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Class Overview

Real Macrofinance Models with Heterogeneous Agents

A Two-Sector Macrofinance Model

Complete Markets Benchmark

No risk and no frictions

Basak-Cuoco Model

Risk, one unproductive sector and no frictions

Kiyotaki-Moore Model

No risk, two production sectors and leverage constraints
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Two Sector Macrofinance Model Setup

Expert sector (Farmers) Household sector (Gatherers)

A L

Capital
𝜅!"𝑞!𝐾!

Net worth
𝑁𝑡"

Debt

A L

Net worth
𝑁!$

Loans

Capital
𝜅!$𝑞!𝐾!

Capital shares: κet (experts), κht (households), κet ` κht “ 1, κet , κ
h
t ě 0

Experts produce with capital with linear production function aeket p“ aeκetKtq.
Households’ production function ahpκht qkht is fcn. of (aggregate) κht

Productivity ahpκhq ď ae with equality for κh “ 0 and strictly decreasing in κh

Experts can only issue debt with collateral constraint: De
t ď ℓκet qtKt

De
t

Ne
t

ď ℓ
κe
t qtKt

Ne
t

ô ´p1 ´ θK ,e
t q ď ℓθK ,e

t ô p1 ´ ℓqθK ,e
t ď 1

All experts’ net worth Ne
t “

ş1
0 n

e,i
t di “ net ; all households’ net worth Nh

t “ nht
Assumption: aggregate physical capital evolves exogenously

dKt

Kt
“ gdt ` σdZt
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Two Sector Model Setup

Expert sector Household Sector

Output: y et “ aeket

Consumption rate: cet

Portfolio choice θK ,e
t ” κet

qtKt

Ne
t

Output: yht “ ahpκht qkht

Consumption rate: cht

Portfolio choice θK ,h
t ” κht

qtKt

Nh
t

Objective: E0

“ş8

0 e´ρet log pcet qdt
‰

Objective: E0

”

ş8

0 e´ρht log pcht qdt
ı

Individual capital evolution: dǩ ĩ
t

ǩ ĩ
t

“ gdt ` σdZt ` d∆k,ĩ ,i
t

Friction: Can only issue risk-free debt with
collateral constraint p1 ´ ℓqθK ,e

t ď 1
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Sector Optimization

Expert’s problem

max
tcet ,θ

K,e
t u8

t“0

Et

„
ż 8

0

e´ρe t logpcet qdt

ȷ

s.t. dnet “

”

´cet dt ` net

´

drt ` θK ,e
t pdrK ,e

t ´ rtq
¯ı

p1 ´ ℓqθK ,e
t ď 1,

θK ,e
t ě 0,

ne0 given

Household’s problem

max
tcht ,θ

K,h
t u8

t“0

Et

„
ż 8

0

e´ρht logpcht qdt

ȷ

s.t. dnht “

”

´cht dt ` nht

´

drt ` θK ,h
t pdrK ,h

t ´ rtq
¯ı

θK ,h
t ě 0,

nh0 given
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Market Clearing

Goods market
C e
t ` Ch

t “ aeK e
t ` ahpκht qKh

t

Capital market
K e
t ` Kh

t “ Kt

Debt market
clears by Walras law
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Solving Macro Models Step-by-Step

0 Postulate aggregates, price processes and obtain return processes

1 For given ρ̌ :“ c i{ni -ratio and SDF i processes for each i finance block
Toolbox 1:HJB, Stochastic Maximum Principle, Martingale approach

a Goods market clearing (static)

b Fisher separation theorem
Portfolio choice θ + asset market clearing

2 Evolution of state variable η (and K ) forward equation

3 Value functions backward equation

a Value fcn. as fcn. of individual investment opportunities ω
Special case: log-utility ρ̌ :“ c{n “ ρ

4 Numerical model solution

5 KFE: Stationary distribution, Fan charts
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0. Postulate Aggregates and Processes

Capital aggregation:

Within sector i: K i
t ”

ş

k ĩ,i
t dĩ

Across sectors: Kt “ ΣiK
i
t dKt{Kt “ gdt ` σdZt

Capital share: κi
t “ K i

t {Kt

Net worth aggregation:

