess V(n,1) = u(w(n)n)/p. This yields the following optimal consumption and
portfolio choices

e(n, ) = /" (w ()7 n

J/

-~

pim
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CHAPTER 2. PORTFOLIO AND CONSUMPTION CHOICE IN PARTIAL EQUILIBRIUM

L) -y S
v (0"()> (0?(17))?

-~

myopic demand hedging demand

1—0(n,1n) =

where now investment opportunities w(7) are state-dependent. Notice that there is an
additional hedging demand term that depends on the covariance c“¢” of investment
opportunities with asset returns. To obtain a solution for w(#), we need to plug in the
optimal choices into the HJB equation which will yield an ODE for w(#) that can be

solved numerically.

What is the role of a hedging demand? The variation in future investment oppor-
tunities is relevant for portfolio choice for two opposing motives. First, if investment
opportunities are good, it is valuable to have available resources. Then, it is reasonable
to invest in assets that pay off in states in which investment opportunities are good.
However, if investment opportunities are bad, that is a bad time for the investor and
additional wealth is valuable. Then it makes sense to invest in assets that pay off in
states in which investment opportunities are bad. Which of the two dominates de-
pends on 7. If v < 1, the investor is not very risk averse and prefers to have resources
available when it is profitable to invest. If v > 1, the investor is sufficiently risk averse
to want to hedge against bad times. When 7y = 1, the two forces cancel out and the
investor acts myopically. Notice that a very conservative investor (v — o0) cares only

about the hedging component.

2.3.2 Pontryagin’s Stochastic Maximum Principle

Pontryagin’s maximum principle is a method to solve optimal control problems,

which is complementary to dynamic programming.

Stochastic maximum principle. Consider a control problem
dX; = ‘Z/I(Xt, At)dt -+ O'(Xt, At)dZt,

where A; are the controls and X; are the states. The stochastic maximum principle
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is formulated for finite-horizon problems with the objective function of the form

T
E, /0 ¢ (t Xy, A dt+G (X1) |,

where the payoff flow g (¢, X;, A¢) depends on t and hence can accommodate dis-

counting.

To solve the optimization problem, one can work with the special adjoint pro-
cess pt, which is the dynamic Lagrange multiplier on the state variable X;. We label
pt and its volatility g; as costates of the system, and then optimize the Hamiltonian

H=g(t,X,A) + (p,u(X, A)) + tr [qTa(X,A)} . (2.2)

Under necessary convexity conditions”, the stochastic maximum principle says that p;
must satisfy the BSDE

dpr = —Hx (t, X, At, pr, q¢) dt + q:d Z; (2.3)

with terminal condition pr = G'(X7).

See the convexity conditions in Yuliy’s “Overview of Stochastic Calculus."

To solve Merton’s portfolio choice problem, let ¢; be the costate and —¢;¢; be its

volatility. Then, the Hamiltonian is given by

—ptcgi,y —1 n 1
Hy=e B + Cenpty — GrGinoy

_C —1
=e ptt—ry —+ gt [—Ct + nt(l - 9t)(7’t + 5?) + nbpre — Qtnt(l - Qt)O'ﬂ

The first-order conditions with respect to {c;, 6;} yield

e Pl =G

a a
0f = Gt0y
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The costate equation is given by

d¢ = —0,Hdt — ¢¢dZ;
= —Ci [re 4+ (1—6:)(0F — grof) ] dt — ¢18pd Zy
= —rCpdt — i CrdZy

where the last line uses the first-order condition with respect to portfolio holdings.

Under the assumption dc; = pjc; dt + oy c; dZ;, the first-order condition with respect

to consumption implies by Itd’s lemma
1
dgr = — |+ ypi = 57(1+7)(0f)?| &edt — 7078dZ,

Consider the special case of constant returns and log-utility and assume ¢; = an; for

some constanta > 0. Then yf = ! = —a+r+ (1 —6;)0" and of = 0}' = (1 —6;)0".

The costate equation then implies

r=p—a+r+(1-6)"—(1-0)%*c")?
¢c=(1-06)0"

Combining the last equation with the first order condition with respect to portfolio
holdings yields 1 — 6 = %. Putting this result back into the drift of ¢; implies that
a = p, which confirms our guess. Therefore, we obtain the same solution as with the

HJB equation.

2.3.3 Martingale Method

Now we introduce the martingale approach, a powerful tool for many macro-finance

models.

Martingale approach in discrete time.
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Consider a standard dynamic portfolio choice problem in discrete time:

> 1
max [E; [Z (1+—p)T_tu(CT)]

{0rcc}, T=t

s.t. (-)tpt = Bt,l(pt + dt) — Ct Vt,

where {6;, p;, d;} are the vectors of holdings, prices and dividends of different as-
sets. WLOG, we focus on an environment with one asset. The FOC w.r.t. 6; is

Ctpr = Bt [Cry1(pryr +diy)],

where §; = Wz’((ié))

ing strategy A where one reinvests dividend d; in every period. The price of the

is the (multi-period) SDF. Consider a self-financing trad-

strategy p;' satisfies
&t = Ky [Ctﬂpfﬂ] ,

i.e., the process &p; is a martingale.

Martingale approach in continuous time.

Consider a similar portfolio choice problem in continuous time:

max [E {/ eptu(ct)dt}
0

{46,0F,ce }72
dn; Ct i1 .
s.t. — = ——dt+ Z 0,dr, + labor income/endowment/taxes
n nt ;
)
np given.

Here n; is the net worth of the agent. r{ denotes the return of asset j. Let x{* be
the value of a self-financing trading strategy A where one reinvests all dividends.
Again, define the SDF as & = e **u'(cl). Then it must be that &x{! follows a mar-
tingale. (For proof, see Brunnermeier and Sannikov (2016, pg. 19) or separate notes
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prepared by Sebastian.) Let

dxA
x—; = uidt + 0/*dz;.
t

Assume that the SDF follows

dé

= —rdt — ¢;dZ;.
& t Cta Ly

Using Itd’s product rule,

d(Ctxf‘)
Ctxf

= [—rt + uft — ot | dt + volatility terms.

Since & x{* follows a martingale, its drift equals zero, i.e.,

uit =i+ guoft.
Example 1. For risk-free asset, (TtA = 0. Hence, rf =1t

Example 2. For any two assets A, B, we have uf! — uf = ¢;(c/* — oP).

Risky Asset as Asset A and Bonds as Asset B. The bond follows the return process

drP = r,dt,
and the risky asset follows the return process
drt = (r; + 07)dt + ¢fdZ;.
Then, the martingale asset pricing condition is

E; [dr{l - drtB] /dt = ¢i(of —0)

< (1 +97) —rr = g0}

which yields

a a
51‘ - gto-t .
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We can then recover ¢; by Itd’s lemma. Indeed, ¢; is e Ptu'(c;) = e‘Ptct_ 7. [Note:

der = pScedt + ofcrdZ;]. And, note u”’ = —yc™ 7L u" = y(y +1)c 772,

dé: _

1
o+ yul — Zq(y+1 acz>dt— of dZ;.
z, Kp i = 57(r +1)(eF) vo; dZi
~~ - Gt

f

T

Consider the special case of constant returns and log-utility and assume ¢; = an; for
some constant a > 0. Then uf = uff = —a+r+ (1 —6;)0" and of = 0] = (1 —6;)0".
Then, by (2.4) and the previous equation,

o
o

which reduces to the same solution as before

1-0=

()

Net Worth as Asset A and Bonds as Asset B. We can use a self-financing strategy that
reinvests consisting of an agent’s net worth with consumption reinvested. The return

on this strategy is

m?zéﬂgﬁff:mnw+41—@mﬁ
t
= Oirpdt + (1 — Gt)(rt —+ 5?)dt + (1 — Gt)adet

= (T’t + (1 — Gt)(S?)df + (1 — Ot)(deZt,
The martingale asset pricing condition is therefore

]Et [di’;l — d?’t] /dt = gt(l — 91})0’?
<~ (Vt + (1 — 91})5?) — 1= gt(l — 9,5)0}”
N (1 — Qt)éf = gt(l — Qt)(?'f

< 7 = ¢iof
which is the same as (2.4).
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2.4 Exercises

241 Solving Differential Equations

1. Read Section 1 of Sebastian’s notes on differential equations.

2. Solve the following ODEs

y =y (2.5)
y' = xcos(x?)y? (2.6)
y'=-y (27)

on the interval [0, 10] with the initial condition y(0) = 1 for all three equations
and an additional initial condition y(0) = 0 for equation 2.7 using the following

three methods:

(a) explicit Euler method (Section 1.2.1);

(b) implicit Euler method (Section 1.2.2), using a built-in root-finder of your

numerical software;

(c) abuilt-in ODE solver of your numerical software.

Compare the accuracy of explicit and implicit methods across different grid sizes
(N = 11,51,501,10001). For each of the three equations, find the grid size that
you like the most and plot the results from the three approximation methods to-

gether with the respective true solution. These are given by:

1

— 1/20 —

y(x) = cos x

. Now consider a variation of the implicit method: instead of using a built-in root-
tinder, perform one step of Newton’s method. It is an iterative root-finding algo-

rithm that solves F(y) = 0 starting from an initial guess y° and updating via

y =yt = (N TEW")
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where J" is the Jacobian of F(y"), so that Ji = oF:(y")/ dy; for the multivariate

n+1 where

case. The idea is to compute the tangent of F(-) at ¥ and find the point y
this tangent intersects zero. Instead of iterating the algorithm until convergence,
we can make a single step and hopefully save some time without losing a lot of
accuracy. For our purposes, define F;(-) at every grid point as follows:
_ YY1
F(y) = 2721 o(x,
i) =1 — . ~ 8y
where g(x;,y) is the RHS of the explicitly written ODE (see equation (2) in Se-
bastian’s notes). In each step, use y;_; as the initial guess and compute y; via
one step of the Newton’s method. Compare the results with the "fully-fledged"

implicit method. When does the variation work well and when does it fail?

Bibliography
Brunnermeier, Markus K. and Yuliy Sannikov, “Macro, money, and finance: A

continuous-time approach,” in “Handbook of Macroeconomics,” Vol. 2, Elsevier,
2016, pp. 1497-1545.

29 / 315



Part 11

Real Models with Financial Frictions

30/ 315



CHAPTER 3. SIMPLE MACROFINANCE MODELS

Chapter 3

Simple Macrofinance Models

In the last chapter, we studied the Merton portfolio choice problem as an intro-
duction to continuous-time modeling. The main objective of this lecture is to illus-
trate some main building blocks of a large body of macro-finance models that employs
continuous-time methods. First, we develop a general model with a leverage constraint
and risk. Then we cover three specific examples of this model: a complete markets
benchmark with no risk, the Basak-Cuoco model (Basak and Cuoco, 1998) which fea-
tures risk but no leverage constraint, and the Kiyotaki-Moore (Kiyotaki and Moore,

1997) model which features a leverage constraint but no risk.

3.1 Setup with Two-Type of Agents

3.1.1 Model Setup

Environment. Time is continuous. There is no labor and hence capital is the only
factor used in production. The economy consists of two types of agents — experts and
households. We denote the two types by i = {e, h}.! There is a continuum (with mass

one) of both types, i € [0,1].> Aggregate capital stock evolves exogenously according

!In general, i can denote different types/sectors, or different subgroups within the same sector.
2Individual-specific analysis will only be needed in environments with idiosyncratic risk.
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to

K
dk: _ gdt +odz;,
K

with ¢ > 0 and ¢ > 0 model parameters. Notice there is no investment in capital.

Notation. We denote the net worth of each sector as Nti while N; is the net worth of the
economy. The single endogenous state variable is the wealth share of experts, denoted
by 7: = Nf/N;. The share of the aggregate capital stock held by the expert sector is
denoted as «;. The portfolio share on capital held by each sector is Gf(’i. We denote 7; as
the risk free rate and rf’i as the rate of return on capital for each sector. In general, the

sector capital stock is obtained by
i [Ny
K; = / ki di.
0

Since in this model there is only aggregate risk, K = ki’{ for all 7 in each sector. The

same is true for Consumption
j Vil
1 — ; H
Ct = /0 Cy dl,

where Ci = ci’; for all 7 in each sector. The price of capital is denoted by g; and sector
capital holdings are denoted by K¢ = x;K; and K' = (1 — x;)K;. The net worth of the
economy is given by the value of the aggregate capital stock so that N; = ;K.

Financial Frictions. No equity issuance is allowed. There is debt issuance D; from

experts to households, but with the collateral constraint D < (x7q;K;. This can be

rearranged to %e < EK’K;fKt & —(1-61) < 185 o (1 - 065 < 1. £ is an exoge-

nous parameter measuring the degree of the collateral constraint. Finally, each sector is

subject to a non-negativity constraint on capital holdings.

Experts’ Problem. Experts have a CRS production function y{ = a°k{. Denote ex-

perts’ consumption by ¢¢.> Since experts invest GtK'e of their net worth into capital and

3 Again, we will suppress the superscript i throughout this chapter.
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consume at rate ¢j their net worth process follows

d e
dntt — [—cf + n§ (rt + 95’3(7’{(’6 — rt)ﬂ )

Experts have a log-utility function and solve the following optimization problem

max/ e P tu(ct)dt, st
S

c¢ ke
(1-0)85° <1,
0, >0,

dné
d_tt - [—cf +nf (Tt + Gf’e(rf(’e — rt)ﬂ )

Households’ Problem. Households’ production function a’ (1 — x; )k is a function of
(aggregate) x/'. Productivity a"(1 —x;) < a°, with equality for x = 1 and is strictly
decreasing in 1 — . This means output is given by y/ = a (1 — x;)k! = a"(-)(1 — x;)K;.
Households consume cf'. Since households invest Gf(’h of their net worth into capital,

their net worth process follows

dnlt
d_tt = {—ci‘ + (rt + 95’}’(1’{(’}1 — rt)ﬂ .

Households have a log-utility function and solve the following optimization problem

max/ "ty (chdt, st
S

ci’,BtK’h
0" >0,
dn’
d_tt = {—ci‘ + nlf (rt + GtK’h(rf’h — rt)ﬂ .

Market Clearing. We have that the final goods market clears, following

C§ + Cl = a®KS + a" (1 — x) KT
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The capital market clears, such that

K{ + K} = K.

3.2 A Complete Markets Benchmark

In this subsection, we study a frictionless case in which there is no risk, i.e. ¢ = 0,
and the leverage constraint £ is not active. These assumptions imply that markets are
complete (risk-free assets span all possible payoffs without risk and, without a con-

straint, they can be traded frictionlessly).

3.2.1 Solution Method
Step1 Goods Market Clearing
The final goods market must clear at each ¢, giving the following condition

CS+ Cl = a®K¢ + a" (1 — x4)K?

For the case of log-utility, we know from Chapter 2 that the consumption-net worth
ratio is equal to the discount rate so that C{ = p°Nf = p°y:q:K;. Analogously, CI' =
o"(1 — 1;)g:K;. Plugging this in and manipulating yields

a4+ a"(1—x) (1 — 1K)
o+ (A =me)

qt

Step 2 Portfolio choice

Let us first obtain the return processes for capital for each sector. Each return process

is composed of a dividend yield as well as a capital gain term so that

Ke 0@° 1 dg;
T + qt dt
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h
Kh ﬂ(l—Kt) 1dqt
r =49+ ——
t qt 8 qt dt

By virtue of ah(l —x¢) < a°, we have that rf’h < rf’e so that experts always have

a higher rate of return on capital relative to households. This implies that the non-
negativity constraint on capital holdings for the household sector must bind. Since the
capital market must clear in equilibrium, we have that experts hold all the capital, i.e.

k¢ = 1. Hence the price of capital is given by

ae

et Ao =)

qt

which is a function of the net worth share of experts.

Since there is no leverage constraint, the experts instantly take out loans to finance
the purchase of all available capital in the economy. Because of the capital market
clearing condition

QtK’eﬂtQth + 9{%(1 —11)9:Ke = 9Ky,

this implies that Qf’e = 1/n; instantaneously. Then, in the transition, experts repay their

loans to households which in turn finances their consumption.

The non-negativity constraint on capital holdings for the household sector binding
also implies that the risk-free rate must equal the return on capital if held by experts.

This is since only experts will have an interior solution.

Step 3 Evolution of the net worth share

To find the evolution of the net worth share, recall that 77; = Nf/N; so that by Itd’s

e e h . e h
lemma pi] = pN* — N = (1= ) (" — p}") since pl¥ = L9580 = il + (1= )",

The evolution of the net worth for experts is given by

N = —p® 41+ GK'e(rf’e — 1) = —p° + 14,
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since rf’e = r¢. The evolution of the net worth for households is given by

h
u = =" e O =) = =",

GK’h

since = 0. Putting these together yields the evolution of the net worth share

ul = —1—n) (" —p").

Step4 Solving the ODE

Notice that the evolution of the net worth share can be written as the following ODE

d
= —m1— )" —p")

Solving this with an initial condition for 7 yields the following closed-form expres-

sion for 177

e_(Pe_Ph)t

Mt = 3=
1710 4 o= (po—pMt
o Te

Hence, for p° > p" we have 15; — 0 as t — co while 17; — 1 for p° < p". On the other

hand, if p¢ = p", then 1; = 79 is constant over time.

3.2.2 Benchmark Model Conclusions

This frictionless model shows that

i) capital is always held by the most efficient sector which in this case are the experts,

ii) the consumption allocation is determined by the initial wealth distribution and
wealth only moves due to differences in preferences for the timing of consump-
tion, i.e. p° — p". For p¢ = p", every initial condition leads to a steady state, while

for different time preferences, the model converges in the long run to a boundary
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n = 0 for p° > p" or 7 = 1 for p° < p". However, these dynamics do not affect

production,

iii) the price of capital is constant for when there are no differences in discount rates
but otherwise, it rises over time because the agents with the lower marginal propen-

sity to consume become richer as time goes by.

3.3 Basak-Cuoco Model

In this Section we study the heterogeneous agents model of Basak and Cuoco (1998),

a simple yet classic model. This model is a special case of the general model in which

h

there is no leverage constraint ¢, and households cannot produce, i.e. a" — —oo.

3.3.1 Solution Method

Step1 Postulate aggregates, price processes and obtain return processes

In general, the aggregate capital stock is obtained by
1 v ~
K; = / Koidi.
0

With only aggregate risk, all experts (households) are identical (i.e., kf’; = k¢, Vi), so
total capital stock, expert net worth and household net worth can be simply obtained

by Ki = ki, N{ = ng, Nth = n?.

Denote the price of capital by q;. The total wealth of the economy is q;K;. The wealth
share of experts is 17; = Nf / (Nf + NJ') = Nf/q:K;. We then postulate that g; follows

% — uldt + oldz;.
t

Importantly, volatility of price loads on the same Brownian motion as capital stock.

Given the price process and the consumption decision of experts, we can calculate the
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return rate to capital, rf’e.‘l Using Itd’s product rule,

Dividend Yield ~ Capital Gain

‘ d(g:k?)
arke = Za 4 S0
t qi qek

e
% +g+ul +ool|dt+ (o +0])dZ;. (3.1)

We then postulate that the stochastic discount factor (SDF, e.g., & = ety (cl))isa
diffusion process:
d¢i i i .
% —ubdt+ofdz, ie{eh},
t

As we showed in Chapter 2, it turns out that its drift pt%” is the negative of the risk-free

rate r;, and its volatility loading O'El is the negative of the price of risk ¢i. As a result,

the SDF follows

dg; i :
? = —rdt — gidZ;, i€{eh}, (3.2)
t

Step 2 For given SDF processes, derive individual equilibrium conditions

Since all experts are identical, aggregate capital stock K; also follows

% = gdt + U'dZt.
K

We use the Stochastic Maximum Principle to solve the optimization problems. Fol-

lowing the exposition in Chapter 2, the Hamiltonian for the experts is given by
Hi = e "M log ) + &fnipl — ¢iginiol”

e at
— gt 1 |~ i (v ot =) |- o+ o

4For superscripts, we use lowercase letters for different types and capital letters for different assets.
1% p yp p
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The first-order conditions for the expert’s choices of consumption ¢ and capital

K,e .
shares 6, are given by

e () =

ae
a+g+ﬁ+mﬁ—n=éw+dﬁ

The costate equation reads by virtue of the

9H?
dee = — 2t dt — ceeedz,
t anf tot

= —11Gy — ¢4GidZy

where the equality follows from the first-order condition for 91{('6.

