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Course Overview

Intro
Portfolio & Consumption Choice

Real Macrofinance Models with Heterogeneous Agents

Simple Real Macrofinance Models
Endogenous (Price of) Risk Dynamics

Contrasting Financial Frictions

Immersion Chapters |
Money Models

International Macrofinance Models |
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Overcoming some Short-comings of Lecture 03
m Basak-Cuoco (1998)

m No fire-sales
m p° > p needed for stationarity
=> capital price g rises after adverse shock 09 < 0 mitigates shock
m High required risk premium of undercapitalized experts
is achieved by low risk-free rate (rather than capital price appreciation)
m Kiyotaki-Moore (1997)
m Fire-sales, since less productive households hold & operate capital
m (Dynamic) amplification: Capital price drop
m lowers net worth share of leveraged experts (further)
m tightens collateral constraint
m Single shock critique, deterministic “bounce back” to steady state
m Desired Model Properties:
Endogenous risk and price of risk (cash flows and SDF)
Self-stabilizing system in normal times (around stochastic SS)
since adequately capitalized experts can absorb shock (non-linearity)
More volatile in crises times
Volatility Paradox (Minsky Hypothesis)
Endogenous investment and growth of the macroeconomy
(“Net worth trap”: double-humped distribution conditional on people not died)
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Toolboxes: Technical Innovations

m Introduction of agents’ “death” and switching types

m Occasionally binding (short-sale) constraint
(in addition to natural borrowing limit due to risk aversion)

m Newton Method to solve log-utility numerical example
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Two Sector Model: Simple Extension of Basak Cuoco

m Expert sector Household sector

A

Net worth
N{

Capital
KEqeKe

Net worth Capital
N¢£ K?Qth

m Households can produce with capital.
m Productivity 0 < a" < a®
m Capital shares: x¢ (experts), k! (households), k¢ + kf = 1,k k1 >0
oM Ng
o qeke
m Experts can only issue debt, no outside equity, x§ = K§
Skin-in-the-Game constraint

m The fraction of aggregate risk held by experts: x§ =
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Financial Frictions and Distortions: Overview

] |Incomp|ete markets|

m “natural” leverage constraint (BruSan)
m Costly state verification (BGG)

m + Leverage constraints
(no “liquidity creation”)

m Exogenous limit (Bewley/Ayagari)
m Collateral constraint

m Current price Rb; < qik:

m Next period’s price Rb; < Gryark: (KM)

m Next period's VaR Rb; < VaR:(qi4dr) ke (BruPed)

m Search Friction (DGP)

m Belief distortions
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Two Sector Model Setup

Expert sector Household Sector

e h

m Output: yf = a®kf, a° = a m Output: y/ = alkl

A(k) = k3% + (1 — x®)a"

Poll 04.01: Why is it important that households can hold capital?

a) to capture fire-sales
b) for households to speculate

¢) to obtain stationary distribution
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Two Sector Model Setup

Expert sector

e h

m Output: yf = a%kf, a° = a
m Consumption rate: ¢f
® Investment rate: «f

dkk— - (cb(u:f) - 5) dt + 0dZ, +dAkhe

= Objective: Eq [§; e "t log(cf)dt]

Friction: Can only issue

m Risk-free debt
Thus, x§ = k¢
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Household Sector

m Output: y/ = alk!

m Consumption rate: ¢/

m Investment rate: (/

LA (CD(L';”T) - 5) dt + odZ, +dakih

h,i
k"

m Objective: Fq [SSO e"’htlog(c[’)dt]
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Two Sector Model Setup

Expert sector Household Sector
m Output: yf = a®k§, a° > " m Output: yf = alk}
m Consumption rate: ¢f m Consumption rate: c/
m Investment rate: if = Investment rate: o
dkk— - <¢(L§’7) - 5) dt + odZ, + dAk e dkk—h - (CD(L';j) - 5) dt + odZ, + AR
= Objective: Eq [§; et log(cf)dt] m Objective: Eo [SSO e_phtbg(cf)dt]

Poll 04.02: What are the modeling tricks to obtain stationary distribution?

a) different preference discount rates, p¢ > ph
b) agents die, OLG/perpetual youth models (without bequest motive)
c) switching types
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Two Sector Model Setup - with Death/Birth

Expert sector Household Sector
m Output: y& = a®k¢, a° > a” m Output: y/' = ahk!
m Consumption rate: ¢f = Consumption rate: c/
m Investment rate: if = Investment rate: o
W — (0087 — 0) dt + 0dZ, + aal W — (o6tT) - 8) e+ 0dZ, + dAL
m Objective (death): m Objective (death):
Eq, [Stz Tk Iog(cf)dt] E;, [Stz e~ POt Iog(ct”)dt]
T exponentially distributed with T exponentially distributed with
parameter p§ parameter pf!
define p® := p§ + p§ define p" := pf + ph

m Upon death of an expert/household, a new agent takes their place, inherits their
wealth, and becomes an expert with probability (¢ € (0, 1).
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Objective with Death

Objective is equivalent to infinite lifetime with higher discount rate p® = p§ + pg.

Proof: Conditional on t < T, ¢f is independent of T; since exponential distribution is
memoryless, so knowing that T has not occurred does not provide any information.
Therefore,

T 0 T
Es, [J e Pi(t—t0) Iog(cf)dt] = f pSe Pati R, [J e (%) og(c8)dt | T = td] dty
£ to to

0

[ 0O ity . o
= Ey j J pSePatd g=r5(t—t0) Iog(cf)dtdtd]
LJto Jito

[ ~OO o0
= Ey, J j pge_p«eftddtde_pg(t_t") Iog(cf)dt]
LJ o t

o0
— Eto J e_(p8+p§)(t_t0) Iog(cf)dt]
to
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Implied Net Worth Dynamics with Death/Birth

dNf = Nfdng/ng — pg(1 — C°)NEdt + pgCe N dt

dN{ = Nfdnf/nf — phCeNfdt + p§(1 — C°) N dt
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Two Sector Model Setup with Type-Switching

Expert sector

m Output: y& = a®k¢, a¢ > a"

m Consumption rate: ¢f

® Investment rate: «f

ke
m Objective (type switching): V¢ =
Es, [SZO— e "tlog(cf)dt + e*PeTV;l]

Markus.Economicus@gmail.com Macrofinance

W — (®(") — ) de + 0dZ, +dAL™

Household Sector
m Output: y/' = alk!
m Consumption rate: ¢/
= Investment rate: (/'

L. (¢(L’;"’) - 5) dt + odZ, +dakih

hyi
kt‘

m Objective (type switching): Vt’; =
Ey, [SZO— e "t log(chdt + e*phTV-‘,e-]
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Type-Switching Instead of Death/Birth

With type switching, we obtain

m the effective discount rate is p€ (or p/) as in the preferences,
not time preference + death rate

m the same d/; evolution as with death specification

m The optimal consumption choices

m With log utility: ¢f = pn¢, ¢! = p""nf, so we can solve the problem as before.
[Remark: It is more involved to show this formally as co-state/HJB.]

m Beyond log utility: more complicated because behavior changes if agents anticipate
that they might be of a different type in the future.
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Preview

Amplification

Price of Capital
K <1 K =1 00T ke <t k=1
0.06 +
0.05 +
5 0.04 + 50:.
,céq’o % 003 &
;
g 0.02 IS
=2 =
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' ' ' -0.01 . . . . :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n
p® = p"=0.05, p§ = pb = 0.04, p§ = pfy = 0.01, ¢¢ = 0.05,
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Preview of 1, & o,

Drift of nf

Volatility of nf
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Preview of 1, & o,

Drift of 7y

005 o Volatility of 7y
g <1 g =1 : g < ey =1
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Solving Macro Models Step-by-Step

[l Postulate aggregates, price processes and obtain return processes

For given C/N-ratio and SDF processes for each i finance block
Toolbox 1: Martingale approach, HJB vs. Stochastic Maximum Principle Approach
Fisher separation theorem