Using the first-order condition for consumption, we also find by It6’s lemma that

d e € € e
é%=[—ﬁ—ui+@ffcﬁ—ﬁdL
t

We already know that for the case of log-utility ¢f = p°n$, so that u{° = u}* and

C

of" = ¢/ Then the price of risk is given by ¢¢ = 0f = ¢/ = 95 “lo+a).

Similarly, the household sector will consume according to cf = p/n/.

Finally, we combine two sectors’ problems with market clearing conditions and
solve the model. We will see the price of capital g; is actually a constant in section
Step 4.

Step 3 Evolution of state variable 7;

In this model, agents start with some initial endowments of capital. Over time, they
allocate their wealth between the assets available to them by solving their respective
utility maximization problems, subject to budget constraints and taking prices as given.

Given prices, markets for capital and consumption goods have to clear.
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Recall that

e

Nt
= e [0,1].
1t 0iK; [0, 1]

The total wealth of experts N; follows

dNy _ dnj ¢ Ke [ 1,K
L TR TR [d . dt]
Nf n? l’lf + Tt + t rt Ty

ae
o TetH oo

e
= —C—tedt + rdt + Gg('e {
n
t

dt + (o + (Tf)dZt}

CE
— _n—%dt + redt + 017 {g‘;(a+ ol )dt + (o + af)dzt} .

Also,

d(q¢Kt)
q: Ky

= [y?—i—g—kaatﬂ dt + (o +0/)dZ;

e
= [T’t — ;— +¢i(c+al)| dt + (o +0])dZ:.
t

Apply Itd’s quotient rule to #; = Nf/q:Ky:

G + “ (1—65°) (o +a]) (ge — (0+0‘7)>
o t t) 6t :

dne _

v dt — (1 - 05 (o + 01)dZ;.
t

(3.3)

Using what we found in the previous step for ¢f = p°n{ and ¢f = 95 “(o+0]), we

have

dipe

; dt — (165 (c+0dz;.  (34)
t

e
—of + % + (1= 65)2(0 + o)
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Step4 Market clearing

Finally, we can close the model using market clearing conditions. Consumption
good market clearing yields
ae

o°ne + " (1 — 171)

Cr = p°Nf + p"N/' = p°mqiKe + 0" (1 — 1)Ky = a°Ky = q; =

Capital market clearing yields

K 1
e — T2 _ 2 3.5
t Ni 39)
Then, the law of motion of 7; is
diy ey, L= 02 11— q
——=1=m) | = (= p") + —5—(c+0/)°| dt + ——— (0 +¢/)dZ;. (3.6)
;71' ﬂt 771’
where by It6’s lemma
e __ Ah
q PP 1

0y =

— d,
oo+t -yt

Hence ’
o = L=mp m+pe(1 —1),
t p

and

1y [P+t - m)r )

e o | dt

0t (e __ Ak
n (T=mt) | (" —p") + " TaE

L= nepnet P =) g

+ e
Tt Y

a simple one-dimensional stochastic differential equation (SDE).

Numerical example. The figure below shows the price of capital, its volatility, the
arithmetic drift and volatility of net worth as a function of net worth #. The parameter
values are p® = 0.06, ph =0.04,a° =0.11, ¢ = 0.10 and g=0.1.
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Figure 3.1: Basak-Cuoco numerical example

3.4 Kiyotaki-Moore Model

The third specific example of the general model is the Kiyotaki-Moore model. It
is a deterministic model with a single zero probability shock rather than a model that
features risk, i.e. ¢ = 0. Here we present a modified version of the model in Kiyotaki
and Moore (1997). In particular, we convert the discrete-time model into a continuous-

time setting.
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3.4.1 Solution Method

Step1 Postulate aggregates, price processes and obtain return processes

We postulate that g; follows

d

qt
Importantly, there is no stochasticity as ¢ = 0. Given the price process and the con-
sumption decision of experts, we can calculate their return rate to capital, 75’6.5 Using
Itd’s product rule,

Dividend Yield Capital Gain
e N, ~

‘ d(g:k;)
drfe = (L 4 ¢ )dt+ f
t <4t g) qek

ae

qt

+g+ul|dt (3.7)

Similarly,

h 1 —
drfh = [a(q—tx) +g+ul|dt (3.8)

We then postulate that the stochastic discount factor (SDF, e.g., i = e 'ty (ci)) is

the process:

d¢ i
é = ytg dt, i€{eh},
Ch
As we showed in Chapter 2, it turns out that its drift yfi is the negative of the risk-free
rate r;. As a result, the SDF follows

i
dé; = —rdt, i€{eh}, (3.9)

&l

SFor superscripts, we use lowercase letters for different types and capital letters for different assets.
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Step 2 For given SDF processes, derive individual equilibrium conditions

The Hamiltonians can be constructed as

e
n e
My Ty
7\

Ve

My =e tu(ch) + & {—cf + 1y <7’t + 01 (rf* — n))] +ENSAL (1 —(1- 5)95@),

_h
HE = () b [~ (o0 - ) |

where the ¢! is the multiplier on the budget constraint and the &n¢A{ is the multi-
plier on the leverage constraint. Later we show that co-state variable ¢ equals SDF,
which for log-utility = e’Pitp%ni. Note that the Fisher Separation Theorem between con-
sumption and portfolio choice applies. That is the first order conditions with respect to
consumption, ¢!, and portfolio choice, Gfﬁ are independent. The first order conditions

with respect to ¢! and 95’1' are given by

e () =g
= c; = p'ny, under log utility
—plt 10 h h
e ' (cf) =G

and,

rf’e —r=(1- E)/\f

rf’h —r; = 0.

The additional first order condition is given by the costate equation,

_dH;

dél =
G i

4

which yields

agy = ((re+el 0 —n0) + 21 (1- 1 08) )

dgy =gt (ﬁ + 67" (" = Vt)) :
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Plugging in the first order conditions for portfolio choices yields, as expected,

% = —ridt, i€{eh}. (3.10)
t

Step 3 Evolution of state variable 7;

In this model, agents start with some initial endowments of capital. Over time, they
allocate their wealth between the assets available to them by solving their respective
utility maximization problems, subject to budget constraints and taking prices as given.
Given prices, markets for capital and consumption goods have to clear. To think about
dynamics first note that equilibrium objects are functions of the single state, the net

worth share, 17; = N _ N The state dynamics are solved by notin
17 N; th y y g

dNe _ Nf N
Nat — = ‘dt —+ dt
lth Nt Nt Pl + Nt ‘Ut
Mt (1=m:)

such that,

B

e h
wl=u —ut = Q=) (u —pl)

=0 from above

——
= (L=m) [~ (0" = p") + 67 (5 — 1) — 67" (1" —1y)

e h(1 _
= () | (- o | T T
qt qt

[\ J
-~

Ke Kh
=TT
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Step4 Market clearing

Finally, we can close the model using market clearing conditions. Consumption

good market clearing yields
9Kelo s + 0" (1= me)] = [a%§ +a" (1 — 1) (1 — w1) Ko

Capital market clearing yields

05 qiKs + 05 (1 — ) iKs = qiKy (3.11)
1
=Kt =1—x;

Equilibrium Conditions Summary. The equilibrium objects (, g, ) are functions of

the state 77;. Following some algebra, they are pinned down by the following conditions,

3.4.2 Solution and Comments

Global Non-Linear Solution. Figure 3.2 plots the global solution to this model for the

parameter values specified.

When experts have a low share of the total wealth their collateral constraint is bind-
ing. They put twice their wealth in capital (Gf’K = 2). They would like to lever up
more but cannot and hence we observe an excess return over the households, which is
increasing as the experts net worth share decreases. For larger wealth shares the port-
folio choice of the experts becomes an interior solution. The excess return is then 0 as

the constraint is slack.

Furthermore, the price of capital, gq;, is decreasing as wealth share decreases, in the

binding collateral constraint region. The reason for this is that as the experts” wealth
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0 0.2 0.4 0.6 0.8 1
Yl

n n

Figure 3.2: Global non-linear solution for parameters: p¢ = 0.06, o = 0.04, ¢ =
0.05, a° = 1.0, a"(1 — ) = a°x

share decreases they can hold less and less capital due to the collateral constraint. As
capital is in fixed supply, households hold more and more, meaning each marginal
value unit of capital becomes less productive, depressing the price. For high # values
the decline in the price is from the fact that experts are less patient than households.
The steady state is 0.4. For any value of # above this # drifts down, and for any value

below # drifts up.

Impulse Responses. One can do analysis of an unanticipated shock to the steady
state. Figure 3.3 plots impulse response functions for the same system above, for a 30%
(of 77) negative redistribution shock. We can observe the wealth share and price drifting

back up to the steady state.

Aside: Understanding Asset Prices. With some proper initial conditions, the price

dynamics are given by the solution of the following differential equation,

1dg: N a"(1 —xy)
q: dt qt

=T
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0 20 40 60 80 100 "o 20 40 60 80 100

Figure 3.3: Impulse response function with 30% (of 77) negative redistribution shock.
Parameters: p¢ = 0.06, ph =0.04,£ =05,a° = 1.0,a" (1 — k) = a’k

which is

gt = / e~ e ritah (1 — appal)ds.
t

The discrete time analogy for this is the difference equation and it’s solution,

Ji+1 — gt n a"(1 —xy)
qt qt

=T,

qr = i [H m] a"(1 = Kiys).

s=0 | u=0

That is, the asset price is the sum of discounted dividend flows, and is solved back-

wards.

3.4.3 Log-linearized Dynamics around Steady State

The way the Kiyotaki-Moore model was solved originally, also in discrete time, was
through a log-linearization around the steady state. We will now cover this and com-
pare. First we derive the steady state with u7 = 0 and its” properties. Then we will

log-linearize and characterize the dynamical system locally around the steady state.

The Steady State. First note that the collateral constraint always binds in the steady

K.e K,h

state. If the collateral constraint were not binding A{ = 0 and hence r*¢ = K/ ie. a¢ =

a"(-). The constraint does not need to bind only if x; = 1. Then x| = (1 — 1;)(p" — p°)
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and since p¢ > p", we have u < 0, i.e. 7 declines. Now, since the collateral constraint

binds, the steady state capital share is given by

SS
(Ss— 1
1/
The expert sector’s net worth share is 77; := :]K, is constant, i.e. y] = % = 0. From the

good’s market clearing condition and the last equation of the equilibrium conditions,

9% [(p° = ") + ") = Kssaf + (1 «55)a" (1 — «59)

SS o ah(l . KSS)
(0°—p") = for u" = 0.
;755 qSS
Combining the above,
KSSae_KSSah(l ) +qSSph — KSSae+ (1 SS)ah(l —KSS)
= ¢ =d"(1-«5%)/p",
where the steady state x°° is implicitly given by:
pe_ph B 1 ae_ah(l_KSS)
ot 1—4 ah(1—x5S)
Finally, for specific functional form a"(1 — ;) = a’xs,
ss 1 ss 1-¢

S G et A € )Y ey e

One can do comparative statics with this derivation. For example for higher leverage,
?, (i.e. less tight collateral constraint)

o 55 SS-capital share, is higher.

. 1755 , SS-net worth share, is lower.

al

e 55 = % price of capital, is higher. g°°K, total wealth in the economy, is higher

=

too.
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o N%%5 SS-experts’ net worth, is higher (Check?)

Comparative statics analyzes a permanent (long-run) shift to new steady state, but not
the dynamics between them. It compares two separate steady states. To analyze dy-

namics we can log-linearize.

Log-linearized Dynamics. Analytical solutions to 7, q; dynamics are hard to obtain.

Expanding around the steady state,

log(17:/11°7) = 7t
log(q:/4°°) = 4
1og(rt/rss) =7
log(af /a"*%) = a}

As an exercise one can derive an expression for 4,4/ as a function of #; with a first

order Taylor approximation. The state dynamics and price dynamics become,

dy 1_ 1755 ( 2SS g af— ah,ssq )
4, — t

dt — 1—-¢ \ 4% %= 55
dgq s A A
% = % (P + G — 7).

This works well for small shocks around the steady state, where the drift of 7 is
close to linear. However, further away from the steady state the log-linearization can

lead to misleading conclusions about dynamics of the system.
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0.1

0.08

0.06

n

> 0.04

0.02

-0.02

Figure 3.4: Global vs. Log-linearized Solution for 7-drift. Note: x-axis is log(#), since
we log-linearized.

3.4.4 Decomposing Amplification Effects

To decompose amplification effects, we first start at the steady state {g°°, 755, x5%}.
We then shock the system by redistributing a fraction of experts” net worth share to
households. In the original Kiyoataki-Moore model, the productivity shock lasts for
one period (not for an instant), which causes initial redistribution. With determenis-
tic recovery the immediate impacts, at t = 0, are as follows. First there is a direct
redistributive effect/shock. Second, there is a price-net worth effect. The decline in g;
reduces experts’ net worth share as they are levered, which feeds back into the price-net
worth effect. Third, there is a price-collateral effect. The decline in g; tightens collateral

constraints, which also feeds back into price-net worth effect. Subsequent impact t > 0

feeds back into immediate impacts.

To carry out a decomposition, we switch off the price-collateral effect by assuming
that the collateral constraint is determined by SS-price ¢°° instead of the equilibrium

price q;. Formally, the collateral constraint, x; < 1%, becomes x; < . Figure

Nt
1—€q55 /gy
3.5 plots the impulse response function of this decomposition, for a 30% (of 77) negative
redistribution shock. Because of this amplification, when all channels are on this trans-
lates to just over a 50% negative redistribution. If we switch off the the price-collateral

effect the amplification translates to just under a 40% negative redistribution. The dif-
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ference in amplification effects at t = 0 is also clear for the difference in price.

0 T T T O
0.1+ -0.05
-0.2 + -0.1
Tle-03} T -0.15
S S
0.4} -0.2
-0.5 q-constraint -0.25 gi-constraint
¢*-constraint q*-constraint
-0.6 - - - - -0.3 - - - -
0 20 40 60 80 100 0 20 40 60 80 100
4 t

Figure 3.5: Impulse resgonse function with 30% (of #) negative redistribution shock.
Parameters: o° = 0.06, 0" = 0.04,¢ = 0.5,a° = 1.0,a" (1 — k) =«

To show more clearly how this works, consider that economy is at steady state
{g%%,455,x5%}. There is then a negative initial/direct redistributive shock 1’ = (1 —

€)n°°. The new price g, and capital holding x’ solve,

, wla®+ (1 —«)a"(1—«")

(0° — o)y’ + oF , (Goods market)
SS(1 _
K =1 1(1_ / e), (g¢-constraint)
SS(1 _
K= 1;7 — 2755 2/ (9°°-constraint)

However, the debt contract was signed by the old price 4°° so 57 drops further. The first

round effect is done by considering the balance sheet,

/

Ui I _ ¢ ! _SS "1

To then get the full full convergence result, we need to do this procedure iteratively,

both with the g;-constraint and the g%°-constraint.
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The global solution for the ¢t > 0 decomposition of amplification is plotted in Figure
3.6. The blue line (g;-constraint) is the same as the global solution from before, in Figure
3.2. With the g°°-constraint, the constraint is less binding as it takes into account the
higher, steady-state, price of capital. This means that for lower 7 the excess return
will be lower than the g;-constraint since experts will hold more capital (as they are
allowed to lever up more). It also means that the capital price is not so depressed as
the experts hold a higher share of capital (and they are more productive). This portrays
the additional amplification from keeping the price-collateral effect channel open. One
interesting point is that with the g;-constraint the system recovers faster. The drift of 7

is higher since the excess return is higher.

5

q;-constraint qi-constraint
n g*-constraint | ¢*-constraint |
3+
<
o
2
1t
0 . . .
0 0.2 0.4 0.6 0.8 1 0.6 0.8 1
n Y
25 0.1
q;-constraint q-constraint
20 L ¢*-constraint | 0.08 ¢*-constraint
15
S:‘ S
10 F
5
0 .
0 0.2 0.4 0.6 0.8 1
Ul n

Figure 3.6: Decomposing Amplification for ¢+ > 0 (global solution). Parameters: p° =
0.06,0" = 0.04,¢ = 0.5,a¢ = 1.0,a" (1 — x) = a’x

For the log-linearized solution, we can also decompose the amplification for ¢ > 0.

The dynamics are given by
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* Price dynamics:

da

t _ ,SSs _ .SSsh_ .SSaA
dt

=1r77f — 1770 + 177

* State dynamics with g;-collateral constraint:

dfe  1-— ,755 < 2SS g a— ass )

dt — 1-¢ \ 4% = 55 1t

e State dynamics with g5°-collateral constraint:

%_ 1_,755< ah'SSAh 1 ae_ah,SSA>

dt ~ 1-¢ \ st T 1o g5
Note that 4y, di’, 7+ are different with the different constraints. For large changes in %

there will be a significant difference between these dynamics and the global solution.

3.5 Introducing Physical Investment

So far, we have considered a two sector model in which aggregate capital K; evolves
exogenously. We now add physical investment to it. Consumption goods can be
converted in new capital. The conversion is not necessarily one-for-one, but concave
in the investment rate 1, an agent’s new physical investment divided by his capital.®
This is captured by the concave capital conversion function ®(:) with the assumption
®'(-) > 0,9"(-) < 0. In addition, capital depreciates at a rate of . For example, con-
sider an agent with capital k; at an investment rate i at time t. His real investment
is 1tkt, and the capital accumulation is (®() — d)k;. This is equivalent to a convex

adjustment cost assumption. More generally, capital accumulation follows

dk;

k_ = (q)(lt) — (S) dt + U'de
t

®Assuming that ®(-) is concave in investment rate I;/K; rather than the investment I; ensures
tractable aggregate across agents.
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where dZ; is a Brownian motion capturing shocks to the capital accumulation process.

Note that investment is an intraperiod/static decision in models, in which capital
does not take “time to build”. Hence, maximizing agents” Hamiltonian with respect to
1 only enters via individual agent’s capital return r¥. The capital return consists of two
terms: a dividend yield term as well as a capital gain term. We can write the return on

capital as a function of the investment rate ¢; as

a—1 d(q:k a—1
q—fdt + ;’7;( ) ; S+ @(y) — S+ pf + oo | dt+ (0 +07)dZ;.
t tht t
——— ——
dividend yield capital gain

dr]t‘(tt) =

The agent will now choose the investment rate 1; to maximize their expected return

on capital accumulation. That is,

max Edr¥ (1) /dt
Lt

This yields the following Tobin Q optimality condition

1
— = (D/(lt).
qt
For the investment conversion function of the form ®(i) = %log(cpt + 1), this im-

plies the following relationship between the investment rate and the price of capital
(Plt =4qt— 1.

This investment conversion function has a parameter ¢ that measures the degree of
investment adjustment costs. As ¢ — 0, ®(1) — ¢ so that there are no adjustment costs
in capital investment. However, as ¢ — oo these costs become infinitely large and all

new investment is lost, that is, ®(1) — 0.
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3.6 Exercises

3.6.1 Coding Continuous Time Kiyotaki-Moore Model

Please replicate the global solution figures (of Figure 3.2) for the case with /-investments.

3.6.2 Capital (Quality) and Technology Shocks

Consider the simple model from chapter 3. There, we assumed that expert capital

follows
dk{ .
t
and produces an output flow”
y; = akj. (3.13)

In this problem set you are asked to consider a different specification with consumption-
specific technology shocks instead of capital shocks. Specifically, suppose instead of

equations (3.12) and (3.13) that capital evolves according to
dki a.,

Y = atkt (315)

and produces an output flow

where a; is now a stochastic process given by®

dat

= (loga —loga;) dt + cdZ;. (3.16)
t

7T use here a instead of a from the lecture to distinguish this more clearly from the process a defined
below.