B Real investment ¢ + Goods market clearing (static)
A Portfolio choice 8 + Asset market clearing

Evolution of state variable 1 (and K) forward equation
Value functions backward equation

B Value fcn. as fen. of individual investment opportunities w
Special case: log-utility ¢ = pn,s = o"

Numerical model solution
KFE: Stationary distribution, Fan charts
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0. Postulate Aggregates and Processes

m Individual capital evolution:

dk! - -
k; - (cb(L;_:’) - 5) dt + 0dZ, + dAKH

m where Ak’ " is the individual cumulative capital purchase process

m Capital aggregation:

= Within sector it K = §k/'di

m Across sectors: Kt K|

m Capital share: k| = K’/Kt dT'ff = (P(1r) — ) dt + 0dZ;
m Net worth aggregation:

= Within sector i: Ni = {n}’di

= Across sectors: Ny = X;Nj

m Net worth share: n, = N{/N;,

m Value of capital stock: g;:K:, dq:/q: = pidt + ofdZ;
m Idiosyncratic death and type switching does not introduces jump term in g;-process.

m Postulated SDF-process: dg,-" = H? dt + Ufl dZ;
&t —— ——
—r =i
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0. Postulate Aggregates and Processes

m ... from price processes to return processes (using It6)
m Use Ito product rule to obtain capital gain rate (in absence of purchases/sales)

= d;_’f; = ((D(Li"') — (5) dt + 0dZ; (without purchases/sales dAf’f’f)
t
Divic.lend y.ield E[Capital gain rate] = E 7d(q‘1‘kit)
Y a' — ; >
drk(uy) = ( 7 Lot o@y) =0+ pd +o0f >dt+ (o + of)dZ;
t

For aggregate capital return, Replace a’ with A(x)
. C ol Pt (i
m Postulate SDF'—process. (Example: & = e P tV/(n}))
i
d¢;

- —ridt —¢ldZ;, < : price of risk,& e~ = E[SDF]
t
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The Big Picture

N
1
K
/A L N:K
physical assets ~ pecumu- | Debt - rigk

/ Net worth amplification
output 4 price of risk ¢\«= _
/ \ growth®() — ¢

consumption + investment
) drift
net worth

%
Lt
—
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o
ks
=
@
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Solving Macro Models Step-by-Step

[0 Postulate aggregates, price processes and obtain return processes

For given C/N-ratio and SDF processes for each i finance block
Toolbox 1: Martingale approach, HJB vs. Stochastic Maximum Principle Approach
Fisher separation theorem

B Real investment ¢ + Goods market clearing (static)
B Portfolio choice 6 + asset market clearing

Evolution of state variable 1 (and K) forward equation
Value functions backward equation

B Value fcn. as fen. of individual investment opportunities w
Special case: log-utility ¢ = pn,s = o"

Numerical model solution
KFE: Stationary distribution, Fan charts
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1. Stochastic Maximum Principle Approach

= Experts’ problem: max_. . jek E[Szo e tu(cf)dt] s.t.
t

tolts

dng = [=cf + nf (re+ 0552 () = 1)) | at + ng05 (0 + o7)az,

m Households’ problem: max_, » o E [Sgo e‘Phtu(c[')dt] , .t 6’?’K =0,
t

tolts
dn? = [—cth + n? (rt + 0?’K(rth’K(L?) — rt)>] dt + ni’@?’K(J + of)dZ;,

m The Hamiltonians can be constructed as

e
nl ng n® e
t Nt o] n§

—_——
He = e u(ct) + €8 [ —cf + nf (re + 07K (P(E) — ) | —sgeE nE0P (o + of)

_ph h,K, hK h,K h,K
HE = e P"tu(cl) + €8 [ =l + nf (re+ 0PN (PR = 1)) | - <Pelnbol (o + of) + €lniAL}

h,K
het’

= Lagrange-term, \n! , captures that ' >0

m FOC w.r.t. ¢ is separated/de-coupled from FOC w.r.t. ;s as well as ¢§
= Fisher Separation Theorem btw. ¢/, 0}, ¢}
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la. Individual Agent Choice of .

m Choice of ¢ is static problem (and separable) for each t

; a — ;
maxdrk(i}) = max ( L o) —0+puf + aaf)
t L qt

= FOC: % = ®'(4f)  Tobin's q
m All agents: 1} =1, = def; = (®(¢r) — 0)dt + 0dZ,
m Special functional form:

¢(L)=%|Og(¢l,+1)3(;ﬂ=q—l

m Goods market clearing condition: (A(k¢) — te)Ke = >.; Ci
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1b. 0-Choices: Stochastic Maximum Principle

The Hamiltonians can be constructed as

€
n ()
Ky Ny o] nf

—_——
HE = e tu(cf) + €8 [—cf g (re + 075 (K () — 1)) | —sgeE nf07 (0 + o)

Y hK, hK h,K h,K
HE = e Cu(ct) + €8 [ —cl + nf (re + 0P (PN 0l) — 1)) | - clelngol (o + of) + ebniAlo!

Lagrange-term, )\hn?Q?’K, captures that k' >0, i.e. k¢ <1

Objective functions are linear in 6 (divide through ¢ini) = bang-bang (or indifferent)
Take FOC:

rf’K—rt—gf(a+af’) =0

h,K
R = re— oo+ of) = A =0
= Take difference and substitute in for r&", "<
a¢ —ah e A g . o h
> (sf — <)o+ 0f) with equality if ki >0
at
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1b. 6-Choices

m Experts: 8¢ = (9K, 6¢P) for capital and debt. K > 0. Maximize:

e,K

0SKE[dre "] /dt + 02P r — 208K 6"
= Households: 8" = (9"K 6mP) 9hK > 0. Maximize:
h,K

orKE[ar )/t + 0P r — PoM K or

m Expert sector Household sector

A

Net worth
N

Capital
ki qeKe

Net worth

Capital
N¢ K?‘Ith
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1b. Asset, Risk Allocation: Occasionally Binding Constraint

Cases la 2a
allocation s k<1 .y ki=1
risk premia | & = (¢f — o+ o) | == o > (s — sh(o + o))

complementary slackness conditions

Occasionally binding constraint
(HH’s shot-sale constraint of capital)

T

HHs’ short-sale constraint of
capital binds, kf =

Markus.Economicus@gmail.com Macrofinance 04: Endog Summer, 2026 27 / 56



Solving Macro Models Step-by-Step

[0 Postulate aggregates, price processes and obtain return processes

For given C/N-ratio and SDF processes for each i finance block
Toolbox 1: Martingale approach, HJB vs. Stochastic Maximum Principle Approach
Fisher separation theorem

B Real investment ¢ + Goods market clearing (static)
B Portfolio choice 6 + asset market clearing

Evolution of state variable 1 (and K) forward equation
Value functions backward equation

B Value fcn. as fen. of individual investment opportunities w
Special case: log-utility

Numerical model solution
KFE: Stationary distribution, Fan charts
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2. GE: Markov States and Equilibria

m Equilibrium is a map
Histories of shocks — prices g, Sy, Ly, 0t
{Zscpo,11} N /
net worth distribution

= g €(0,1)

m All agents maximize utility

m Choose: consumption, portfolio, ...
m All markets clear

m Consumption, capital, debt,
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2. Law of Motion of Net Worth Share 7;: Drift ]
= Method 1: Using Itd's quotient rule 7}

’Sing. = Ni/(q:Ke)
m Recall (x} = ki):
dnj ¢
':t = —=dt + rdt + Xt(o—l—ot)(tdt—i— Xt(o—l—at)dZt
ng ny Nt ¢
risk
m For aggregate evolution, include switching terms