80ne gets to this equation by imposing that loga; follows an Ornstein-Uhlenbeck process, the
continuous-time equivalent of a discrete-time AR(1) process, and correcting by a deterministic time drift,
such that the long-run mean of A; is not growing/shrinking over time. The equivalent in discrete time
is often taken as a productivity process in standard macro models.
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For ¢ = 0 this specification implies a geometric Brownian motion for productivity, for
¢ > 0, a; mean-reverts to the level 4 in the long run. The additional term a/a; in the ®

function implies that only consumption production is impacted by changes of a;.

(a) Show that without productivity mean reversion (¢ = 0), the model with capi-
tal shocks (evolution (3.12) and output (3.13)) and the model with consumption-
specific technology shocks (capital evolution (3.14), output (3.15) and productiv-
ity process (3.16)) are isomorphic in the sense that they imply the same dynamics
for output, consumption, net worth, the expert wealth share #° and the risk-free

rate.
(b) How are the two models related, if ¢ > 0?

(c) Explain economically, why the two shock types are not equivalent for neutral
technology shocks (i.e. if the investment technology is ® (1)) and an inconstant

1 function (1-2 sentences are sufficient).

3.6.3 The Basak-Cuoco Model with Heterogeneous Discount Rates

Consider the Basak-Cuoco Model of the slides. Now we introduce the investment

conversion function ®(1) = %log(qbt +1). Assume that households are more patient
than experts, i.e. they have a discount rate p" < p°. This is the simplest way to gen-
erate both a nondegenerate stationary distribution and some endogenous capital price

dynamics.

1. Derive closed-form expressions for 1, q, 0, u and ¢ as functions of 7 and model

parameters:

(a) Start with goods market clearing condition and use p(17) = 7 + " (1 —7)
to ease notation. Derive g(7) and (7).

(b) Use (1) and the law of motion for 7 to find ¢() and o' (7).
(c) Derive u'(y).
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2. Replicate the figure 3.1, setting ¢ = 10 and § = 0.035, then add to each plot
the corresponding line for the model with p° = 5% and p" = 2% (and all other

parameters as before).

3. Assume ¢ > 0. Show that in this model asset price movements mitigate exoge-
nous risk (i.e. 07 + o < o). Explain economically why this happens and why the

effect disappears if ¢ = 0.

4. Argue that the model must have a nondegenerate stationary distribution (just

give some intuition, not a formal proof).
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Chapter 4

A Macro-Model with Endogenous Risk
Dynamics: Amplification, Fire-sales,

and Speculation

In last chapter, we studied simple models to illustrate the basic structure of continuous-

time macro-finance models.

In this chapter, we present a more complex model in which apart from risk-free
debt, experts can also issue outside equity. In terms of economic insights, we enrich the

model to obtain the following properties:

* The risk as well as the price of risk is endogenous and hence time-varying de-
pending on the wealth distribution across the heterogeneous agents in the econ-

omy.

¢ Equilibrium dynamics contains two regimes — a normal regime around the steady
state and a crisis regime. The economy should be relatively stable near the steady
state, where experts are adequately capitalized and able to absorb most shocks.
However, an unexpected large shock or a series of negative shocks can signifi-
cantly damage the experts and bring the economy to the crisis regime. In a crisis,
experts are undercapitalized and financially constrained. As a result, market lig-

uidity can suddenly dry up and shocks do affect demand for and prices of assets.

59 / 315



CHAPTER 4. A MODEL FEATURING ENDOGENOUS RISK DYNAMICS UNDER LOG-UTILITY

This generates endogenous risk and volatility through feedback effects of fire-sales

and financial constraints can become occasionally binding.

* Volatility is high in the crisis regime, which might push experts” net worth to-
wards zero. In this case, the economy needs a long time to recover. Ex ante, the
system will spend a large amount of time away from the steady state and the

stationary distribution can be bimodal.
* Assets are more correlated during crises due to endogenous risk.

* Endogenous risk-taking gives rise to a volatility paradox, which means that the
economy does not become more stable when the fundamental risk ¢ is lower.
This is because when risk is lower, experts take on greater leverage, making the

economy more prone to crises.

* Financial innovations (e.g., securitization) that improve risk-sharing among ex-
perts might destabilize the economy in equilibrium. The logic is similar. Be-
ing able to diversify (idiosyncratic) risk emboldens the experts, leading to higher

leverage and amplifying systemic risk.

In terms of modeling, we highlight the essential techniques for solving large-scale

macro-finance models in continuous time:

e We introduce an occasionally binding constraint in this setting. The “skin in the
game constraint” is not binding in the normal regime, while it binds in the crisis

regime in which fire sales occur and volatility spikes.

* We rely on the “Fisher separation theorem” in order to solve the model from the

viewpoint of a “price-taking” social planner.

¢ We introduce a change from a consumption numeraire to a total wealth numeraire,

which simplifies many algebraic steps.

This chapter builds on Brunnermeier and Sannikov (2016), which expands on Brunner-

meier and Sannikov (2014).
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4.1 Model Setup

Environment. Like before, there is no labor and the economy is populated by experts
and households, i € {e,h}. However, now households can also produce consumption
goods but with an inferior technology. Agents can issue both equity and debt, but
subject to certain financial frictions. Upon death of an expert/household, a new agent
takes their place, inherits their wealth, and becomes an expert with probability (¢ &
(0,1).

Experts. Experts have a CRS technology y; = a°k{. Denote their consumption and

investment rate by c¢, 1. Experts’ capital stock evolves according to
Y Ct, - BEXP P g

e
dk—ljf — (D) — 5)dt + 0dZs.
t

Still, we have only aggregate risk in the environment. Experts have a log utility function

and they each maximize

Eo

T
/ e Fotlog c‘fdt]
0

where T is exponentially distributed with parameter p§. Define p® := pf + p5. The

objective is equivalent to infinite lifetime with higher discount rate p°
o0 e
Eog {/ e Pllog cfdt} :
0

Households. Households also have a CRS technology y/ = a’k]! with a" < a°. House-

holds’ capital accumulation process is

dki’ n
k_h = (q)(lt) — (S)dt —+ UdZt.
t

We let households hold capital to capture fire-sales. Households are more patient than
the experts, i.e., p" < p°. As we have discussed in section 3, assuming that households

are more patient than the experts, i.e., p" < ¢, is a modeling trick to ensure that the
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experts do not hold all the capital in the long run. However, here we achieve the same

outcome by introducing death. The households maximize

T
Eo / e‘pgtlogc?dt]
0

where T is exponentially distributed with parameter pg. Similarly, the objective is

equivalent to infinite lifetime with higher discount rate p" := pft + pZ
Eo {/ et log ci’dt} .
0

Financial Friction. The financial friction in this chapter is due to incomplete markets
(see, e.g., Dumas and Luciano, 2017). Although experts are allowed to issue equity,
they must hold at least « fraction of their risk. The balance sheets of the two sectors are

as following:

A Expert L A Household L
Debt Loans
Capital Net worth
Kk K, =quity qf Ky — N¢

Capital
K?q{(Kt

Xt = axf

Figure 4.1: Balance sheets of experts and households

The skin-in-the-game constraint can be expressed as x§ > ax;, where x7 is the frac-
tion of risk held by experts and «j is the fraction of capital held by experts. We will

discuss carefully this relationship in later sections.
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4.2 Solution Method

4.2.0 Postulate aggregates, price processes and obtain return processes

Again, with only aggregate risk, all experts (households) are identical, so total cap-
ital stock and net worth in each sector are obtained by Ki = ki, N = nl,i = {e, h}.
Denote the price of capital by g;. The total wealth of the economy is g; Y; Ki = q:K; =
N; = ¥; Ni. Define the capital shares as

i K
Kt = — =,
Y K}
and the net worth share as
i NN
Tt Yo NI gk

We then postulate that g; follows

d
ST~ dt + 07dZ,.
qt
Given the price process and the consumption-investment decision of the expert, we can

calculate the return rate to capital for both sectors, ri’K (). Same as (3.7), we have

i_ i
at — i

drK (i) —
) = |

+ &) =6+ ul +ool | dt + (o + o] )dZ;. (4.1)

We then postulate that SDF (& = e~/ (c)) follows
i ‘
% = —Ttdt — gltdZt, (42)
t

where 7, is the risk-free rate.
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4.2.1 For given SDF processes, derive individual equilibrium condi-

tions

With an additional asset available, sector i’s problem becomes

max [y [/ e_pitlogcidt}
0

{1,000t}
dni Ci iK 1.i,K/ i i,OE 1.0F i,D
s.t. L = ——dt+ 60, dry () + 077 dry s 4 07 rdt (4.3)
i i t t t t
t t
né given,

where r9F is the return to outside equity. Note that the outside equity has the same risk
(volatility) as capital but possibly different expected returns (drifts) due to the skin-in-

the-game constraint. The experts” allocation satisfies
0K >0, —(1—-a)p® <9 <0, 9P <0, and 67K +6°OF 1090 =1. (44)
The households” allocation satisfies

oK >0, oMOF >0, 6P >0, and OMK4eMOF LoD =1, (4.5)

Optimal investment ;. The choice of investment rate is still a static and time-separable
problem. An agent chooses /i to maximize her return rK(i}). The first-order condition

yields the Tobin’s g equation

— =@ (). (4.6)
With the special functional form ®(1) = %log(@ +1), ¢pit = q¢ — 1.

Asset and risk allocation. We solve the portfolio choice problem via the “price-taking
planner’s problem”, which is widely applicable to environments with multiple assets.
Intuitively, the price-taking planner’s Theorem means that a social planner that takes

prices as given chooses a real asset (capital) allocation x; and risk allocation x; that

coincides with the choices implied by all individuals” portfolio choices. The planner’s
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problem is often of the form

max [E [Capital Return| — (weighted ave. price of risk) x (incremental capital risk),

{rx}

s.t. Financial Friction(s).

Let’s see how this seemingly magical result works in our environment. The price-

taking planner’s problem is

(Weighted) Risk Premium

. . K
max E; [drf(;ct)} /dt — Y cixi x o s.t. Xi > kg
{reexe} N -~ _ i={eh} Egl-: ~—

Expected Return Financial Friction

——— —
(Weighted) Price of Risk

Here K (x;) is the overall return to capital: (1 = &£ = i} = %(qt - 1))
zK Y Kiai — kb
drf (x) thdrt = q—~|—<I>( u) =0+ ul +ool | dt + (o +a])dZ;.
t
Hence, the planner’s problem can be written as!
Xi Kta — b g e e
max ZGtXt (c+0/) st xp = ak;. 4.7)
{rexe} qt

Theorem 4.1. The equilibrium allocation of physical capital, k7, as well as the allocation of
risk, x{, that arises from agents’ portfolio decisions can be more directly obtained by solving the

“price-taking social planner problem” (4.7).

Proof. The proof takes three steps

2

1. By Fisher’s Separation Theorem~, each individual’s portfolio maximization is

equivalent to the following maximization problem of a “firm”. In our model,

INote that D) — 6+ ]/tt + (T(Tt does not depend on «, x;.
2We postpone the proof of this result till chapter 7. See also Kelsey and Milne (2006) for more details.
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individuals in sector i solve®

max  0/KE, [dr;?K(ﬂ;)] /dt + 07°FE, [dr?ﬂ /At + 07 — ¢ (07K + g1OF )"

{675, 0;°F, 07}
(44) ifi=e

s.t. .
(4.5) ifi=h

2. Aggregate {5;}-weighted sum of the two sectors’ problems:*

max Y yi0f B [dr ()] /dt+ Ynio} O E: [drPF| /dt+ e} Pre
{01 izgeny i ; -

— Y Gy (0 4+ 01F)or", st (44)and (45).
i
3. Market clearing conditions are

Capital: 6y =xi, ;6 +6,°F) = xi,
Outside Equity: Z qi@i’OE =0,

1
Debt: Y yio/P =o.
i
Note that (4.4) togerther with the capital market clearing condition implies
K ,OE K Ky _
Xi =i [67" + 6777 = (677 — (1 - a)6i7] = .

Therefore, the aggregated problem can be simplified to

{max} Y KiE, [dr;K(ﬂt)] /dt — (Zg@x’t) o, st xS > axd,
Kt Xt i i

which is equivalent to the planner’s problem (4.7).

3Recall that outside equity and capital have the same risk (volatility).
4 #iK K .
Note that 0™ = 0" as the two sectors face the same aggregate risk.
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Although we proved the theorem for this specific model, the three-step argument is
generally valid for more complicated models. Now we can solve the planner’s problem

(4.7) to obtain the risk/capital allocations. The KKT conditions are

Xt: min {g‘j — gi‘,)(f — aKf} =0, (4.8)

. a¢ —a" e h q e
Kt :  min P a(ci—¢i)(oc+0/),1—xfy =0. (4.9)
t

The derivation of the KKT conditions and how these conditions overlap may not
be obvious, first notice that apart from the financial friction constraint stated in 4.7, we
have another constraint on the capital holding by experts, which is x{ < 1. Hence the

Lagrangian reads

Cxéa+ (1 —xf)a — B
qt

L

(gt + (1= Xi)sh) (o + o) + (x5 — anf) + (1 = x)

where [4, [; are the Lagrangian multipliers.

Then we focus on y, taking FOC and the complementary slackness gives
(6§ — ¢ (o +07) = 0,xF —af > 0, (c§ — ¢1) (7 + o) (xf — ax) =0
Hence we have two cases here,

Casel:¢5(c+0]) > ¢l o+al), x¢ = axt,

I
t
Case2:¢S(c+0)) =clo+ah), x§ > axt.

Now under Case 1, we plug x{ = axj into the Lagrangian and take FOC and com-

plementary slackness regarding to xj, we get cases 1a and 1b,

a¢ — a"

qt
e . h
Case 1b: ~ p - a(ct —ch),xt < 1.
t

Case 1a: > a(cs —¢h),x8 =1,
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Under Case 2, there is no such relationship between x} and «;, so the conditions are

e h

a —a
qt
e ah

qt

Case 2a: >0,k =1,

Case 2b: 2 =0,xf < 1.

where 2b is impossible because a¢ > a”.

al

Intuitively, is the benefit of shifting a unit of capital from households to experts

2
and a(g¢ —¢h) ((Tq;— o/) is the associated cost, which is the difference in the required risk
premium. When the “skin in the game” constraint binds, there might be an interior
solution where the cost and benefit equalizes, and experts do not hold all the capital,
which is case 1a, there might also be a corner solution where experts already hold all
the capital but the benefit still exceeds the cost, which is case 1b. If the “skin in the
game” constraint does not bind, then the cost of shifting capital is zero as they require

the same risk premium, hence there is only a corner solution given by case 2a.

The FOCs can be visualized as following:

K <1 ki =1
A A
ae—ah ae_ah
— = alst = st + o)

> a(sf —¢t)(o+af)

Y Y
XE = g XE > g

Figure 4.2: First-order conditions of the planner’s problem

4.2.2 Evolution of state variable #;

The definition of equilibrium is similar to the previous chapter — a map from histo-

ries of shocks to equilibrium prices.

Definition 4.1. Given any initial allocation of capital among the agents, an equilibrium is a
map from histories {Zs,s € [0,t]} to price q;, investment rate ii, price of risk ¢ and capital/risk

allocation Ki, )(1;, such that
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(1) all agents choose portfolios and consumption rates to maximize utility,

(2) all markets, for capital, equity and consumption goods, clear.

Drift of 7i. One might solve for the process of the state variable i = N'/(q;K!) by
brute-force, i.e., combining process (6.1) and the market clearing conditions by It6’s
quotient rule. However, this method involves a formidable amount of algebra and
is thus error-prone. As an alternative, we introduce a new method — “change of nu-

meraire” — to compute the drift of wealth shares, p. .

Note that as a ratio of two equilibrium quantities, the wealth share 7! (and its

volatility) remain unchanged under a different numeraire, so the change-of-numeraire
i
method does not provide any new information on ¢ .

Change of Numeraire.

Consider two different numeraires — call them dollars ($) and euros (€). Let x{‘

be the value of a self-financing strategy in $. Denote the exchange rate by Y}:

4y,

= pldt +0)dz;.
Y}

Then, x{'/Y; is the value of the self-financing strategy in €. Applying the martin-
gale approach, Cfxf‘ and Z€(x{/Y) are both martingales. Recall that for any two

assets A, B, the martingale approach implies

uit — b =Gt - of),
Ut — uBY = (A — oBY),

By It6’s quotient rule,

uit Y = = (it —

o — otV = (o' o)~ (of — o) =o' —f
Hence,
(4 =) = o (of = o) = 6§ (of* = of)
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= (¢} ) (o] —of) = (oft — P)

— |¢f=c8 | (4.10)

We change the numeraire from consumption goods to the total wealth in the econ-

omy N; = Y; Ni. Consider two assets:

* Asset A: sector i’s portfolio return in terms of total wealth, that is Nti /Ny = 17%.
Extra drift terms are included due to reshuffling (death). The return to this asset

is

dni + (Ci/Ny)dt
1t

i C i

N
* Asset B: a benchmark asset that everyone can hold (e.g., risk-free asset or money
in terms of total wealth). In this chapter, asset B is the risk-free loan from the
households to the experts, which has return r;dt. However, in new numeraire,
the previously riskfree asset is not riskfree and does not earn the same expected
return. Under N-numeraire, its risk is —c}N and we denote its expected return as

rit.
The martingale asset pricing formula implies

N i - e N e/ G D R CRAY
¢ ———
price of risk

i

Ui
B +

under N; numeraire

Aggregate {#; }-weighted sum of the two sectors

R Ct oy i!
Lept g = L — ) (e +a), (4.12)
N i
=0

where the first item equals zero because it is the drift of ) 17i/ = 1. Subtracting (4.12)
from (4.11), the drift of nf is

—i

i . il Ci Ct - 4 N
i = el o)~ St et v - (- ) e
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. i .y . i’ Cl C -
::@—o—ﬂxﬂ+v+d0—2¢ui—wﬂ&w?+a+ﬂ%—@¢—Nﬁ e
i t

where the second equality holds because N; = g:K;, and hence O'tN =0+ (th )

Volatility of 7i. Recall that the wealth share 7! is numeraire invariant, so we still use

Itd’s quotient rule to solve for its volatility. Since 71 = Ni/Nj,

Xt_.%(

t

(o+0/) = o +0),

uh il uh

: ) i i’
N _ N Xt i' Xt
of =0 —of = Z fol = [7_2’7t7

where the third equality follows from (6.1) and market clearing conditions, as

o = ol = (07 + ;%) (0 +of) = j; (0 +a)).
t

Amplification. Applying [td’s lemma to q(75),

/ e
o = 9 eonty _ AU XE =g ey
gl ) = S T )
The total volatility is
c+ol = 7 >0 (4.13)
t 4 (77t) Xt — i .
q/ng g

The amplification effect arises due to fire-sales of capital from the experts to the house-
holds. A negative shock increases market illiquidity, leading to expert losses on their
capital stock. Since the experts are levered, when hit by a negative shock, they are
forced to sell their capital stock to the households, causing a further price drop, and so

on — a loss spiral.
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4.2.3 Goods market clearing

Since both experts and households may hold capital, the goods market clearing
condition takes the form:
. Ci . C!
k' — =Y L= - 414
ZZ t t Z K, qt;m N (4.14)

i

4.2.4 The special case of log-utility and the Inner Loop

So far we have characterized the optimal investment decision (4.6), the capital and
risk allocation (4.8 and 4.9), the volatility of capital price (4.13) and the goods market
clearing condition (4.14). If we know the prices of risk gé and consumption-to-wealth
ratios Ci / N}, we can already solve the model. We see that under log-utility ¢} = (Tt”i =
7};—%(0 + o) and Ci/Ni = p'. Tt is straightforward to show that (4.8) and (4.9) reduce to

the following two conditions:

a° —a" Xt — 1 2 s o
0 > a -7 (o +0/)", with equality if x{ < 1 (4.15)
xi = max {axf, 1f }, (4.16)

It follows that for the case of log-utility we only need to solve a system of non-linear
equations, one of which is an ODE (4.13). We refer to the algorithm as the “inner loop”,

as it will also be part of solution procedure for more general types of preferences.