AN dni i s
T,-t =— - pyC T dt + pg (
t ni

_‘I

CI i _ _ N—‘i
_(f+rt+x(a+ot) — T pC l)dt+Xt(a+at)dZt
ny i N yl
m g.K; use Ito product rule; N!/(q:K;) use Ito ratio rule, ‘Z,’f = ... (lots of algebra)
t
e e he(l — ne) — pe(1 — e
W = (=) [ —(CENE = ChIND) + (5 = o)l + o) — (o — oMl + aly + PI "e‘()l,pig o
consumption difference risk premia difference e e
reshuffling
= Note: For log utility C//N} = p' & price of risk ¢' = oV = ¢/ — N = o7

m Method 2: Change of Numeraire + Martingale Approach
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] Metl-1.(-)d 2: Change of Numeraire + Martingale Approach

m New numeraire: Total wealth in the economy, N;
m Apply Martingale Approach for value of i's portfolio
m Include extra drift term due to reshuffling (death)
m Previously riskfree asset is not riskfree in N-numeriare
= Simple algebra to obtain drift of 7i: ,u?l
Note that change of numeraire does not affect ratio 7'!

2. Law of Motion of Net Worth Share 7,: Drift p}
= Method 1: Using [t8's quotient rule n} = N}/(q:K;)

., . . i _ N
Asset A: sector i's portfolio return in terms of total wealth n; = +£:

iy (<

dn; + (Nt) dt _ (Mni N g +pi C_'i —p_'igi "

7774 t N; d d N;
Asset B: A benchmark asset with expected return r{" and risk —o}V.
Martingale asset pricing formula implies:

i Ci - N . i
W T = oS — = (= ol ) (o7 + o).
Nt Nt

Aggregate {n;}-weighted sum of the two sectors

g0 Ct g N i’ N
Mmeud + ==Y m (s —op)(of +oar),
i’ Nt i’

=N

N_‘i

) dt + o7 dz.

e
and subtracting (2) from the one-sector equation (1) results in the same pj .

(1)

)
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2. o' Volatility of Net Worth Share

m Recall Itd quotient rule (only volatility term)
m Since n§ = N§/N;,

ns _ _Ne N _ _Ne e Ne ey NP
Ot =0y — 0y =0¢ _<77t‘7t +(1_77t)‘7t

| |
ne _ Xt q
§ o, o = (o +09)
of =1 —ng)(of —of ), where o' = X—Z’(O'-i-O'q) — 1—X§(U+Uq)
t T t = 1o t
t t
e e
e Xt —
= ol =—%(0c+0af)
Nt
e n° h _n" n” ng _n° ng__n°
m Note also: nfo; +nijo;, =0= o/ =0t = T1oE0e

32 /56
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2. Amplification Formula: Loss Spiral

ne Xt — 771?

Recall o) =2t—" (0 +0])
' 0§ Yl e dD) X (4 09
"(ng) e e = ) /me ne 0T 0y
By Ité's Lemma o) = 9 e oyl ane)/Me - Ne
q(nte) elasticity
m Total Volatility
q _ o
oror= 1_ a0f) xi—uf
a(ng)/ng - g
m Loss spiral

m Market illiquidity
(price impact elasticity)
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2. Amplification Formula: Loss Spiral

ne X? - 771? q
Recall o) ==——(0+o}) ey e e
g g _ _qdm5) x{—n q
q(F) o e =S e e oo
By Itd's Lemma of = ~—nfo] AL
q(nt) elasticity
m Total Volatility
q o
o+0; = q'(n?) xe—ne Poll 04.08: Where is the spiral?
1- amS)/me e a) Sum of infinite geometric series (denominator)
b) in q’, since with constant price, no spiral
m Loss spiral

m Market illiquidity
(price impact elasticity)
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The Big Picture

N
1
K
/A L N:K
physical assets ~ pecumu- | Debt - rigk

/ Net worth amplification
output 4 price of risk ¢\«= _
/ \ growth®() — ¢
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Solving Macro Models Step-by-Step

[ Postulate aggregates, price processes and obtain return processes

For given C/N-ratio and SDF processes for each i finance block
Toolbox 1: Martingale approach, HJB vs. Stochastic Maximum Principle Approach
Fisher separation theorem

B Real investment ¢ + Goods market clearing (static)
B Portfolio choice # + Asset market clearing

Evolution of state variable n (and K) forward equation
Value functions backward equation

B Value fen. as fen. of individual mvestment opportunities w
Special case: log-utility ¢l = p'ni, ¢i = D't