Inner loop. Our goal is to solve for equilibrium variables (Xi, Kf, (th , li, q¢) as functions
of n7{ using conditions (4.6), (4.13), (4.14), (4.15), (4.16), and given expressions for gff and
Ci/Ni. The algorithm goes as follows:

Start at g(0) (the autarky economy) and solve to the right. Use different procedures

for two 7° regions:

i. If x{ < 1, solve ODE for g(7{) using conditions (4.13), (4.14) and (4.15). Specifi-
cally, we have to first plug (4.6) into (4.14) and (4.16) into (4.15). Then solve the

three equilibrium conditions to the right using Newton’s method.
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q

ii. If x{ = 1, (4.15) is no longer informative about ¢,. Instead, we solve (4.6) and

(4.14) for q(%¢), again, using Newton’s method.

Newton’s Method.

The classic one-dimensional Newton’s Method finds the root of a real-valued
function by successively computing the intercept of the tangent line approximation

of this function. Mathematically, it iteratively computes

Zp41l = Zn — [f/(zn)]_lf(zn)~

Slope = f/(zn>\

Zn41 Zn
Figure 4.3: One-dimensional Newton’s method

For a multi-dimensional system F(z) = 0, the Newton’s method proceeds as

Zy1 =2y — ], 'F(zy), (4.17)

where ], is the Jacoban matrix, i.e., J;j = aﬁ(z)/az]-.

In the algorithm above, we use Newton’s method to approximate the solution to
our ODE. Specifically, we let F(-) be the the three equilibrium conditions and z =
{q,«%, (0 + 01)}. Starting from the autarky solution zj, we then iteratively compute
to the right z,, by (4.17) on the #° grid. Note that for each grid point, we essentially only

conduct the first step in the Newton’s method. It can be shown that the error is of order
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O((z — z*)?), where z* is the true solution. Since our 7¢ grid will be very dense and all

variables are continuous in 7¢, the error should be negligible in practice.

If using only the first step is insufficient, one can easily switch to a multi-step New-
ton’s method. For example, in the inner loop function presented in Section 4.2.5, one
only needs to add an additional loop for codes between line 21 and 34. However, it is
important to keep in mind that Newton’s method does not guarantee global conver-
gence. In practice, a multi-step Newton’s method might diverge, and one should check

the gain from each additional step to deter possible divergence.

4.2.5 Implementation in MATLAB: log-utility

Following is main code executing the algorithm under the assumption of log-utility.

1 %% Parameters and grid

2 a_e = 0.11; a_h = 0.03; % production rates

3 tho_0 = 0.04; % time preference

4 rho_e_d = 0.01;rho_h_d = 0.01;% death rates

5 rho_e = rho_0 + rho_e_d; % expert’s discount rate

6 rho_h = rho_0 + rho_h_d; % household’s discount rate

7 zeta = 0.05; % probability of becoming an expert
8 delta = 0.05; sigma = 0.1; % decay rate/volatility

9 phi = 10; alpha = 0.5; % adjustment cost/equity constraint
10

11 N = 501; % grid size

12 eta = linspace(0.0001,0.999,N)’; 7 grid for \eta

14 %% Solution
15 % Solve for q(0)
16 q0 = (1 + a_h*phi)/(1 + rho_h*phi);

18 % Inner loop
19 [Q, SSQ, Kappa, Chi, Iota] = inner_loop_log(eta, q0, a_e, a_h, rho_e, rho_h, sigma, phi

, alpha);
20
218 = (Chi - eta).*SSQ; % \sigma_{\eta~e} -- arithmetic volatility of \eta~e
2 Sg_e = S./eta; % \sigma~{\eta~e} -- geometric volatility of \eta~e
23 Sg_h = -S./(1-eta); % \sigma~{\eta"h} -- geometric volatility of \eta~h
24
25 VarS_e = Chi./eta.*SSQ; % \varsigma~e -- experts’ price of risk
26 VarS_h = (1-Chi)./(1-eta) .*SSQ; 7’ \varsigma~h -- households’ price of risk
27
28 CN_e = rho_e; 7, experts’ consumption-to-networth ratio
29 CN_h = rho_h; % households’ consumption-to-networth ratio
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31 MU = eta .*x (l-eta) .* ((VarS_e - SSQ).*(Sg_e + SSQ) - (VarS_h - SSQ).*(Sg_h + SSQ) -
(CN_e - CN_h) + (rho_h_d.*zeta.*(l-eta)-rho_e_d.*(1l-zeta).*eta)./(eta.*x(1-eta))); %
\mu_{\eta~e} -- arithmetic drift of \eta~e

The inner loop procedure is implemented in the function inner_loop_log.m:

| function [Q, SSQ, Kappa, Chi, Iotal = inner_loop_log(eta, qO0, a_e, a_h, rho_e, rho_h,
sigma, phi, alpha)

3 N = length(eta);

4 deta = [eta(1l); diff(eta)]; % imposes the correct grid step for numerical derivative at
\eta~e = 0

5

6 % variables

7 Q = ones(N,1); % price of capital q

8 8SQ = zeros(N,1); % \sigma + \sigma~q

9 Kappa = zeros(N,1); % capital fraction of experts \kappa

10

11 Rho = eta*rho_e + (l-eta)*rho_h; ’ auxiliary variable: average consumption-to-networth
ratio

12

13 % Initiate the loop

14 kappa = 0; q_old = q0; q = q0; ssq = sigma;

15

16 % Iterte over eta

17 % At each step apply Newton’s method to F(z) = 0 where z = [q, kappa, ssql’

18 % Use chi = alphax*kappa

19 for i = 1:N

20 % Compute F(z_{n-13})

21 F = [kappa*(a_e - a_h) + a_h - (gq-1)/phi - g*Rho(i);

22 ssq*(q - (q - q_old)/deta(i) * (alphax*kappa - eta(i))) - sigmax*q;

23 a_e - a_h - qg*alphax*x(alpha*kappa - eta(i))/(eta(i)*(1-eta(i)))*ssq~2];

24

25 % Comnstruct Jacobian J~{n-1}

26 J = zeros(3,3);

27 J(1,:) = [-1/phi - Rho(i), a_e - a_h, 0];

28 J(2,:) = [ssq*x(1 - (alphax*kappa - eta(i))/deta(i)) - sigma,

29 -ssq*(q-q_old)/deta(i)*alpha, q - (gq-q_old)/deta(i)*(alphaxkappa - eta(i))];

30 J(3,:) = [- alpha*(alpha*kappa - eta(i))/(eta(i)*(1-eta(i)))*ssq~2,

31 -q*alpha~2/(eta(i)*(l1-eta(i)))*ssq~2, -2*q*alpha*(alpha*kappa - eta(i))/(eta(

i)*(1-eta(i)))*ssql;

33 % Iterate, obtain z_{n}

34 z = [q, kappa, ssql’ - J\F;

35

36 % If the new kappa is larger than 1, break
37 if z(2) >= 1

38 break;

39 end

40

4 % Update variables

42 q = z(1); kappa = z(2); ssq = z(3);
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44 % save results

45 Q(i) = q; Kappa(i) = kappa; SSQ(i) = ssq;

46 q_old = q;

47 end

48

49 % Set kappa = 1, use chi = max(alpha, eta) and compute the rest
50 nl = i

51 for 1 = n1:N

52 q = (1 + a_e*phi)/(1 + Rho(i)*phi);

gp = (g - q_old)/deta(i);

Q(i) = q; Kappa(i) = 1;
56 SSQ(i) = sigma/(1 - (max(alpha, eta(i)) - eta(i))*qp/q);
7 q_old = q;

58 end

60 % Compute chi, iota
1 Chi = max(alpha*Kappa, eta);
2 Iota = (Q - 1)/phi;

4.3 Stationary Distribution and Fan Charts

4.3.1 Stationary distribution

Recall that in the simple model in Chapter 2, experts hold all the capital in the long
run. In this chapter, we introduce death for experts and households to avoid a degen-
erate stationary distribution. Figure 4.4 shows the drift and volatility of #°. There exists
an 17" where the drift of 77° becomes zero. 17* can be viewed as the “steady state” of this
model. In the absence of shocks, the system will converge to and stay at the steady
state. In response to small shocks, drifts of #° can still push the economy back to the
steady state. Moving away from the crisis regime, risk premia decline, which boosts
experts” consumption and lowers the drift of #°. At r*, risk premia decline sufficiently
so experts” income is exactly offset by their consumption propensity, and hence their

wealth share stays constant.

The region where 17° > a = 0.5 reflects perfect risk sharing between experts and
households, where the volatility of 7° is zero. Since the drift is negative, the system
will never stay in this region. If we start there, the system deterministically moves to

n° = .
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Figure 4.4: Drift and Volatility of #°

The stationary distribution of the system can be derived using Kolmogorov Forward

Equation. Consider a n-dimensional It6 diffusion X with law of motion
dX = u(X)dt + o(X)dZ, (4.18)

where p : R" — R", 0 : R" — R"*" and Z is a m-dimensional Brownian motion. The

stationary KFE for fx is

Z ;M %le 9x,0%; (( )”(X)T>iij(x)) '

This is a linear equation for the function fx, namely Tfx = 0 with the differential

operator T defined by

Tf ::_Za %iiaxax] (( T)ijf>' (4.19)

One can show by integration by parts that

(1) g = [ fix (Zuz s +§fﬁ(cmT)l.]«x)aj;xjg(x)) d,
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so T is the adjoint of the operator S. We then discretize the differential operator S by a
matrix A. In finite dimensions, forming adjoints means taking transposes, so that AT
is a finite-dimensional approximation of T. We interpret A as the transition matrix of
a continuous-time Markov chain. Then its basis y (i.e., ATy = 0) is a multiple of the
invariant distribution of this Markov chain, so one can divide y by its (unweighted)
sum to obtain invariant probabilities. Then we can form the cumulative sum to get the

CDF and approximate the density by taking finite differences.

In next section we provide MATLAB program KFE.n to solve stationary and time-
dependent Kolmogorov forward equation. Figure 4.5 plots the stationary distribution.
Note that any monotone transformation of #° is also a valid state variable, including
the CDF of 7°.

8 T T T T T T T T T

0 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ne

Figure 4.5: Stationary distribution
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4.3.2 Fan Charts

In standard macroeconomic models with a fixed steady state, it is commonplace to
start at the deterministic steady state and shock the state variable with a one standard
deviation (negative) shock (bad unanticipated realization). Subsequently one can ob-
serve how the system/economy converges back to the steady state, i.e., by plotting the

the impulse response function.

The mathematical tool for studying transition paths in a continuous-time environ-
ment is given by the time-dependent Kolmogorov forward equation. For a process X

with the evolution (4.18), the KFE is

n

d d 1 LA T
St = = Lo (s ) +3 123 5 o (o), fi ()
or, shorter, dfx (x,t) /ot = [Tfx (-,t)] (x) with T as defined in (4.19). To solve such a
linear parabolic PDE, we can borrow the AT approximation matrix from the stationary

case and iterate the right hand side of KFE forward.”

The following MATLAB function outlines this solving method for both stationary

and time-dependent Kolmogorov forward equation:

function [pdf_stat,varargout] = KFE(X,MU,S,T,F0)
KFE Solve one dimensional stationary and time-dependent KFE by finite

% difference method The process being studied is dX = MU(X)dt + S(X)dZ_t.

W N =
=

5 % REQUIRED INPUT:

6 % X: [X(1), X(2) ... X(N)]’ is the state space (can be uneven grid)
7 % MU: a drift vector of length N, with MU(1) >= 0 and MU(N) <= O

8 % S: a volatility vector of length N, with S(1) = S(N) = 0

9 % OPTIONAL INPUT FOR TIME-DEPENDENT KFE:

10 % T: time grid, Mx*1

11 % FO: initial distribution vector, Nx*1

13 % IMPLEMENT
14 % 1. For stationary distribution, [pdf_stat] = KFE(X,MU,S);
15 % 2. For distribution diffusion, [pdf_stat,cdf] = KFE(X,MU,S,T,F0);

17 % NOTE: 1. Fokker Planck operator (KFE) is the adjoint operator of Feynman Kac
18 % operator (KBE). We first build Feynman Kac operator and then transpose it.

19 % 2. We use upwind scheme and implicit scheme for monotonicity and stability.

5In the one-dimensional case can also be solved with MATLAB built-in solver pdepe.
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21 N = length(X);

2 dX = X(2:N) - X(1:N-1);

23 %% 1. Build Fokker -Planck operator

24 % approximate drift terms with an upwind scheme

25 % upper diagonal

26 AU = max(MU(1:N-1),0)./dX;

27 % lower diagonal

28 AD = - min(MU(2:N),0)./dX;

29 % main diagonal

30 AO = zeros(N,1); AO(C1:N-1) = AO(1:N-1) - AU; AO(2:N) = AO0(2:N) - AD;
31 % matrix A

32 A = sparse(1:N,1:N,A0,N,N) + sparse(1:N-1,2:N,AU,N,N) + sparse(2:N,1:N-1,AD,N,N);

34 %, approximate volatility terms

35 % sigma~2/(x_{n+1} - x_{n-1})

3 S0 = zeros(N,1); SO0(2:N-1) = S(2:N-1).-2./(dX(1:N-2) + dX(2:N-1));
37 % upper diagonal

33 BU = SO0(1:N-1)./dX;

39 % lower diagonal

40 BD = S0(2:N)./dX;

41 % main diagonal

42 BO = zeros(N,1); BO(1:N-1)
43 % matrix B

4 B = sparse(1:N,1:N,BO,N,N) + sparse(1:N-1,2:N,BU,N,N) + sparse(2:N,1:N-1,BD,N,N);

BO(1:N-1) - BU; BO(2:N) = BO(2:N) - BD;

46 % Fokker Planck operator
47 FP = (A+B)’;

49 %% 2. Find stationary distribution.

50 % MATLAB doesn’t have build-in kernel solver for sparse matrix, for higher
51 % efficiency one can use online package like spnull, etc.

52 F_stat = null(full(FP));

53 cdf_stat = cumsum(F_stat(:,1)./sum(F_stat(:,1)));

54 pdf _stat = [0;(cdf_stat(2:end)-cdf_stat(l:end-1))./dX];

56 %% 3. Solve the time-dependent KFE.
5

57 if nargin ==

58 F = FO;

59 DT = [0 T(2:end)-T(l:end-1)1;

60 pdf _diffusion = zeros(length(T),length(F));
61

62 for i = 1:length(T)

63 F = (speye(N,N) - DT(i)*FP)\F;
64 pdf_diffusion(i,:) = F;

65 end

66 varargout{1} = pdf_diffusion;

67 end

68

69 end

To visualize the transition, we can use fan charts originally introduced by the Bank
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of England. The first type of fan chart plots the evolution of (the distribution of) the
state variable after a shock — the “distributional impulse response”. The idea is sim-
ilar to the impulse response function in the DSGE literature, but instead of imposing
a one-time shock, it studies the dynamics of the whole system. Figure 4.6 plots the
convergence back to the stationary distribution after a shock to an economy originally
at the median of the stationary distribution. To simulate a negative shock, we set the
original Brownian shock at its 1% quantile (dZ; = —2.32dt) for a period of At = 1.
The dashed lines indicate different quantiles of the distribution and the solid line is the

median response. The color is monotone in density.

0.45 - = -

0.4 Hll -

= 0.35
’ 1l

5 -
0.25 1l

Il — \ledian State
“2 | I 1 L

-10 0 25 50 75 100
Time ¢

Figure 4.6: Distributional impulse response at stochastic steady state

More interestingly, the second type of fan chart plots the difference between distribu-
tions with and without the shock. As we find in Figure 4.7, the difference converges to

zero in the long run.
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5 -0.02
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1 1 1
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Figure 4.7: Distributional impulse response (difference to unshocked path), o = 0.1

4.4 Discussions

In this section we study how specific parameters (a", o, a) affect the equilibrium.

Figure 4.8 shows the effect of o on the equilibrium. The steady state #* drops as
o declines, while risk premia fall in the normal region, until #* reaches the boundary
of the crisis region (the kink in 4).° A volatility paradox emerges: endogenous risk o}
does not necessarily fall as ¢ declines. Note that as ¢ — 0, the boundary of the crisis

region does not converge zero — there is always some positive endogenous risk.

®This happens for o = .01 in Figure 4.8.
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Figure 4.8: Equilibrium for o= .1 (blue), .07 (red) and .01 (black)

The effect of relaxed financial friction is similar. As shown in Figure 4.9, endogenous

risk (7;7 increases as « falls.
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13 0.06
1.2 -
SH = 0.04
11 ©
1 0.02
0.9
0
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
n n
0.25 0.06
09 0.05
0.04
0.15
% 5003
3
01 0.02
0.05 0.01
0
0
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 05

Figure 4.9: Equilibrium for a= .5 (blue), .2 (red) and .1 (black)

The household productivity a" has a major impact on stability of the system. a”

flects how households value capital, when they are forced to hold it. Figure 4.10 shows
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the equilibrium dynamics for different values of a”. Endogenous risk significantly in-
creases as a" declines while the behavior in the normal regime and #* are insensitive
to a7 Tt is surprising that although expert leverage responds to fundamental risk o, it

does not respond to endogenous tail risk.

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

0.5 0.1

0.4 0.08
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0.3
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0.2
0.02
0.1 0
0 -0.02

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

o’
wn

Figure 4.10: Equilibrium for a"= .03 (blue), -.02 (red) and -.07 (black)

4,5 Exercises

4.5.1 Fire Sales

In this exercise you will solve the model from Lecture 04 numerically, under the

assumption of log utility.

1. Our goal is to construct functions 4q(7), (1), x(y) and ¢9(y) on the [0,1] grid.
Slides 47-48 provide the parameter values, and slide 46 provides the set of equa-

tions and the algorithm.

(a) Solve the model at the boundaries: fory = 0and 7 = 1.

7 As noted in Brunnermeier and Sannikov (2016), for log utility, it can be analytically proved that the
dynamics in the normal regime is independent of a".
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(b) Create a uniform grid for # € [0.0001,0.9999] = {; = 0.0001, 72, ...,7N =
0.9999}.

(c) Using the implicit method with the one-step Newton’s algorithm, solve

the system of equations on slide 46 for #1,#3,... and so on.
(d) Stop once you reach ¥ > 1. From here on, set ¥ = 1, solve for g and ¢*.

(e) Verify your solution by plotting g(17) and ¢(#) and comparing it with the
graph on slide 50. Do your functions converge to the boundary solution
for 7 = 1 that you obtained in (a) as 7 — 1?

(f) Plot the remaining variables: (1), x (7).

(g) We can also look at the experts” balance sheet: derive expression for the

. . Dg . .
scaled version of issued debt: aik; and plot it against 77.

2. Recall from the lecture that drift and volatility of # in the general case are given
by:

W = (1= ) [<gi—a—cfﬁ><aﬁ+a+aﬁ>—

n g n g ceCr\ o phc(1—mn) —p(1 = Qe
—o— - to+ol |- =t - =t )+
(¢f —o—0) ( Tt Ut> (Nf NI G

K J—
(7;7 _ ke
Mt

(a) Which terms in the above equations can we simplify /substitute because of

(0 +0af)

log utility and why? Perform these substitutions and derive the drift and

volatility of 7 under log utility.

(b) Verify your solution by plotting #u" (1) and 70" (1) and comparing them
with the graph on slide 50.

4.5.2 Brunnermeier and Sannikov (2014)

In Brunnermeier and Sannikov (2014), experts and less productive households are

risk neutral. However, while consumption of households can go negative, for experts
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it has to stay non-negative. Hence, experts become extremely risk averse when con-

sumption approaches zero. As a result, the stationary distribution is bimodal.

Try to replicate the paper with tools studied in this chapter.
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Chapter 5

Contrasting Financial Frictions

In this chapter, we extend the previous model by including a leverage contrainst on

the amount of debt the expert sector can issue.

5.1 Model Setup

Environment. Like before, there is no labor and the economy is populated by experts
and households, i € {e,h}. However, now households can also produce consumption
goods but with an inferior technology. Agents can issue both equity and debt, but
subject to certain financial frictions. Upon death of an expert/household, a new agent
takes their place, inherits their wealth, and becomes an expert with probability (¢ &
(0,1).

Experts. Experts have a CRS technology y; = a°k;. Denote their consumption and

investment rate by cf, . Experts’ capital stock evolves according to

dke
k_‘;t = (O(8) — 8)dt + odZ; + dAM*
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Still, we have only aggregate risk in the environment. Experts have a log utility function

and they each maximize Experts have a log utility function and they each maximize

T e
/ e Fol log c‘;dt]
0

where T is exponentially distributed with parameter p4. Define p¢ := pj + p5. The

Eg

objective is equivalent to infinite lifetime with higher discount rate p°
o e
Eo {/ e Pllog cfdt} :
0

Households. Households also have a CRS technology y = a"k with a” < a°. House-
holds’ capital accumulation process is

dk! " K
k—? = (q)(lt) — 5)dt + U'dZt + dAi’/ .

We let households hold capital to capture fire-sales. As we have discussed in section 3,
assuming that households are more patient than the experts, i.e., o" < p¢, is a modeling
trick to ensure that the experts do not hold all the capital in the long run. However,
here we achieve the same outcome by introducing death. The households maximize

T
Eo / e 0! log c’fdt]
0

where T is exponentially distributed with parameter pg. Similarly, the objective is

equivalent to infinite lifetime with higher discount rate p' := pg‘ + pZ
—, h
Ey {/ e logctdt} .
0

Financial Friction. The financial friction in this chapter is due to incomplete markets
(see, e.g., Dumas and Luciano, 2017). Although experts are allowed to issue equity,
they must hold at least a fraction of their risk. At the same time, experts are subject

to a leverage constraint by which they can issue risk-free debt up to a fraction /¢ of the
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value of their capital holdings. As for households, they are subject to a no-short-selling

constraint on capital. The balance sheets of the two sectors are as following;:

A

< €Ki qeK;

Net worth

Capital :
Equity q:K: — Nf

K{qeKy
Capital
K?Qth

> akfqiK;

Figure 5.1: Balance sheets of experts and households

Letting 09K = k°qK/N¢, 0P = —D°/N¢ and °°F = OE®/N¥, the skin-in-the-game
constraint can be expressed as (1 — zx)@f’K + Bf’OE > 0 and the leverage constraint as
(1-¢ )GfK + Gf’OE < 1. In addition, the no-short-selling constraint for the household

sector is Qf’K > 0.

Leverage Constraints in Practice. The international regulation for leverage is im-
posed by the Basel Accords. In 1988 Basel I was published, setting minimal capital
requirements for credit risk. In 2004 this was updated to Basel II which introduced
risk dependent weights (which are not time varying) on capital requirements. Basel III,
introduced in 2010/11, tightened capital requirements and set a leverage ratio require-

ment.

5.2 Solution Method

We solve this problem using the Stochastic Maximum Problem.
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5.2.0 Agents’ portfolio choice

Experts’ portfolio choice. Let rf’j =E [drf’j ]/dt. Then the experts solve the following

optimization problem

max IE[/ epetu(cf)dt] subject to

a0 oyt L
dnf = {—c‘f + nf (rt + 09K (oK (1) — 7y) 4 09OF (r9OF — rt)ﬂ dt
(0K + 605 (0 + of )24
(1 —«)0" + 67°F > 0 (skin-in-the-game constraint)

(1—£)6°% +6°°F <1 (leverage constraint)

Denote by A! the multiplier on the leverage constraint and by A{ the multiplier on

the skin-in-the-game constraint. The Hamiltonian can be constructed as

e
n e
My T
7\

Hi = e u(ef) + & [—c? o (re+ 65 () — ) + 67O (70" m)}
ol nt

— G s (07 + 07 ) (o -+ of) + &AL [1— (1 0)67< — 670" |

+EmiAT | (1 — ) + 070" |

Notice that the objective function is linear in 8, hence the solution is of bang-bang
type: the agents are either indifferent or at a constraint. In addition to this, the Fisher
Separation Theorem applies between cf, "}, i since their first-order conditions are de-

coupled.

Households” portfolio choice. The households solve the following optimization prob-

lem

© _Ah
max E / e Ptu(cl)dt|, s.t.
i i ghK gl OE s
Croy O™ by
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dnff = {_c’; (e O (PR — )+ OPOF (1 OF () — rt))] dt
+ (6% +6,7%) (¢ + 0])dZ,

Of’K > 0 (household short-sale constraint)

Denote the multiplier on the no-short-selling constraint on capital as A. The Hamil-

tonian can be constructed as

h h
uy ”t

_,h
HE = e Mu(el) + 8 [l (v 615 PG = ) + OO GEOE - )|
h

h
n
Oy 1y
2\

— il (6, + 6y ) (o + o) + Einarer

which is also linear in 8 and Fisher Separation Theorem also applies.

f-choice. The first-order conditions with respect to s are

¢ Experts’ sector

er—rt = gi(a%—aﬁ) + (1 —E))\f— (1 —oc)/\i(
PO i =cl(o+ o)+ AL = Af

e Households” sector

h,K h h
it — e =gp(o +0) — Af
h
t

”?E—T’t o (UJFUf)

Taking the difference between them, we obtain

ae_ah

qt

= (¢ — ¢ (o +0f) + AT+ (1= 0 — (1 - a)A,

0= (¢ —¢H(c+a])+A{—AF,

Hence, if we focus on the return gaps r9F — r?’K and rf’K —r9F, we can write the
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FOCs as

rf’K —r9F = aAX — 1A}

Y

Let us now consider different cases in which the constraints may or may not bind.

e Household short-selling constraint not binding (A} =0 = r9F = r?’K)

- AX =0,A! > 0 is impossible because X > #K — yOE

- Af > 0,Af > 0or AY > 0,A/ = 0 are both possible. The skin-in-the-
game constraint always binds while the leverage constraint may or may
not bind.

* Household short selling constraint binding (/\]t1 > 0)

— If we define 7" to be the smallest #¢ such that A} > 0, then A} > 0 is
impossible because 1/%; < 1/#%*. Hence, only the skin-in-the-game con-
straint may bind. The intuition behind this is that outside equity cannot

generate a higher return than physical capital.

(x, x)— Asset/Risk Allocation. We now translate the constraints from the 6 space to

the x — x space. These become

Skin-in-the-game constraint x{ = iﬁ’KQf + i Gf’OE > akf
N———"
>—(1—a)xf
: e __ epneK epne,OE e e
Leverage constraint x; = #;0," +  #;0, < Ui + n;
N’

<(1-(1-0)65)

And the FOCs can be rewritten as

p > a(ct — (o + o), with equality if x{ < 1 and x{ < x{ + 75.
t - -~ g
A—risk premia

¢t >¢", with equality if xf > ax}
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With this in mind, we can now consider four different cases across # which are

summarized in the table and figure below

Cases Oa la 1b 2a

Leverage Xi =05 +nf | x5 < lxf+nf | x5 < Ui +ni | xi < 0k +nf
Skin-in-the-game | x§ = ax} Xi = oK} X = oKy Xi > &Ky
Short-sale K <1 K <1 ki =1 ki =1
A-risk premia > = > >
Risk-sharing Xt > 1t Xt > 1t Xt > 1t Xt =1t

Occasionally binding constraints:
Leverage constraint
Skin in the game constraint

, HH’s short-sale constraint
Experts’ leverage

constraint, HHs’ short-sale constraint of
Xt = txi +n¢ capital binds, kf =1
V—A—V 1
f \
| Case Oa | : | Case 1a | ! | Case 1b | I

| | | n

\ J
Y
Experts’ skin in the game
constraint binds, yf = akxf

5.2.1 Market Clearing

Determination of «, x. The determination of « is based on the difference in risk pre-

mia a(¢¢ — ¢#) (0 + o). Hence, « is determined by the FOC

a‘—a Xt — 1§
. > “q L ;78)276 (o +0]), with equality if xf < 1and x¢ < (k¢ + 5.
)i

The risk share of experts x§ is given by

Xt = max{axi, i}

while the determination of «§ in the leverage constrained region follows from

e
e __ 77t
t

K a—/

93 / 315



CHAPTER 5. CONTRASTING FINANCIAL FRICTIONS

Investment and capital prices. Optimal investment dictates

and from the previous lecture on amplification, we have that

q _ o q — 07'(’7?) e e q
o+ Ut B q’(ﬂf) Xf"?f = |0 q(;ﬁ) (Xt 771‘)(0 + Ut )
q(n)/mg i

Output good market clearing. This requires

(k6a® 4+ (1 — «$)a" — 1)K; = Cy
h

"]

= |kia®+ (1 —«f)a" — i = qe[mp® + (1 —11)p

5.2.2 Algorithm — Static Step

We have five static conditions,

1. (Plt:qt—l

o e. a°—a" XMl 7\2
2. Planner condition for «¢: m > (=R (c+0/)
t t

3. Planner condition for x§: x§ = max{ax{, 7;}

4. w¢af + (1 —«x8)a" — 1(qr) — qelmep® + (L= 3¢)p"] = 0

5. 07 = T8 (6 — i) (@ + o)
= Get q(17°), x* (), 7 (n°).

The algorithm strategy is to start at g(0), solve to the right, and use a different procedure

for the two 7 regions depending on «:

1. While «¢ < 1, solve ODE for g(#°)

e For given q(77), plug optimal investment (1) into (4)
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¢ Plug in the Planner’s condition of )

* Solve ODE using three equilibrium condition (2),(4) and (5) via Newton’s
method

o if x§ > lx{ + n{, replace «{ by a”—_fg, solve (3) (4) (5) for x(1°),q(n°),c1(n°)

2. When x¢ = 1, (2) is no longer informative, solve (1) (4) for q(n°)
(HINT: When constraint binds, we directly substitute in x°)

Aside: Newton’s Method The system of equations to use for Newton’s method in
this case is as follows,

q wfag + (1 —xf)a" — 1(qe) — qelmep” + (1= 7)p"] | [goods mkt
z,=| x |,Flz,) = q' () (x; — ) (0 + ) — (i) .| amplif
o+l (a° —a) — agy (ﬁ;fﬂ)fr]f (cr + Uf) Planner.

Slope = _,f"[:,.}-—_____)_

5.3 Numerical Solution and Model Properties

In this Section we cover the numerical solution, which was computed with the al-
gorithm covered above.

95 / 315



CHAPTER 5. CONTRASTING FINANCIAL FRICTIONS

5.3.1 Capital Price and Volatility

We first analyze the price of capital and amplification. Figure 5.2 plots these, for
the displayed parameters. Note that / = 0.55, which corresponds to one being able to
borrow up to 55% of their collateral. We observe four regions split by the dashed lines.
In the left most region both the leverage constraint ad outside equity constraint are
binding. In the second left most region the leverage constraint no longer binds. These
two regions make up the crisis regimes, where fire-sales are occurring and capital price

is increasing as a function of 7. The third region is where 100% of the capital is held by

the experts, and households are short-sale constrained. In the final, right most, region

there is perfect risk sharing, where xy = «.

Price of Capital Amplification

14t
1.3+
§
1.2+ &
I~} . st
S ~ s ~
3 E
&h 3 ~
L1f &0 & S
e 5 =
L2 g
g >
)
1+ Cj =
0.9 4
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n

Figure 5.2: p*"" = 0.05, %" = 0.04, 05" = 0.01, {¢ = 0.05, § =0.05, a° = 0.11, a = 0.03,
0=0.10,¢ =10, & = 0.8, £ = 0.55.

It is interesting to compare the volatility of the price of capital in the model over
different cases. Figure 5.2 plots this for the full model, with outside equity and leverage.
Figure 5.3 plots ¢ for a benchmark model (dashed black line) with no outside equity
and no leverage, as well as a model with outside equity only (red line). As outside
equity only is added to the model, the volatility goes up in the fire sale region. As the

leverage constraint is added on top of this, the fire-selling region in which it does not

bind (the second left most region) experiences more price volatility.

96 / 315



CHAPTER 5. CONTRASTING FINANCIAL FRICTIONS

O-1r — — Benchmark 0.1} — — Benchmark

Outside Equity Only
Outside Equity + Leverage

Outside Equity Only 0.09 +

n n

Figure 5.3: Same parameters as Figure 5.2, but black line has « = 1, £ = 1 and red line
hasa = 8,/ =1.

5.3.2 Net Worth Evolution: Drift & Volatility

Figure 5.4 plots the drift and volatility of 7 in arithmetic terms. When the drift of
the state variable is 0 we are at the steady state. Below the steady state the system drifts
up and above it it drifts down. The volatility is highest in the region where the leverage

constraint is not binding but fire-sales are still happening.

Drift of n¢ Volatility of n¢
0.03 - K 0.09 - ¥ oL Tt
0.025 |- 0.08
0.02 0.07
0.06
0.015 |-
0.05
S om r:\
2 0.04
0.005
0.03
0 0.02
-0.005 | 0.01
-0.01 0 ‘ ‘ ‘ ;
0 0 0.2 0.4 0.6 0.8 1
n n

Figure 5.4: 0% = 0.05, p&" = 0.04, p%" = 0.01, {® = 0.05, 5 =0.05, a° = 0.11, a" = 0.03,
0=0.10,¢ =10, & = 0.8, £ = 0.55.
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5.3.3 Risk Allocation & Leverage

Figure 5.5 plots the risk allocation and leverage for the full model, with both outside
equity and the leverage constraint. The risk allocation plot shows what proportion of
risk is held by the experts. It is increasing in 1, and we observe perfect risk sharing
in the right most region. When the experts hold, for example, 90% of the wealth, they
also hold 90% of the risk. Therefore from 1 = 0.8 onwards the risk holding plot is the
identity line. In the second right most region, the experts already hold all of the capital
but only 80% of the risk. This is because the outside equity constrain of & = 0.8 is
binding. In the capital net worth ratio plot we observe the leverage constraint kicking

in in the left most region. Experts would like to lever up more but cannot. Note that

the lever up less as they capture more of the wealth share.

. Risk Holding Capital Networth Ratio
4.5 : : :
0.9+
0.8
0.7F
0.6 g
)
wosp o g =
‘ I
s S
0.3} =~
0.2+
0.1r 0.5
0 L L L 1 ) 0 L L L 1 )
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n

Figure 5.5: p*"" = 0.05, %" = 0.04, 05" = 0.01, {® = 0.05, 6 =0.05, a° = 0.11, a = 0.03,
0=0.10,¢ =10, & = 0.8, { = 0.55.

Risk Allocation Comparison. Figure 5.6 plots risk allocation for the benchmark model
(dashed black line) with no outside equity and no leverage, as well as the model with
outside equity only (red line). The full model is again plotted in blue. The addition of

outside equity allows experts to offload a proportion of their risk, which is why the red

line is lower.
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Leverage Comparison. Figure 5.6 plots leverage for the benchmark model (dashed
black line) with no outside equity and no leverage, as well as the model with outside
equity only (red line). The full model is again plotted in blue. Allowing for outside

equity lets experts hold even more capital in relation to net worth, but if there is a
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5.3.4 Volatility Paradox

We now consider the model with outside equity & = 0.8, but no leverage constraint.
Then the volatility paradox is a phenomenon which shows that ¢” (as well as o + o)
stays roughly constant as ¢ varies (even when ¢ — 0). Figure 5.8 plots various objects
for different c. We observe that the regions shift slightly, since the fire-selling regions
start for lower 7 if there is lower ¢. However, we observe that the total volatility, at
the point where fire sales start in each parameterization, is roughly the same. This is

because as you lower the fundamental volatility, o, the price volatility, ¥, increases.

0.1

0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

ol

0.1r

0.08 -

0.06 -

0.04

0.02

0.4

n

0.6

0.8

w'n

0.04

0.03

0.02 +

0.01

n

Figure 5.8: Volatility Paradox & = 0.8, 0 = 0.10, ¢ = 0.08, o = 0.06

If we add a leverage constraint on top of the model ¢ = 0.55 we get even more in-
teresting results. Figure 5.9 plots the same objects as before for different c. Now o7 is
really increasing in o for the second left most region, where fire-sales are happening but
the leverage constraint does not bind. In the left most region of the binding leverage

constraint and fire-sales, the ¢ and ¢ are decreasing in ¢. The leverage constraint
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binds earlier on for lower ¢ and makes the volatility go down. This was not the case in
the model without the leverage constraint. Interestingly, the drift also collapses com-
pared to the case of no leverage constraint. this is because experts cannot lever up as
they wish to take advantage of investment opportunities. The upwards drift in the left
most region is lower for lower . The lower the ¢ the longer it takes to get out of the

leverage constrained region.
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g
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Figure 5.9: Volatility Paradox « = 0.8,¢ = 0.55, o = 0.10, o = 0.08, o = 0.06

5.4 Stationary Distribution & Net Worth Trap

Recall from Chapter 4 that one can find the stationary distribution from the “Kol-
mogorov Forward Equation”. Given an initial distribution f(7,0) = fy(#), the density

distribution follows

of (n,t) _ _olftn,Hm(n)] | 1[f(y, )o* ()]

ot on 2 on2
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A corollary is that if stationary distribution f(7) exists, it satisfies ODE

o 0] | 18[f(n)o? ()]
dy 2 dn? ’

which has the closed form solution,

Cons X
f(n) = (72(;7)texp (/017 (ZTPZI((x))dx> .

Aside: KFE Analytical Example.

¢ Reflected Geometric Brownian Motion (Reflecting barrier at x = d):

dX; = ]/lXtdt +oXidZy — dU;, Xy € (O, d]

e KFE:

of __alwf) |, 182(2%)
ot ox 2 ox?

e Stationary distribution

2
Const X2 S5-=1 2%,
fx) = wul%%%ﬂﬂ

242 2

Net Worth Trap. Figure 5.10 plots the stationary distribution for different o. The net

worth trap is that the stationary distribution, for certain values of ¢ (in this case ¢ =

0.05), is double humped shape. The system lives a lot of time in the center, but also lives

a lot of time in the low 7 regime, or the crisis regime. Without the leverage constraint

this phenomenon does not occur.
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Figure 5.10: Stationary Distribution for Different . Fundamental volatility: ¢ = .1,
oc=.050=.01

For low values of ¢, like 0.01 in this case, the stationary distribution is degenerate.
Once experts become under capitalized they cannot escape the crisis regime and are
pushed to hold no wealth. So when does the invariant distribution exist? The asymp-

totic solution (as 7 — 0) follows

* iizlg(o))) >2:  f(y)isfiniteaty = 0.
©2z ig((gi > 1: f(#) is infinite at 7 = 0, but still normalizeable (| fdy < c0).
1= (27’;58;1 f(n) is infinite at # = 0, and stationary distribution does not exist.

5.4.1 Implementation in MATLAB: log-utility

Following is main code executing the algorithm under the assumption of log-utility.