Numerical model solution
KFE: Stationary distribution, Fan charts
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Solving Macro Models Step-by-Step

[0 Postulate aggregates, price processes and obtain return processes

For given C/N-ratio and SDF processes for each i finance block
Toolbox 1: Martingale approach, HJB vs. Stochastic Maximum Principle Approach
Fisher separation theorem

B Real investment ¢ + Goods market clearing (static)
A Portfolio choice 8 + Asset market clearing

Evolution of state variable 1 (and K) forward equation
Value functions backward equation

B Value fcn. as fen. of individual investment opportunities w
Special case: log-utility

Numerical model solution
KFE: Stationary distribution, Fan charts
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4a. Obtain x for Goods Market Clearing

m Determination of k¢ (part of ¢s)
m Based on difference in risk premia: (¢¢ — ¢)(o + of)

e e h e_ €
m For log utility: (0f —of)(o+0f) = gty (0 + o)
t t
. e h e h e e_ e h e e
Since: of —of =0/ —o/ andof == (0+ ), 0] =70
t t
m Hence,
h Kt — Nt 2
(a®* —a")/q: = —+—L—(0 + of)*, with equality if kS < 1
(1 —nf)n¢ v '
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4a. Investments and Capital Prices g

m Replacing ¢;.
m Recall from optimal re-investment (1) = 1/q;:

(1) = %bg(@ )=

m Recall from “amplification slide”

o+ol=

(o2
q'(nf) wkg—nf
qmg)/mg  ng

Macrofinance 04: Endc
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4a. Market Clearing

m Output good market:

(I“L?ae + (1 — K]?)ah — Lt)Kt = Ct

=|K§a® + (1= K§)a" — 1 = [nep® + (1 — me)p" e

m Capital/asset market is taken care

m Risk-free debt market also taken care of by Walras Law
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4b. Algorithm — Static Step

m We have four static conditions

Tobin's q: ¢ty =g — 1
h KE—T¢

. . e. af—a
K% =
Portfolio/asset market clearing, k¢ @ = 0=

Goods market clearing: k¢a + (1 — k$)a" — 1(qe) = [nEp® + (1 — 1) p"q:
Amplification: o9 = %(mf —n8)(o + o)

= Get q(1°), x*(n°),o9(n°).
m Start at g(0), solve to the right,

use different procedure for two 7€ regions depending on x°€:

While k¢ < 1, solve ODE for q(n¢)

m For given g(n), plug optimal investment (1) into (3).
m Solve ODE using three equilibrium condition (2),(3) and (4) via Newton's method.

When k€ =1, (2) is no longer informative
m Plug optimal investment (1) into (3) and solve for q(n°).

(0 + af)?
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4b. Aside: Newton’s Method

Slope = f'(za)—_4

m Find the root of equation system F(z,) = 0 via iterative method:
Zny1 =2Zp — Jn_l(zn)F(zn)

where J, is the Jacobian matrix, i.e., J;;j = 0fi(z)/0z;
m Newton's method does not guarantee global convergence.

m Commonly take several-step iteration.
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4b. Aside: Newton’s Method

Stope = f(z0F—,,

gt rgas + (L= rf)a" —u(qe) — qe[ngp® + (L= n§)p"1] [goods mkt
zo=| K¢ |,F(z,) = q (nf)(5§ = nf)(o + af) — o9q(nf) | amplif
o+ of (a® —a") — qt(f_fT_g;fnf (o + oﬁ’)2 portfolio.

Replace red terms from Tobin's Q ¢ and x€-condition.
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© 0 N O O A W N =

Code: Getting started

%% Parameters and grid
a_e = 0.11; a_h = 0.03;

rho_0 = 0.04;
rho_e_d = 0.01;rho_h_d =
rho_e = rho_0 + rho_e_d;

rho_h = rho_0O + rho_h_d;
zeta = 0.05;
delta = 0.05; sigma

= 0.
phi = 10; alpha = 0.5;

N = 501;

%% Solution
% Solve for q(0)

% Inner loop

sigma, phi, alpha);

Sg_e = S./eta;
Sg_h

VarS_e = Chi./eta.*SSQ;

Markus.Economicus@gmail.com

1.

yA
YA

0.01;%

>

[Q, SSQ, Kappa, Chi, Iotal

%
"

eta = linspace(0.0001,0.999,N)"';

= inner_loop_log(eta, 90, a_e, a_h, rho_e,

VarS_h = (1-Chi)./(1-eta) .*SSQ;

Macrofinance 04: Endogel

production rates

time preference

death rates

expert's discount rate
household's discount rate
probability of becoming an expert
decay rate/volatility

adjustment cost/equity constraint

% grid size
% grid for \eta

q0 = (1 + a_h*phi)/(1 + rho_hx*phi);

S = (Chi - eta).*S3SQ; % \sigma_{\eta"e} -- arithmetic volatility of \eta“e
% \sigma~{\eta"e} -- geometric volatility of \eta“e
-S./(1-eta); % \sigma~{\eta"h} -- geometric volatility of \eta"h

% \varsigma"e -- experts' price of risk
% \varsigma"h -- households' price of risk

rho_h,
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Code: Inner Loop

See |eCture nOteS. inner,loop,log.m:

1 | function [Q, SSQ, Kappa, Chi, Iotal = inner_loop_log(eta, qO0, a_e, a_h,
rho_e, rho_h, sigma, phi, alpha)

2
3 |N = length(eta);
deta = [eta(1l); diff(eta)]; % imposes the correct grid step for numerical

derivative at \eta"e = 0

5

6 |% variables

7 |Q = ones(N,1); % price of capital q

8 | SSQ = zeros(N,1); % \sigma + \sigma“q

9 | Kappa = zeros(N,1); % capital fraction of experts \kappa

L0

1 |Rho = eta*rho_e + (l-eta)*rho_h; % auxiliary variable: average consumption-
to-networth ratio

2

3 | % Initiate the loop
4 | kappa = 0; q_old = q0; q = q0; ssq = sigma;

6 |% Iterte over eta

7 |% At each step apply Newton's method to F(z) = 0 where z = [q, kappa, ssql'
8 | % Use chi = alphaxkappa

9 | for i = 1:N

0 % Compute F(z_{n-1})

1 F = [kappa*(a_e - a_h) + a_h - (gq-1)/phi - g*Rho(i);

2 ssq*(q - (q - q_old)/deta(i) * (alphax*kappa - eta(i))) - sigmax*q;

3 a_e - a_h - qg*alpha*(alphaxkappa - eta(i))/(eta(i)*(1-eta(i)))*ssq
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Solution for g(n) and Volatility of g

Price of Capital 0.07 Amplification
Kf <1 k=1 ST Kf <1 K =1
0.06 +
0.05
0.04 +
S
&
% 003 &
~
I
0.02 g
=
0.01
o - — — —
: : : : -0.01 : . : : ;
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n
04, p& = ph = 0.01, ¢& = 0.05,

p® = ph=10.05, p§ = p
a®=011,a"=0

(S
I
Q o©

.03, 0 = 0.10, § = 0.05, ¢ = 10.

Summer, 2026
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Solutions: Drift and Volatility of 7°

Drift of nf

Volatility of 7f

| k=1 01 KE <1 k=1
0.025 | ‘ 0-09 ‘
0.08
002}
‘ 0.07
0.015 “Steady State” of n® 0.06
§ 0.01H { 0.05
0.005 0.04
0.03
ol — — — N
0.02
-0.005 | 001
0.01 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
n n
e _ h_ e _ h _ e _ h _ e __
p¢ = p"=0.05, p5 = pg = 0.04, p§ = pg = 0.01, ¢¢ = 0.05,
2 = 0.11, a" = 0.03, o = 0.10, § = 0.05, ¢ = 10.
T
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Solutions: 7°-Drift/Volatility with SS at Region Boundary

Drift of nf

T RS K =1

0.02

“Steady State” of n°
0.01 |

w'n

-0.01 -

-0.02 -

-0.03

0 02 04 0.6 0.8 1
n

0.1p

0.09 |

0.08

0.07 |

0.06

0.05

0.04

0.03

0.02 |

0.01

Volatility of nf
KE <1 ki =1

0.2 0.4 0.6 0.8 1
n

p® = p'=0.05, p§ = pb = 0.02, p§ = pi = 0.03, ¢¢=0.05,
a® =0.11, a" = 0.03, 0 = 0.10, § = 0.05, ¢ = 10.