1 %% Parameter values

2 rho_0 = 0.04; rho_e_d = 0.01;rho_h_d = 0.01;

3 rho_e = rho_0 + rho_e_d; rho_h = rho_O0O + rho_h_d;
4 zeta = 0.05; delta 0.05; a_e = 0.11; a_h = 0.03;
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§]

sigma = 0.1;alpha = .8; phi = 10;ell = .55;

7 N = 10001;

9 %% Grids
10 eta = linspace(0.0,1,N); deta = eta(2)-eta(l);

12 tho = rho_e.*eta+ rho_h.*(1l-eta);
14 q = (1+phix* a_e)./(ones(N,1)+phi*rho’); q=q’;
15 iota = (ones(N,1)*a_e - rho’)./(ones(N,1)+phi.*rho’);iota = iota’;

16 chi = zeros(1,N);sig_q = zeros(1,N);kappa = zeros(1,N);

18 q(1) = (1+a_h*phi)/(l+rho_h*phi);
19 iota(l)=(a_h-rho_h)/(1+rho_h*phi) ;

21 tor = le-5;
22 max_it = 100;
23 ind_1lv = 1;

24 ind_£f1 = 1;

25 flag = 0;

26 %% Model solution: Newton’s method
27 for i = 2:N

28 ind_f1 = ind_f1 +1;

29 iter = 0;

30 error = 1.0;

31 etai = eta(i);

32 F = @(x)[(a_e-a_h)/x(1)-alpha*((alpha*x(2)-etai)/etai/(1-etai))*...
33 (sigma+x(3))"2;

34 x(2)*a_e + (1-x(2))*a_h-(x(1)-1)/phi-x(1)*rho(i);...

35 (x(1)-q(i-1))/deta* (alpha *x(2)-etai)*(sigma+x(3))-x(1)*x(3)];
36 J = @(x) [-(a_e-a_h)/x(1)"2, -alpha~2x(sigma +x(3))~2/etai/(l-etai),
37 -2xalpha*(alpha*x(2)-etai)/etai/(1-etai)*(sigma+x(3));

38 -1/phi - rho(i), a_e - a_h, 0;...

39 1/deta*(alpha*x(2) -etai) *(sigma+x(3))-x(3), alpha/detax*...

40 (x(1)-q(i-1))*(sigma+x(3)), -1/detax*(x(1)-q(i-1))...

41 *(alphax*xx(2)-etai)-x(1)];

42 z0 = [q(i-1), kappa(i-1),sig_q(i-1)1];

43 while error > tor

44 iter = iter + 1;

45 z1 = z0 - reshape(J(z0)\F(z0),[1,3]);

46 error = norm(z1-z0)/norm(z0);

47 z0 = z1;

48 %disp (error) ;

49 if iter>max_it

50 disp ("HAVE trouble!")

51 break

52 end

53 end

54 if z0(2)>etai/(alpha-ell)

55 % if leverage constraint is violated, solve kappa by leverage
56 % constraint
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59

60

95
9%
97

98

99

kappai= etai/(alpha-ell); 7 alpha * kappa = ell * kappa + eta
kappa(i) = kappai;
q(i) = (a_e * kappai + a_h * (l1-kappai) +1/phi)/(1/phi + rho(i));
chi (i) = alpha * kappa(i);
sig_q(i) = sigma/(1-(q(i)-q(i-1))/deta/q(i) * (chi(i)-etai))-sigma;
iota(i)= (q(i)-1)/phi;
ind_1lv = ind_1lv+1;
else
q(i) = z0(1);
kappa(i) = z0(2);
chi(i)=alphaxkappa(i);
sig_q(i) = z0(3);
iota(i)= (q(i)-1)/phi;

end

if kappa(i)>1
flag = i;
break

end

end

for i = flag:N
etai = eta(i);
q(i)=(1+phi*a_e)/(1+phi*rho(i));
iota(i)=(a_e - rho(i))/(1+phi*rho(i));
kappa (i) =1;
if etai <alpha
ind_fl1 = ind_f1 +1;
chi (i) =alpha;
sig_q(i) = sigma *(q(i)-q(i-1))/deta/q(i)*(alpha-etai)/...
(1-(q(i)-q(i-1))/deta/q(i)*(alpha-etai)) ;
else
chi(i)=etai;
sig_q(i)=0;
end
end

sig_q(1)=sig_q(2);

%% Compute drift and volatility of eta

mu_eta = (ones(1,N)-eta).*(((chi."2-chi.*eta)./eta."2-(eta-chi).*...
(ones (1,N)-chi)./(ones(1,N)-eta) ."~2)
.*x(sigma.*ones (1,N)+sig_q)."2-(rho_e-rho_h) .*ones(1,N)+(rho_h_d.*zeta.*ones (1,N)
.*(l-eta)-rho_e_d.*x(1-zeta) .*xones(1,N).*eta)./(eta.*x(ones(1,N)-eta)));

sig_eta = (sigmax*ones(1,N)+sig_q).*(chi-eta)./eta;

%% Compute stationary distribution

2 M = buildM(eta ,mu_eta .*eta,sig_eta.*eta);

g = ones(N,1);

Mt = M?;

g(2:N) = - (Mt(2:N,2:N)\(Mt(2:N,1))*g(1));
g = g/sum(g)/deta;
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5.5 Net Worth Trap & Volatility Paradox Interaction

The net worth trap is based on the volatility paradox interaction with the leverage
constraint. The leverage constraint depresses u" and ¢ when 7 is close to 0 since ex-
perts are constrained and cannot take on any risk. Furthermore, there is higher volatil-

ity of g and 7 in the fire-sale region outside the binding leverage constraint.

Regulation, like the Basel Accords, is important for keeping volatility low and main-
taining stability in the economy. However, a leverage constraint which is not varying
in 77 can induce a net worth trap, making it hard for experts to recover from low wealth

shares.
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CHAPTER 6. MODELLING ENDOGENOUS RISK DYNAMICS WITH OTHER UTILITY FUNCTIONS

Chapter 6

A More General Macro-model with

Endogenous Risk Dynamics

In Chapter 4, we studied a macro model with endogenous risk dynamics under log-
utility. In this chapter, we present a generalization to other utility functions, namely
constant relative risk aversion (CRRA) utility and Epstein-Zin (EZ) utility. We begin
with the CRRA case.

6.1 CRRA Utility and Value Functions

Now with CRRA utility, sector i agents now have the following optimization prob-

lem

R i Cl_ly
‘max [Eg / e Pt _dt
{d,0lci}e2, 0 1—o
dn! c} iK 4K/ i, OE 1.OF | pi,D
s.t. 7 = —Edt + Qt df"t (lt) + Ot di"t + Gt T’tdt (61)
t t
nf) given,

Once we deviate from the assumption of log-utility, we no longer have readily avail-

able expressions for prices of risk and consumption-to-wealth ratios. We can however
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express these variables in terms of agents” value functions, which we discuss in this

Section.

Martingale approach works well in an endowment economy, where the consump-
tion stream is exactly the endowment stream, hence the marginal utility is given exoge-
nously by stochastic discount factor. While for our production economy case, we mix

the martingale approach with value function method.

By the same arguments presented in Section 3.3.1, CRRA utility implies that ci /ni-

ratio is invariant in n}, that is!

u (wi(ﬂt,Kt)”i) ﬁ/ C_Zt _ (pi)l/fy(w;')l—l/'y. (6.2)

. 1
Vint; e, Kp) = . = =
(ng; 172, Ke) o 01—+ !

Let’s first take a look at a special case. For constant investment opportunities wi =

w, ci/nl is constant, and hence p§ = yt ,0f = ol'". Furthermore, by Itd’s lemma,

d(ci)=7 i 1 i\ 2 i
—(Ct) [—’Wf + —7( ;7) (Uf) ] dt — yoy dZ;.

Because & = e~ #'1u/(cl) = e P (c})~7, Ito’s product rule implies that

di d(ct ; i 1+ i\ 2 i
;l pdr+(C?7 [_¢_7V§+ZL3;Q<ﬁ>]Cﬂ—Vﬁde
t

Recall the SDF process (4.2), and we now see that ¢} = ’y(ffi = 'ycrt”i and

: i 1+ i\ 2
m:#+wﬁ—1L;ﬂ(ﬁ)- (6.3)

Consider a self-financing strategy that reinvests consisting of an agent’s net worth with

1The value function for individuals i donates Vi(ni;n:, K;), where (1, K;) are state variables. For
1 n

n-sector problem, #; is a n — 1 vector, while in this chapter #; is a scalar 7;. For simplicity, later we use

the notations V;} = V'(n}; #¢, Ky), w} = w' (e, Ke), v} = 0'(4¢).
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consumption reinvested. By construction, the value of this strategy p’fi follows

d ' dnt ct
e
Py o mn

The martingale approach tells us that éﬁp’fi follows a martingale and the following asset
pricing equation holds
p p ' : (6h)? .

_ nt Cy _ o in
Wy —Te=Gop <= [ +;—rt—€t‘7t =Ty
t

The net worth then follows

d i ; ; i)2 i i
T pdt o' dzy = |n S G gy S,
t T 1y 7
Since yfi = y’fi, Ufi = (ft”i, (6.3) implies
S D R (0 S I { € 1 9 N AR ot ) PN ()i
Y on 2 7 n gt 2y
(6.4)

This will turn out to be a useful relationship for the next chapter, but now we focus on

more general investment opportunity processes.

For arbitrary opportunity processes w!, we still have ¢i = 'y(ffi and that éip’fi follows

a martingale. By It6’s product rule,

d(@p!) _ d(Eim) | gy,

gy Gmom
Rewrite (6.2) as
1 i i 1
(ct)7 = E(wl)lﬂ(nl) V= e () Mg = E(wl)lﬂ(nl)l’” (6.5)
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Hence,

; ot i i R ipn'
th o d(ei gt’?f) _ pz _ ﬁ df + M (6.6)
14 ef i

Martingale

Unfortunately, we can not use Ito’s formula on V/ to get the drift of dV//V/, as ni(n;)
and wi(7;) are not differentiable when g;(7;) has a kink?. Instead, we can de-scale the

value function with regard to K; and define the "de-scaled value function" vi:

iivl—y <wini/K>17 1—y
vi= Llem) 77 ) K (67)
pl 1 _ r)/ . pl ) 1 _ r)/

~

o=
By such a de-scaling, we separate two state variables 77; and K;®, hence can work on
them independently.
By It6’s product rule,
thi d [U;Ktl —’y]

ot 1 ot
T A {Vt + (1 =) (D(r) —6) — E’y(l —)o?+ (1 =)o | dt + [ --]dZ;.
t Uth

Recall (6.6), the drift of V/ equals

B (1= ) (@) = 8) — 37 (1 = 1)® + (1= 7)oof’ =pf = L

This gives us the following backward stochastic differential equation (BSDE)

dot .l 1 i i
— = [P = (A= (@) =) + 571 = 7)o = (1= y)oey’ | dt + 07 dZ:. (6.8)
t t

This is a BSDE that we can solve using standard numerical methods (Tourin, 2011). But

before that, we need to study the evolution of the state 7} in order to pin down terms

2 As we will see in section 6.4, this is indeed the case.
3We will see later v; only depends on state variable 77!, and is twice differentiable in 7. Besides, state
variable K; is easy to handle due to scale invariance.
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like c} /n} and 4.

Price of risk ¢i. The value function (6.2) implies

u (a)i(iyt', Kt)ng

Vi(ni;ye, Ke) =

pl
o 1 1=y . 1—y
L Wik _ (k) (nfy=r = Wi/ K)TT (K
on; o P! nj

Applying the envelop condition g—;/f = u'(cy),

i 1=y i

i i i
onj nj ac}

In equilibrium N! = ni and C! = ¢}, plugging in Ni = #ig;K, the condition ends up

becoming

i i\ V7
E:(M> . (6.9)

Ky o
Applying Itd’s quotient rule and comparing the volatility terms, we have*
cl ]. o ;7i q
i
The prices of risk are then

=90 = ¥ +ol' +of +10. (6:10)

“Note that cX = o because K; = Y, k’ki and of = ¢, Vi.
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Consumption propensity Ci/N!. Note that we can express Ci/N! in terms of 7, g

and vi. Plug in K; = N} /#iq; and rewrite (6.9) as

Ci_d _ (gign)/r!

N @ o
On the aggregate level,
. . 1/v
C i _ 1y (ma
= = —t == , . 12
N R Ty .

6.1.1 Value function iteration

To apply the finite difference method, we postulate that vi = v'(5¢,t) (Note in two-
sector model we only use 77¢ as state variable). By Itd’s formula, it follows
d_?f; 0wy + (i )aﬂvif 3 (o )2aﬂﬂ7’§dt L+ (5o .)anvidzt.
v Ui Ui

Comparing with the BSDE (6.8), we get the growth equation

drv} + [’7??‘?0] 9,0} + B (Wfat’f)z] Iy}

- {pf - [(@(4) —0) = 290 +0 (ic) ajflf] } o, (613)

1y t
where
wo=(ci—o—a)(e/ +o+o)) =Y (i —o—a)(e] +o+o]) (619
1/
C G i i PNy
— | - — o4+ o 1
(NZ M) pal +pdCN;, (6.15)
; i i
ol = th—l.m(c7+af). (6.16)
t

In order to solve this PDE, we need to know all the terms in red. Luckily, we already
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have all the building blocks from the previous sections:

e Tobin’s g gives us the investment rate /.

i =—(q: —1). (6.17)

< | -

e The price of risk ¢} is given by (6.10):

‘ i ; ; 6(7776 9,0
¢=—0f +0/ +0l+v0  where of = (mt—l)”t (6.18)
Ut
e The amplification equation yields o;:
1(.,e e __ e
ol = M)u(a +a/). (6.19)

g/t

e The first-order conditions to the planner’s problems gives x!, «!. It can be shown
that the FOCs (4.8)-(4.9) are equivalent to the following5

a® — a” 0y0¢ 9yl 1
min —a |- + + C_ o+ 1—x¢ S =0,
gt ( ,Uf ,U]t/l (1 . T]f)rlf (Xf r]t)( t ) t

xi = max{ax{,n;}. (6.21)

¢ In (6.11) and (6.12), we have obtained the consumption ratios cf;/ ni, C¢/ Ny from

the optimal consumption condition:

. . . . . 1/
Ci o  (gig)t/7! Cy G 1 U
N @ o E TRy ) o O

SProof will be added soon. For now, please see relevant parts of the lecture slides.
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e Finally, goods market clearing jointly constraints g; and '

Ci niq /v
Kial—y =Y -t = Viv 4 . 6.23
; t t Zl: X, Zl: ( o (6.23)

In the following algorithm, we first guess two functions v¢(#¢, T), v" (¢, T) and use
them as terminal conditions. We then solve the PDE (6.13) backwards on a discretized time
grid. In each step (time t), we solve for time-t equilibrium quantities as functions of 7;

using the Inner Loop procedure, introduced above.

More specifically, the algorithm goes as following

1. Start by guessing two functions v(4¢, T), v" (3¢, T) over a grid of #°

2. Loop over t = {T, T — At,---,0} until changes in v°-functions are small. In
each step, do the following:
(a) Compute 9,0} by first-order differences

(b) Perform the Inner Loop procedure, using appropriate conditions for
capital and risk allocation (6.20 and 6.21 instead of 4.15 and 4.16)

(c) compute ]/Ze (n5), ;78 (n5), yfi (n5), afi (1) using equations (6.15) and (6.16

(d) make time-step — back in time — and update the vi(t,-) functions to
vi(t — At, ")
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vem*,t) D

Figure 6.1: Visualization of the time step

6.2 Implementation in MATLAB

Following is main code executing the algorithm under the assumption of CRRA
utility.
1 %% Parameters and grid
2 a_e = 0.11; a_h = 0.03; % production rates

3 rho_0 = 0.04; % time preferences

4 rho_e_d = 0.01;rho_h_d = 0.01;% death rates

5 rho_e = rho_0 + rho_e_d; % expert’s discount rates

6 tho_h = rho_0 + rho_h_d; % household’s discount rates

7 zeta = 0.05; % probability of becoming an expert
8§ delta = 0.05; sigma = 0.1; % decay rate/volatility

9 phi = 10; alpha = 0.5; % adjustment cost/equity constraint
10 dt = 100; tol = 1le-6; % time step/convergence criterion

11 gamma = 2; % CRRA parameter

12

13 fsolveOptions = optimoptions(’fsolve’,’Display’,’off’,’FunctionTolerance’,1e-8);
14

5 N = 501; % grid size

16 eta = linspace(0.0001,0.999,N)’; % grid for \eta

18 %% Solution
19 deta = eta(2)-eta(1); % grid step

21 % Initial guess for the value functions

22 v_e = a_e~(-gamma)*eta. (1-gamma);

23 v_h = a_e~(-gamma)*(l-eta). (1-gamma);
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41
42
43

44
45
46
47
48
49

50

61

62

63

64

65

66

68

vp_
vp_

ev_

ev_

Dot

e = [v_e(2) - v_e(1); v_e(2:N) - v_e(1:N-1)]./deta; % \partial{v_e}
h = [v_h(2) - v_h(1); v_h(2:N) - v_h(1:N-1)]./deta; % \partial{v_h}
e = (eta./v_e)."(1/gamma); % auxiliary variable for goods-market clearing
h = ((1 - eta)./v_h).~(1/gamma); 7 auxiliary variable for goods-market clearing

Iteration

for i = 1:10000

ev = ev_e + ev_h; % auxiliary variable for goods-market clearing
vpv = -vp_e./v_e + vp_h./v_h + 1./(eta.*x(1 - eta)); % auxiliary variable for kappa
FOC

% Solve for q(0), approximating value functions at the left boundary by

% the values at the first grid point. Initial guess: q(0) under

% log-utility

q0 = fsolve(@(x) a_h - (x-1)/phi - x.~(1/gamma)*ev (1), (1 + a_hx*phi)/(1 + rho_h*phi
), fsolveOptions);

% Inner loop
[Q, SSQ, Kappa, Chi, Iota] = inner_loop_crra(eta, qO0, ev, vpv, a_e, a_h, sigma, phi

, alpha, gamma);

S = (Chi - eta).*SSQ; % \sigma_{\eta~e} -- arithmetic volatility of \eta~e
Phi = log(Q)/phi; % Investment (net of costs)

Sg_e = S./eta; % \sigma~{\eta~e} -- geometric volatility of \eta~e
Sg_h = -S./(1-eta); % \sigma~{\eta"h} -- geometric volatility of \eta"h

vp_e = [v_e(2) - v_e(1); v_e(2:N) - v_e(1:N-1)]./deta; % \partial{v_e}
vp_h = [v_h(2) - v_h(1); v_h(2:N) - v_h(1:N-1)]./deta; % \partial{v_h}

ev_e = (eta./v_e). (1/gamma); % auxiliary variable for goods-market clearing
ev_h = ((1 - eta)./v_h)."(1/gamma); % auxiliary variable for goods-market clearing
Sv_e = S.*vp_e./v_e; ) \sigma~{v-e}

Sv_h = S.*vp_h./v_h; % \sigma~{v~h}

VarS_e = -Sv_e + Sg_e + 8SQ - (l-gamma)=*sigma; ) \varsigma~e -- experts’ price of
risk

VarS_h = -Sv_h + Sg_h + SSQ - (l-gamma)*sigma; % \varsigma~h -- households’ price
of risk

CN_e = ev_e.*Q."(1/gamma - 1)./eta; % experts’ consumption-to-networth ratio
CN_h = ev_h.*Q.~(1/gamma - 1)./(1 - eta); % households’ consumption-to-networth
ratio

MU = eta .* (l-eta) .*x ((VarS_e - SSQ).*(Sg_e + SSQ) - (VarS_h - SSQ).*(Sg_h + SSQ
) - (CN_e - CN_h) + (rho_h_d.*zeta.*(1-eta) - rho_e_d.*(1-zeta).*eta) ./ (eta.x*(1-
eta))); % \mu_{\eta~e} -- arithmetic drift of \eta~e

S([1, NI) = 0; % ensures volatiliuty is zero at the boundaries
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69 MU(1) = max(MU(1), 0); % ensures drift at the left boundary is non-negative

70 MU(N) = min(MU(N), 0); % ensures drift at the right boundary is non-positive

71

72 u_e = (CN_e + (1 - gamma)*(Phi - delta - gamma*sigma~2/2 + Sv_e*sigma)) .*xv_e; 7

flow term in experts’ HJB
73 u_h = (CN_h + (1 - gamma)*(Phi - delta - gamma*sigma~2/2 + Sv_h*sigma)).*v_h; 7
flow term in households’ HJB

75 v_el = update_v(v_e, eta, rho_e, u_e, MU, S, dt); ' update experts’ value function
76 v_hl = update_v(v_h, eta, rho_h, u_h, MU, S, dt); % update households’ value

function

78 d = max(abs(v_el - v_e) + abs(v_hl - v_h))/dt; % convergence
79 if d <= tol

80 break

81 end

82

83 v_e = v_el;

84 v_h = v_hi;

85 end

The inner loop is implemented in the function inner_loop_crra.m, which is identical
to the one under log-utility, except for a couple of lines in the construction of the F(-)

function for the Newton’s method and its Jacobian ].