Poll 04.08: Is it possible for “steady state” lie in k§ < 17

a) yes
b) no
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Volatility Paradox

oc=0.1,0=0.03 0=0.01
0.1

0.08
L 0.06 -

1.2 =
= ®
1.1} 0.04 -

1
0.02 H
0.9 %
0

0 0.2 0.4 0.6 0.8 1

n
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Market Liquidity

o
e
o
o
IS

0 n

0 0.2 0.4
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1

0.06
0.05
0.04

< 003

=
0.02

0.01

= —0.03
0.2 0.4 0.6 0.8
n
0.2 0.4 0.6 0.8
n
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Solving Macro Models Step-by-Step

[0 Postulate aggregates, price processes and obtain return processes

For given C/N-ratio and SDF processes for each i finance block
Toolbox 1: Martingale approach, HJB vs. Stochastic Maximum Principle Approach
Fisher separation theorem

B Real investment ¢ + Goods market clearing (static)
B Portfolio choice 6 + asset market clearing

Evolution of state variable 1 (and K) forward equation
Value functions backward equation

B Value fcn. as fen. of individual investment opportunities w
Special case: log-utility

Numerical model solution
KFE: Stationary distribution, fan charts
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From 1, 0, to Stationary Distribution

0.03 Drift of nf o1 Volatility of nf
- K{ <1 ki =1 : k<1 ki =1
0.025 + ‘ 0-09 ‘
0.08
0.02 +
0.07
« » e
0.015 Steady State” of 7' 0.06
=
=. 001 = 0.05
3
0.005 0.04
0.03
o — — — N
0.02
-0.005 0.01
-0.01 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n
HHs’ short-sale constraint of HHs’ short-sale constraint of
capital binds, kf = 1 capital binds, k§ = 1
© © © ©
— ~ — ~
Q [} [ [}
w w v w
] G © ©
(@] (@] (@) (@)
n n
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5. Kolmogorov Forward Equation

m Given an initial distribution 7(n,0) = fo(n), the density distribution follows:

of(n.t) _ _olf(n. u(m)] 1 P[F(n, t)o*(n)]

ot on 2 on?

m “Kolmogorov Forward Equation” is in physics referred to as “Fokker-Planck
Equation”

m Corollary: If stationary distribution f(n) exists, it satisfies ODE:

o= I um] 1[f(n, t)o*(n)]
on 2 on?
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5. Stationary Distribution

35 K¢ < 1

0.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
n

Poll 04.09: Is the constraint always (not just occasionally) binding

a) yes
b) no, only for some parameters p€ > ph
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5. Stationary Distribution

35 K¢ < 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
n

Poll 04.10: What happens for p® = p" and no death/birth
a) experts take over the economy n — 1

b) there is a steady state
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Done ... and Still to Do

m Basak-Cuoco (1998)

m p° > pl needed for stationarity
= capital price q rises after adverse shock 09 < 0 mitigates shock
m High required risk premium of undercapitalized experts
is achieved by low risk-free rate (rather than capital price appreciation)
m Kiyotaki-Moore (1997)
m Single shock critique, deterministic “bounce back” to steady state
m Desired Model Properties:
m Endogenous risk and price of risk (cash flows and SDF)
m Volatility Paradox (Minsky Hypothesis)
m Self-stabilizing system in normal times (around stochastic SS)
since adequately capitalized experts can absorb shock (non-linearity)
m Volatile in crises times
m Endogenous investment and growth of the macroeconomy
m Still to do
m Explicit debt issuance constraint
m “Net worth trap”: double-humped distribution conditional on people not died
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