1 function [Q, SSQ, Kappa, Chi, Iotal] = inner_loop_crra(eta, q0, ev, vpv, a_e, a_h, sigma
, phi, alpha, gamma)

2

3 N = length(eta);

4 deta = [eta(l); diff(eta)]; % imposes the correct grid step for numerical derivative at
\eta~e = 0

6 % variables

7 Q = ones(N,1); % price of capital q

8 SSQ = zeros(N,1); % \sigma + \sigma~q

9 Kappa = zeros(N,1); % capital fraction of experts \kappa

11 % Initiate the loop
12 kappa = 0; q_old = q0; q = q0; ssq = sigma;

14 % Iterate over eta

15 % At each step apply Newton’s method to F(z) = 0 where z = [q, kappa, ssql’

16 % Use chi = alphaxkappa

17 for i = 1:N

18 % Compute F(z_{n-1})

19 F = [kappa*(a_e - a_h) + a_h - (q-1)/phi - q~(1/gamma)*ev(i); 7% Compare with log-
utility: C/N is no longer \rho

20 ssq*(q - (q - q_old)/deta(i) * (alphax*kappa - eta(i))) - sigmax*q;

21 a_e - a_h - qg*alpha*(alpha*kappa - eta(i))*ssq~2*xvpv(i)]; 7% Compare with log

-utility: price of risk is no longer \sigma~n
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23 % Construct Jacobian J~{n-1}

24 J = zeros(3,3);

25 J(1,:) = [-1/phi - q~(1/gamma - 1)/gamma * ev(i), a_e - a_h, 0];

26 J(2,:) = [ssq*x(1 - (alphax*xkappa - eta(i))/deta(i)) - sigma,

27 -ssq*(q-q_old)/deta(i)*alpha, q - (q-q_old)/deta(i)*(alpha*kappa - eta(i))];

28 J(3,:) = [-alpha*(alpha*kappa - eta(i))*ssq~2*vpv(i),

29 -g*alpha~2*ssq~2*vpv(i), -2*q*alpha*(alpha*kappa - eta(i))*ssq*vpv(i)];

30

31 % Iterate, obtain z_{n}

32 z = [q, kappa, ssql’ - J\F;

33

34 % If the new kappa is larger than 1, break

35 if z(2) >= 1

36 break;

37 end

38

39 % Update variables

40 q = z(1); kappa = z(2); ssq = z(3);

41

4 % save results

43 Q(i) = q; Kappa(i) = kappa; SSQ(i) = ssq;

44 q_old = q;

45 end

46

47 % Set kappa = 1, use chi = max(alpha, eta) and compute the rest

48 nl = i,

49 for i = n1:N

50 F = a_e - (q-1)/phi - q~(1/gamma)*ev(i); % Compare with log-utility: C/N is no
longer \rho

51 J = -1/phi - q~(1/gamma - 1)/gamma * ev(i);

52 qQq =q - F/J;

53 gqp = (q - g_old)/deta(i);

54

55 Q(i) = q; Kappa(i) = 1;

56 SsQ(i) = sigma/(1 - (max(alpha, eta(i)) - eta(i))*qp/q);

57 q_old = q;

58 end

60 % Compute chi, iota
61 Chi = max(alpha*Kappa, eta);
2 Iota = (Q - 1)/phi;

The time step is implemented in the function update_v.m:
1 function [v] = update_v(v, x, rho, u, mu, sig, dt)
3 N = length(x); % Grid size

5 % Constrict the M matrix

6 M = buildM(x, mu, sig);
8 = (1 + dt*rho)*speye(N) - dt*xM;
9 v.= B\(uxdt + v); % update v
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with matrix M constructed in function biuldM.m:

function [M] = buildM(x, mu,

sig)

1

2 % Construct the M matrix using three vectors (dM, dD, dU), corresponding to
3 % the main diagonal, the diagonal below the main one, the diagonal above

4 % the main omne:

5 % M = [dM(1) dU(1) 0 0

6 % dD (2) dM(2) du(2) 0

7 % 0 db(3) dM(3) dUu(3) .... 0 0

9 % 0 dD(N-1) dM(N-1) dU(N-1)

10 % 0 0 dD (N) dM(N)]

11 % =========================================================================
12 % Input:

13 % x - grid (N-by-1), equally spaced

14 % mu - drift term (N-by-1)

15 % sig - volatility term (N-by-1)

16

17 N = length(x); % Grid size

18 dx = x(2)-x(1); % Grid step

19 dx2 = dx~2; % Grid step squared

% Constrict the diagonals

N =

NN N

0)/dx + sig.~2/(2*dx2);

0)/dx - sig.~2/dx2;

dD = -min(mu,
3 dM = -max(mu, 0)/dx + min(mu,
24 dU = max(mu, 0)/dx + sig.~2/(2%dx2);

N
a1

% Construct the M matrix
7 M =

N

)
1

r

spdiags ([dD dM dU],[1 O -1],N,N)’;

To ensure numerical stability, it is important to:

¢ Use implicit method in step 2.(b)

¢ Use an upwind scheme when taking derivatives in step (a):

Ayi(t 1y’ (n)) =

(it 7' (n + 1)) — (1,7 ()
)

ot o
7+ 1) — i Fhi >0

(6.24)

Ot ()~ (1)

7' (n) —y'(n—1)

A good initial guess is usually crucial to the success of a numerical procedure. Here

are some common ways of choosing initial guesses for v':

* Take an arbitrary constant, e.g. a vector of ones. It is the easiest way, but doesn’t

always work / may take a long time to converge.
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* Take a specific constant, namely the value at the boundary steady state (° = 0 or
n° = 1) where only one type exists (if that is a valid equilibrium) — this is typically

also very easy.

¢ Assume there are no financial contracts and compute for each #° the autarky value

of the agent types, when the initial wealth distribution is described by #°.

* Along the same lines, assume complete markets and compute first-best utility as

a function of #° (this certainly bounds utility from above).

* If the log utility model is simple to solve, solve it first. Use the consumption path

of agents in that model, but compute the implied CRRA utility.

* If you have solved the model for different parameters that are “close”, use that

solution as an initial guess.

6.3 Epstein-Zin Preferences
The Epstein-Zin utility function allows to specify the elasticity of intertemporal sub-

stitution (EIS) and the degree of relative risk aversion (RRA) separately. It is defined in

a recursive way:

U = E: {/toof(cs, Us)ds}

1—yp1
1—9 c
f(C,U): 1_¢—1pu (((1_,)/)pu)1/(1—’y)> -1

with EIS ¢ and RRA 7. Setting 7 = 1! recovers the CRRA utility function U; =

1—
E; [ [ e_Pf%ds} . The model solution follows the same steps as under CRRA utility,

with some differences that we highlight below.
1. Naturally, consumption-to-wealth ratio (6.2) is now given by:

ct : N1
n_i' = (p")¥(wp)' ¥
{
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2. Stochastic discount factor now satisfies (compare with (6.5)):

t afi(Cs,Vs

o b T g = (1 - )V
and hence, analogously to (6.6):

dv} ofi(cs, Vi) ¢ .
7;, — <_T — n_i dt + martingale

i

. -yt
with 2L ¢ {(4]1 —7) ( c ) o (1— 'y)] This affects
ou 1—y-1 (1=y)p'u)t/=7) '

the BSDE for v (6.8) by changing its drift yfi.

Finally, a particularly useful special case is when IES = 1 (as under log-utility), which
implies:
ct ~
t
fle,U) = pU [(1 = 7)loge —log((1 —7)pU)]

%&u) =p [(1—7)logc—log((1—7)pU) —1]

6.4 Numerical Results

In this section, we demonstrate the solutions generated by the code in Section 6.2
and discuss their implications. We use CRRA utility and set the baseline parameters

are as follows.

off o 4 A 5 o a oy ¢
004 001 005 011 0.03 005 010 050 2 10

Figure 6.2 illustrates the equilibrium with baseline parameter values. Note that
q(n¢) indeed has a kink, which marks the boundry between the cirsis region near ° = 0

and the normal region near 1#° = 1. In the crisis region, x° < 1, and households hold
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some capital, while in the normal region, experts hold all capital in the economy. Un-
like the model under log utility in Chapter 4, the price of capital under the CRRA utility
is not flat in the normal region. This difference is not due to risk aversion, but rather
the elasticity of intertemporal substitution (EIS) different from 1. The consumption to
wealth ratio is dependent on investment opportunities. One can see the role of the EIS

if one generalizes the CRRA utility functions to EZ with EIS as we outline in Section
6.3.
Price of Capital Amplification

LT Ky <1 ki =1 0121 Ky <1 ki =1

0.1}

0.08 -

0.06 -

ol

0.04

§
Fy
&P
Jaid
&
<
o

0.02

) 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 6.2: Equilibrium for the baseline set of parameters (1 should read #°)

6.5 Exercises

6.5.1 He and Krishnamurthy (2013)

The goal of this problem is to characterize equilibria in the model of He-Krishnamurthy
(“Intermediary Asset Pricing") and to use the iterative method to compute equilibria.
There are two agent types: experts and households. Households have log utility, while
experts have CRRA utility with relative risk aversion <y, and both with discount rate p.

New households are born continuously, and the newborn receive labor income at rate

IK;.
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Aggregate capital follows the law of motion

K
E = gdt + U'dZt.
K}

Capital produces dividend of aK;. The price of capital per unit is denoted by g; and
follows

dgr _ pidt + oldz;.

qt
Only experts can hold capital, and they can finance capital by borrowing through risk-
free debt and by issuing equity to households, but they must retain fraction of at least

X =1/(1+ m) of risk.

(a) Write down the expression for drf for the return on capital.

Experts make optimal consumption and portfolio decisions: they choose how
much to borrow and how much outside equity to issue (up to fraction 1 — )
to buy capital. Denote the required risk premium of experts by ¢f and recall that

e C

¢¢ = —yo", where ¢* is the volatility of aggregate consumption of experts. De-

note the value function of a representative expert by

K7
1—9°

Uy

(b) Write down the law of motion of aggregate net worth of experts Ny as a function
of the risk-free rate r;, the experts’ equity share x{, the experts’ net worth share
1¢, the price of capital gy, the volatility capital return o + ¢}, the experts’ risk pre-
mium ¢} and process v§. To write the law of motion of N}, you need to express the

experts’ consumption rate C§ /Ny as a function of 7{, g; and v§.

(c) He and Krishnamurthy assume that inside and outside equity of experts earn
the same returns. Thus, the experts’ equity held by households earns the risk
premium of ¢§, even though households’ required risk premium is higher. Under
this assumption, write down the law of motion of world wealth 4;K;, as a function
of the risk-free rate r;, the price of capital g, the volatility capital return o + Uﬁ ,

the experts’ risk premium ¢ and output parameter a.
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(d)

(e)

(f)

(h)

From your answers to parts (b) and (c), derive the law of motion of the experts’
wealth share 7y = Nf / (q:K¢).

Write down the market-clearing condition for output. Hint: Recall that total
world outputis (a + 1)Ky, including dividend and labor income of newborn house-
holds.

Next, you should determine the size of the “constrained region" where x{ = X
and the size of the unconstrained region where x§{ > x. To do that, you should use
the following assumptions of He and Krishnamurthy. Assume that fraction A of
households (i.e. the net worth share of these households is (1 — #{)A) are “debt"
households who can only hold the risk-free asset. Fraction 1 — A are “equity"
households who can hold outside equity of experts and the risk-free asset. He and
Krishnamurthy furthermore assume that equity households cannot use leverage,
i.e. the risk of their net worth can be at most equal to the risk of experts’ net worth
(who hold their own inside equity). Assume (you can verify this later), that it is

this constraint that determines the amount of equity that experts can issue.
Derive the value of x; as a function of #; implied by the constraint that equity
households cannot use leverage.

The goal of the next questions is to formulate a procedure to compute equilibria
using Matlab, using the value function iteration in section 6.2. You should use
Matlab function payoff_policy_growth.m to perform the “time step” of the iterative

procedure.

Formulate a procedure for the static step. That is, suppose you are given function
v°(t,n°) for all #° at time f. Find the price of capital q(t,#¢) for all #¢ at time t.
Then, given this function, derive the law of motion of #°. Provide an expression
for u¥".

Formulate a procedure for the time step. That is, for the function

F = payoff_policy_growth(X, R, MU, S, G, V, lambdaO),

what values of X, R, MU, S, G, V, lambda0 should you use?
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(i) Program the iterative procedure using the terminal condition v¢(T,7) = a~7(4°)'~".
Use N = 1000. Compute an example for the parameters of He and Krishna-
murthy, p = 0.04, g =002, m=4,a=1,1=184,0=0.09,y =2and A = 0.6.
(See Table 2 of HK - for these parameters you should be able to get convergence

by setting lambda0 for payoff_policy_growth aggressively to 0.9).

Plot, as a function of %, the price of capital g, the risk-free rate r;, the drift and
volatility of 1,77 (i.e. o] 817‘3 and y?giye ), the fraction of equity x{ held by experts and

the experts” consumption rate C; / N;.

(j) Replicate Figure 2 from He and Krishnamurthy, where the vertical axis displays

the risk premium for capital, i.e. ¢¢(c + o).
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Chapter 7

A Model with Jumps

In Chapter 4, we studied a benchmark model with financial frictions and endoge-
nous risk dynamics. Despite having highly non-linear dynamics, the model is driven
by Brownian shocks, and the paths of all variables are continuous. Idiosyncratic death
or type switching jumps (with log-utility) do not lead to jumps in endogenous prices

and state variables.

Nevertheless, there is a long tradition of modeling both unanticipated and antici-
pated jumps in macro-finance models. Some notable examples include models of bank
runs (Diamond and Dybvig, 1983), liquidity spirals (Brunnermeier and Pedersen, 2009),
sudden stops (Calvo, 1998; Mendoza, 2010), currency attacks (Obstfeld, 1996; Morris
and Shin, 1998), twin crises (Kaminsky and Reinhart, 1999), and the loss of safe asset

status.

In this chapter, we illustrate how to incorporate self-fulfilling jumps into the model

outlined in Chapter 4, based on a simplified version of Mendo (2020).

7.1 Jump Processes

Previously, we focused on Itd processes in the form

dXt = ]J?(Xtdt + O'tXXtdZt,
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where the Brownian “shocks” dZ; are i.i.d. and small, such that time paths are con-
tinuous. For non-normal shocks within df one needs discontinuities. In this chapter,
we allow for discontinuities by considering a more general class of processes with i.i.d.

increments: Levy processes.

The Levy-Itd decomposition states that any Levy process L; can be additively de-
composed into three independent components: a linear time drift, a scaled Brownian

motion and a Levy jump process, that is
st = gdt + bdZt + d]t,

where a,b are constants, dZ; is a Brownian motion and dJ; is a Levy jump process.
Processes driven by Levy-noise therefore look formally like It6 processes with an addi-

tional jump component
dXt = ,uf(Xtdt -+ O'tXXtde + thXt_d]t.

There is a fairly rich class of Levy jump processes dJ;. Here we restrict our attention to
Poisson processes.! Consider a Poisson process with intensity (or arrival rate) A > 0: J;
takes only values in Ny = {0,1,2,... } and increments J;, 5; — J; are Poisson distributed
with parameter AAt. The following are some important properties of this Poisson pro-

cess:

* J;is weakly increasing. That is, ; is locally constant or has a jump of size 1.

e Conditional on J; = n, the random time to the next jump, T := inf{s > 0 | Ji4s >
n}, is exponentially distributed with parameter A (i.e. the expected time to the

next jump is constant and given by 1/A).

* The stochastic integral with respect to a Poisson process simply sums the values

!Note: this is not as restrictive as it may seem: general Levy jump processes can be written as integral
with respect to Poisson random measures, a generalization of sums of integrals with respect to Poisson
processes.
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of the integrand at the jump times:

/T ard]r = Z az,

where T, is the time at which J; jumps from n — 1 to n.

To capture time-varying macroeconomic dynamics, we will allow for a slightly more
general process, sometimes called a Cox process, where A does not need to be a con-

stant, but can be time- and state-dependent (A;).

It is important to note that, while a Brownian motion dZ; is a martingale, a jump
process J; is not — it is expected to drift up. To get a martingale, we have to “compen-

sate” the jump process by its intensity. In other words, J; — fot Asds is a martingale.?

The following It6 formulae holds for jump diffusions driven by Brownian and Pois-

son noise.

Consider geometric jump diffusions X;, Y}

dx dy,
Xt_ytdt+<7 dz, + jXdJ,, Yt—ytdt+<7 dz, +jYrdJ,
t— t

where dZ; is a standard Brownian motion and dJ; is a Poisson process. The follow-

ing results hold.

It6’s lemma:

df (Xe) = | f/(Xe) (i Xp) + f”(Xt)(UtXXt)2 dt+

F1(Xe) (0 X)dZe + (F((1+j5) Xe-) = f(Xi-))dJe

Itd’s power rule:

2More generally, if X; = fot as;dJs (and a is “predictable”, i.e. a; uses information only up to right

before time ¢, but does not contain information about potential jumps at time ¢), then X; — fot asAsds is a
martingale.
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d(x/)
X7

= (yuf 4+ v(y — 1)(@X)2)dt + yoXdZs + (1 + jX)7 — 1)d]..

Itd’s product rule:

d(X:Y:)

Y, (i + i + ool )t + (o + o )dZs + GG+ ¥ + 550 )dJe.

Itd’s quotient rule:

d(X;/Y X
_(Xtt/th) = [.”tX —uf + o (o) - atx)] dt + (oX — ¥)dz; + ]§+—j]?td]t'

Notice that these equations are the same as our earlier rules for geometric Itd6 pro-
cesses, but with new terms for the jump process. The new terms in the power,
product and quotient rules can be expressed more simply as:

1457 = (14X
1+ =1 +50+j)

. 14X
t

7.2 Model Setup

The model setup follows the structure outlined in Section 4.1 but with CRRA utility
and without agents’ death. The innovation comes from our postulated price process,
which will now include a jump term. That is, the model has the same primitives as

before, but we now allow for self-fulfilling / sunspot jumps.

Environment. Like before, there is no labor and the economy is populated by experts
and households, i € {e,h}. However, now households can also produce consumption
goods but with an inferior technology. Agents can issue both equity and debt, but

subject to certain financial frictions.
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Experts. Experts have a CRS technolo ¢ = g°¢. Denote their consumption and
P P gy Vi t p

investment rate by cf, . Experts’ capital stock evolves according to

e
% = (®(s5) — 6)dt + od Z;.
t

Still, we have only aggregate risk in the environment. Experts have a CRRA utility

function and they each maximize

Ey

—“t( )t
/0 p 1_7dt]

Households. Households also have a CRS technology y = a"k with a” < a°. House-
holds’ capital accumulation process is

dky h

kh :((I)( ) (S)dt—I—O'dZt
t

We let households hold capital to capture fire-sales. Households are more patient than
the experts, i.e., p" < p°. As we have discussed in section 3, assuming that households
are more patient than the experts is a modeling trick to ensure that the experts do not

hold all the capital in the long run. The households maximize

E

00 h\1—
[ () dt]
0 11—

Financial Friction. The financial friction is due to incomplete markets. Although ex-
perts are allowed to issue equity, they must hold at least a fraction of their risk. The

balance sheets of the two sectors are as following;:
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Figure 7.1: Balance sheets of experts and households

The skin-in-the-game constraint can be expressed as x§ > ax;, where x7 is the frac-

tion of risk held by experts and «{ is the fraction of capital held by experts.

Unanticipated Run on Experts. Now we investigate the risk of a sudden and unantic-
ipated funding withdrawal, which corresponds to a bank run or sudden stop on experts.
We ask: Can an unanticipated withdrawal of all external funding to experts be self-
tulfilling?

An unanticipated crash occurs if, at some instant, the experts lose their external fi-
nancing. In terms of the experts’ share of aggregate net worth, this leads to the instan-
taneous transition:

i — 0.

Once that jump happens, experts are effectively bankrupt and can no longer operate.
In normal times (i.e., absent a run), the model solution evolves continuously and does
not jump to 17; = 0 unless there is a large, coordinated withdrawal. Thus, the event

n; — 0 reflects a self-fulfilling or sunspot run rather than a typical shock.

To see when a price drop is sufficient to wipe out experts, note that the model de-
termines the market price of capital g (nf ) based on the experts’ net worth share. If the

price suddenly falls to 4(0) when experts lose funding (a “fire-sale” price), then experts’
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net worth will be fully destroyed if

(a(rt) —a(0)) (07 +077%) mi ke = i q(f) K.
R e —

e

Xt

Equivalently, one can write

1
9K 4 9oOF

q(ﬂf)(l - mee)> > q(0) < 6/(17?)<1 -

x°(nf ) = 4(0)

where x¢(7¢) is the fraction of total risk borne by the experts. When leverage and ex-
posure (i.e., 67X + 69°F) are high, the price drop from g(51¢) to q(0) is large enough to

eliminate all expert equity.
There are two types of runs:

1. Funding supply run (households withdraw). Households/depositors suddenly

cut off credit to experts, causing forced liquidation and a crash in g.

2. Funding demand run (experts fire-sell). Even if credit remains available, ex-
perts may collectively choose to liquidate and repay debt preemptively, driving g

down.

Both cases lead to the same outcome: a sudden jump in #; to zero. The distinction lies

in who triggers the liquidation (households or experts themselves).

Vulnerability Region The unanticipated crash leads to a vulnerability region for the

experts’ net worth share 7{:

e The price of capital ¢ ) is high (not very low 7?).
p prtal g\ 17; o y Ur

* The experts hold a high fraction of risk/leverage (not very high 7y).

In such states, everyone fears that if others withdraw funding, the resulting price drop
will annihilate experts’” net worth. That belief can become self-fulfilling, causing the
run to occur in equilibrium. Post-run, we set 7{ = 0 permanently: the expert sec-

tor vanishes, and any residual capital is owned by households or newcomers at 4(0).

133 / 315



CHAPTER 7. A MODEL WITH JUMPS

147

1.3}

12}

o111}

1F

0.9

Vulnerability

0 r8‘§ion0'4 ) 0.6 0.8 1

0.8

Figure 7.2: Vulnerability region

For numerical solutions, one cannot impose standard boundary conditions of the form
#7(0) > 0 or 0(0) = 0 because once #° = 0, the experts cease to exist and the state is
an absorbing boundary. The solution algorithm must explicitly allow for the possibility

of a jump to zero and the absorbing state thereafter.

Model Advantage. One appealing feature of this framework is that, in the event of a
run, the capital price collapses to a single, well-defined value, denoted by 4(0). Because
experts are forced out of the market at that moment, the equilibrium price afterward is
set entirely by the remaining sector (households). This “fire-sale” or “lowest possible”
price highlights how a run can effectively zero out the experts’ net worth, making 7; = 0

an absorbing state.

Modeling Challenges. While the model’s ability to pin down a single post-run price
(0) is tractable, it also gives rise to certain challenges. Several of these are discussed in

Mendo (2020). We summarize three key issues:

First, experts are wiped out forever. Once the experts’ net worth is destroyed by a
jump, the baseline model does not let them rebuild. In an OLG structure, all agents face
a Poisson death hazard p?; a fraction { of newborn agents are designated as experts, so
that some expert capacity is gradually reintroduced. Without such an OLG setup, the

system simply continues without any expert sector once 1° = 0.
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Second, anticipated runs lead to infinite marginal utility. If a run to #; = 0 is an-
ticipated, experts effectively foresee a state of infinitely high marginal utility (because
losing all wealth is catastrophic). A common device is to impose a transfer, 7K, that
forces experts into bankruptcy after the run, thereby keeping their utility from blowing

up and also ensuring that experts are definitively removed.

Third, bifurcation of experts into defaulters vs. survivors. Large jumps and non-
convex default decisions can cause some experts to default while others do not, cre-
ating a continuum of outcomes. One modeling trick is to introduce a strong relative-
performance penalty so that, if a run occurs, all experts default in unison. This prevents

partial or selective default, which can greatly simplify the solution.

7.3 Solution Method

7.3.0 Postulate aggregates, price processes and obtain return processes

We introduce jumps by postulating that q; follows

d .

qt

As before, we can calculate the return rate to capital for both sectors, ri’K(ﬂt’), using
Itd’s product rule to calculate the capital gains rate (in the absence of purchases or

sales). The process is similar to (4.1), but with a new jump term

dri’K(ti) = ui—ti —|—<I>(ti)—5+ ‘7+wq_M dt+((7—i—c7q)dZ + 74y
£ \t) = 0 t My A t t ] At
N E[Capital gain rate|
Dividend yield

(4.1
Similarly, the return on defaultable debt is

drP = rdt + 11" dJ.
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Note that j{D only reflects the default in debt and not the overall change in debt holdings
at the time of a jump. We then postulate that the SDF (&} = e Pt/ (ci)) follows

i . . .
% = —rPldt — cidZ, — vi(dJ; — Adt), (4.2)
t

where rf s the (shadow) risk-free rate, gé is the price of Brownian risk, 1/; is the price of
jump risk and Adt is the Sunspot arrival rate (which, as discussed above, ensures that
the jump process J; is a martingale). Note that in contrast to Chapter 4, the risk-free
rate now depends on i and may vary across agents in the model. This is because the

introduction of jumps means that the debt traded in the model is no longer risk-free.

7.3.1 For given SDF processes, derive individual equilibrium condi-

tions

Optimal investment ;. As before, the choice of investment rate is a static and time-
separable problem. An agent chooses /. to maximize her return rt K i). The first-order

condition yields the Tobin’s g equation

This choice applies to all agents with the special functional form ®(:) = % log(¢t+1),
(Plt =t — 1.

Goods market clearing. The goods market clearing condition
(40%) =)k = E.C (7.1)

which is the same as condition (4.14) in Chapter 4.

Asset and risk allocation using the martingale approach. To derive the optimal port-
folio choice, we can again use the martingale approach, with a slight modification to

incorporate the newly added jumps.
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Martingale approach with jumps.

Consider a portfolio choice problem in continuous time:

max  [Eg {/ e_Ptu(ct)dt}
0

{07120
dny Ct i .
s.t. — = ——dt+ Z 0,dr; + labor income/endowment/taxes
n¢ ng ;
)
no given.

n; is the net worth of the agent and r{ denotes the return of asset j. Let x{* be
the value of a self-financing trading strategy A where one reinvests all dividends.
Define the SDF as & = e#*u/(cl). As before, &x{* follows a martingale. Let

dxft
A
X

= uidt + o/tdz; + jidJ;.

Assume that the SDF follows

d‘ﬁ F,i i i
éf_ﬁ = —ry/dt — gydZ; — vi(d]s — Adt)
Using Itd’s product rule,
d(EixA - . . .
( " ) _(rF gt — glof + viA)de + (0% — ¢)dZet
tt

(i = vi = vijf)dJe
=(=r" it = Gioft + A — At + (0 = ) dZi+
(7 = vi = vijf') (d]: = Ad).
Where (04 — ¢i)dZ; + (j — vi — vij{*)(d]; — Adt) is a martingale, given the inclu-

sion of the compensating Adt term. Then, since ¢ix{' follows a martingale, its drift
equals zero, giving us that

uf + Al =1+ gt + At

Where rtF 7 is the (shadow) risk-free rate, gff is the price of Brownian risk, gfchtA is the
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required Brownian risk premium, Av! is the price of Poisson upside risk if j/* > 0.
For risk-neutral agents v/ = 0. For CRRA utility, 1 — vf = (1+ ]?’ =14
since SDF is & = e '*(w!)!=7(nl)~7. For log utility, vi = 1 — 1+] = 1]1: For

Epstein-Zin, v} is part of w;—process.

We should note that we have three risk assets in the model. dr“X is experts’ re-

h,OE

turn on capital, dr is households’ return on outside equity, and dr"P is house-

holds’ return on debt. The debt is risky due to bankruptcy.

For any two self-financing strategies A, B, the martingale approach implies

up —uf + AGE —jP) = ¢i(of* — of) + Mt — jF).

Using the martingale approach on expert capital with outside equity issuance (after

plugging in households’ outside equity choice), we get

at — e
O =+l o] — T+ (1 RV
t t
e e e
= R (1= 20k | (o) + | Kot 4 ¢ —%)vf] Ajt
t t t t

Similarly, we can derive the household portfolio choice condition by taking the dif-

ference between the drift of household capital and defaultable debt

Elh—lt

qt

q 4D
D) = 6+l + ool — PP AGT— 17 < o+ o) + AT 1),

This condition holds with equality if x* < 1 (i.e., if households hold a non-zero amount

of capital).

Asset and risk allocation using the price-taking social planners problem.
As in Chapter 4, we can also solve for the equilibrium risk and asset allocation using
the social planner’s problem. In this environment, we can generalize the price-taking

planner’s theorem to include the choice of jump risk.

Theorem 7.1 (Price-Taking Planner’s Theorem). A social planner that takes prices as given

chooses a physical asset allocation, «;, Brownian risk allocation, x;, and jump risk allocation,
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(t, that coincides with the choices implied by all individuals” portfolio decisions.

The planner’s optimization problem is formulated as follows:

E¢[dr (k)]

max ——t M ey Ay
KXt dt 6o (xt) ()

st. F(xy,xt,0t) <0 (Financial Frictions)

In this formulation:

* x; represents the planner’s choice of physical asset allocations across agents.

* X: determines the allocation of Brownian risk, influencing the exposure of indi-

vidual agents to continuous stochastic fluctuations.

* {; corresponds to the allocation of jump risk, which affects agents” exposure to

discontinuous price movements.

1

* ¢t = (G-, g{) is a vector of risk price sensitivities for each agent.

e The function o(x;) = (xtom,..., xIoN) describes the effect of Brownian risk allo-

cation on expected returns.
e The function j(g;) = (¢}V,...,{}jN) captures the impact of jump risk allocation.

e The financial friction constraint, F(x¢, xt,{¢) < 0, ensures that allocations are sub-

ject to market imperfections and frictions.

For example, if we set x; = {; = x; as the financial friction, that means experts
can’t issue outside equity to offload Brownian or risky debt to offload Jump risk. Alter-
natively, imposing the constraint x; > ax; represents a skin-in-the-game requirement,

where the issuance of outside equity is restricted to a certain limit.

“Invariance” of relative capital demand.
One of the insights of Mendo (2020) is that self-fulfilling jumps do not influence the
relative demand for capital of experts relative to households. In other words, the excess

market return that experts demand to hold capital remains unaffected.
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Subtracting the experts’ pricing condition from that of households gives the follow-

ing inequality:

K Ko XS x¢ P . q
> K—g(gi —¢)(oc+af) - K—;’i?\(l — ) <89]§,K(95K—1) i =7
t

(.

-0
Losses are distributed between experts and households through the use of default-
able debt. Since the losses of experts are capped by their net worth due to limited
liability, any additional losses arising from increasing capital holdings, denoted as Gf'K,

are absorbed by households.

The concept of “invariance” in this setting is dependent on the performance penalty,
which approaches infinity as T — 0. The presence of this penalty ensures that all
experts follow the same default outcome. Without this penalty, experts would bifur-

cate—some choosing to default after a jump while others would not.

7.3.2 Evolution of state variable 7,

Drift of ;. We calculate the drift of #; by changing to the total wealth N; numeraire.
The change of numeraire approach is similar to the case without jumps, with an addi-

tional equation for v;.

As before, we change the numeraire from consumption goods to total wealth. Con-

sider two assets:

* Asset A: sector = i’s portfolio return in terms of total wealth:

Ci i i i
(ﬁﬂﬂz /N> dt+o7'Naz, + /Ny,
t
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Expanding the equation, we get:

Ci ; dil_ iy 1_1' i
ﬁtl+,u’t7 _p g( nt)}/li ( €)77t dt—|—0' dZt+]t d]t
t t

POP i
Hy

s

* Asset B: a benchmark asset that everyone can hold, such as a risk-free asset or

money, measured in terms of total economy-wide wealth as the numeraire:

rmat 4 gtmdz;.

Apply our martingale asset pricing formula in the total wealth N; numeraire,
it = FAGE =) = 6ol = of) A0 = 7).

The martingale asset pricing formula gives

i Cl P A
pd g A (J? —J?’”) WP = (gi—al) <UZ7 —Utb’”) + A7) (]? —]?’”)-
t

Summing across all types weighted by their respective shares in the total economy,

we obtain the aggregate condition

y C
il +ﬁ—r?m+?t2m]t = A" Zmup"p’

N / - g
=0 =0 =0

I M
0o R b
=Y ni¢l (Ut — o™ +AD7§VZ7 ?—Jt’”)-
1'/

where capital letters without superscripts denote economy-wide aggregates.

Subtracting this aggregate equation from the individual equation gives the net worth
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share dynamics

—~— =

i 7t Ct C A i 1 T il
A = g e — oty Y gl (o — atm)
t ¢ il

) I ! it
~i . N bm
+AD] (J? —Ji”“) =AYl G = )
1/
For experts

‘u’le_|_)\]"76 _9_ Cte _|_(1_77 )QAE (0, _me> +(1_17€)Ch 0,77’ _a_bm
t N Ne t)ot t t t)ot t t

n° . A . h .
+ (1= f)Asg (G = i) = (1= ) Ao (17 —Ji””) + e

In this context, the benchmark asset is risky debt. Since jP is the return on risky debt

jump in c-numeraire and j¥ represents the wealth jump, apply quotient rule for jumps

+D
bm _ N bm _ Ji )i ]t

C C N e . h
W =5 = e+ (= (o <) + - ek (a? o)+
e =N =Y L pope
e e . 7
(1 —=n)AvE | jf — 11N (1_77t)A ]t 14N + Wy

Volatility of 7.

We can calculate the volatility of #! using Itd’s quotient rule. Since
ni = N!/N; we have

/N N\ N _ _N! i _NU —i N7
Op =0y —0p =0y _2771‘ oy = ’7t ‘Tt Z My Ot
l‘/

-l

Jumps in 5i. Similarly,

]-ﬂi_]'g\]l—]g\]_]'fw—zz'"ﬂ]g\ﬂ
t - . - .y i/

142 / 315



CHAPTER 7. A MODEL WITH JUMPS

For 2 types example,

i’ (1—75)GN =N
ATe e\ s h
1T+ n N + (1 —nf)iN

7.3.3 BSDE functions

BSDE functions for CRRA. For CRRA, we generalize the result from earlier lecture

by adding jump terms in value function BSDEs. Specifically, we have

i
Wiy

- i . i,,0\1—7y i1 1—7 ‘
Cln; = e_plt(C;)_,y—i = e_Plt (wtnfi) — (wtnt/Ft) K}—'ye_plt
Y Y 0 )
vli=

when transforming e & (ni; 5, K;)-process into v’ (1;)-process, so

.o i 11—
ag) AT
Cint U§K2_7 '

By It6’s product rule:

E:[d(Zin})]

i 1 i j ol
S — (3 + =@ =0) = 71 =)o+ (1=t~ + 47 )
t°°t

2

Recall by consumption optimality for CRRA utility:

d(&in i
Mdt + dt follows a martingale
Gy ”i
Hence, pf' + (1= 7)(®(i1) =) = J7(1 = 1)o? + (1 = p)ov;’ = p' — 1 = Aj?
BSDE functions for Epstein-Zin. The SDF in the most general case of Epstein-Zin
utility is given by:
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By envelop condition:

o o TN
ii e db e vias Lo ity _ 2 viyds (Wit / Ke) Ty
Cing =e - (w'ny e K,

By Itd’s product rule:

B — (4 + (1= 1)(@{u) — )~ 11(1 = 7)o+ (1 =)ot + 3 (e, V) + 4 ).

&ing
Similarly, recall by consumption optimality for EZ utility:

i1 i
Mdt + Ldt follows a martingale
Cimi n

Hence, 57 + (1= 7)(®() = 6) = (1 = 1)o? + (1= oof’ = =3 (e0, Vi) = & - A7

We still have to solve for ,ufi, Otvi. The numerical solution is the same as in Chapter 4,
with minor changes such as adjusting y{ and yfi, and keeping track of the vulnerability

region together with all the jump loadings.

Discussions. If we deviate from EIS = 1, the consumption-wealth ratio of agents
will vary with investment opportunities, as these depend on the precise specification
of perceived run risk, even under log utility. This variation will, in turn, influence g
through goods market clearing. However, if we maintain EIS = 1 but alter the level of
risk aversion, the g-function will only be affected if capital is allocated differently for
the same value of 5. This is because, in such a case, the average consumption-wealth
ratio in the economy remains unchanged, allowing goods market clearing to establish
a one-to-one mapping between g and capital allocation. A key question is whether the
"invariance" of capital demands holds solely due to the absence of hedging demands
or whether it generalizes even in their presence. Without the full set of equations at
hand, a reasonable conjecture is that this result lacks robustness, implying that capital

allocation and g will still be affected even when EIS = 1.
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7.4 Key Takeaways

In this chapter, we introduced jumps into a continuous-time macrofinance model
and explored how sudden stops or runs can arise endogenously. Several technical
tools were developed in the process. First, we extended the usual It6’s Lemma to han-
dle discontinuous paths driven by Poisson processes or Lévy jumps. We also general-
ized the martingale approach for portfolio choice and asset pricing, ensuring agents’
strategies and pricing conditions fully incorporate both Brownian and jump risk. A
“price-taking” social-planner formulation then allowed us to solve for capital and risk
allocation across experts and households. Finally, we changed numeraires to economy-
wide net worth, carefully adjusting drift and volatility terms so that jumps in wealth

shares are properly accounted for.

On the economic side, we saw that defaultable debt plays a key role in risk sharing.
In extreme downturns, debt can default, offloading part of the experts’ downside onto
households, which leads to a form of invariance in how much capital experts wish to
hold. Another striking observation is that there are often no runs in very bad times: once
the expert sector’s net worth is too low, the price can no longer drop enough to wipe
them out, so the vulnerability region does not start at # = 0. Finally, we encountered
a volatility paradox in the presence of jump risk. Paradoxically, a low-risk environment
can breed higher leverage and thus amplify the impact of a jump, ultimately making a

system more fragile.

Overall, incorporating jump processes in this way offers a tractable lens through
which to study self-fulfilling crises, fire-sale prices, and abrupt collapses of intermedi-
aries’ balance sheets. By combining these new technical instruments with the economic
insights outlined above, we obtain a unified framework for analyzing sudden stops

and runs.
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7.5 Exercises

7.5.1 Introducing a collateral (borrowing)/leverage constraint

e,D e,K

(a) Show that with log-utility, g(7) is not affected by jumps even with the leverage

constraint.
(b) Show how jumps affect the risk premium in the “vulnerability region”.

(c) Verify whether the occasionally binding leverage constraint lowers the drift

for small # values.

(d) Describe conditions under which the leverage constraint leads to a bimodal sta-

tionary distribution of 7.

(e) Show that with a sufficiently strict leverage constraint, the vulnerability region

(when ]? Xt > 1t) shrinks or even disappears.

(f) Consider a setting in which the debt is fully collateralized, i.e., it is default-free.
When entering the vulnerability region, the “worst price” can jump, and hence

the debt capacity contracts discontinuously.

To solve this model, one needs an extra loop to determine the fixed point when
the vulnerability region starts.
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