Within sector i: N i
t ”

ş

nĩ,it dĩ
Across sectors: Nt “ ΣiN

i
t

Net worth share: ηit “ N i
t{Nt ,

Value of capital stock: qtKt , dqt{qt “ µq
t dt ` σq

t dZt

Postulated SDF-process: dξit
ξit

“ µξi

t
loomoon

´r it

dt ` σξi

t
loomoon

´ς it

dZt

Poll: Why drift of SDF equal is risk-free rate

1 no idio risk

2 e´rf “ ErSDF s

3 no jump in consumption
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t dĩ
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0. Return Processes

Using Itô’s product rule, the returns on capital follow

drK ,e
t “

Dividend Yield
hkkikkj

ae

qt
dt `

Capital Gain
hkkkikkkj

dpqtk
e
t q

qtket

“

ˆ

ae

qt
` g ` µq

t ` σσq
t

˙

dt ` pσ ` σq
t qdZt

drK ,h
t “

ˆ

ahpκht q

qt
` g ` µq

t ` σσq
t

˙

dt ` pσ ` σq
t qdZt
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2. GE: Markov States and Equilibria

Equilibrium is a map
Histories of shocks ÝÑ prices qt , ς

i
t , ι

i
t , θ

i
t

tZsPr0,tsu Œ Õ

net worth distribution
ηet “ Ne

qtKt
P p0, 1q

All agents maximize utility

Choose: consumption, portfolio, ...

All markets clear

Consumption, capital, debt,
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The Big Picture

physical assets … risk
amplification

output capital price of risk ς
growth

consumption + investment 

net worth
distribution

value function

drift
drift

volatility

vo
la
til
ity

pr
ec

au
tio

na
ry

Ba
ck

w
ar

d 
eq

ua
tio

n
w

ith
 e

xp
ec

ta
tio

ns
Fo

rw
ar

d 
eq

ua
tio

n

𝐴
Φ 𝜄 − 𝛿

𝜂

𝐾

accumu-
lation

𝜄

A L

Debt

Net worth
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Overview: This Lecture

Complete Markets Benchmark

σ “ 0 and ℓ unconstrained

Basak Cuoco Model

ah Ñ ´8 and ℓ unconstrained

Kiyotaki-Moore Model

σ “ 0 and ℓ ď 1
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1. Individual Agent Choice (Complete Markets Benchmark)

ae ě ahp1 ´ κtq ñ θK ,h
t ě 0 must bind ñ κt “ 1

By log-utility ρ̌i :“ c it{n
i
t “ ρi ùñ C i

t “ ρiN i
t for i P te, hu.

Using Ne
t “ ηtqtKt and Nh

t “ p1 ´ ηtqqtKt , market clearing implies

qt “
aeκt ` ahp1 ´ κtqp1 ´ κtq

ρeηt ` ρhp1 ´ ηtq

Using κt “ 1 in equilibrium

qt “
ae

ρeηt ` ρhp1 ´ ηtq
.

Since there is no leverage constraint, the experts instantly take out loans to
finance the purchase of all available capital in the economy.
Capital market clearing condition

θK ,e
t ηtqtKt ` θK ,h

t p1 ´ ηtqqtKt “ qtKt ,

implies that θK ,e
t “ 1{ηt instantaneously.
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2. Evolution of state variable ηt
Recall ηt “ Ne

t {Nt so that by Itô’s lemma

µη
t “ µNe

t ´ µN
t “ p1 ´ ηtqpµNe

t ´ µNh

t q

since µN
t “ 1

Nt

dNt
dt “ ηtµ

Ne

t ` p1 ´ ηtqµ
Nh

t .
The evolution of experts’ net worth

µNe

t “ ´ρe ` rt ` θK ,eprK ,e
t ´ rtq “ ´ρe ` rt

since rK ,e
t “ rt .

The evolution of households’ net worth

µNh

t “ ´ρh ` rt ` θK ,hprK ,h
t ´ rtq “ ´ρh ` rt

since θK ,h “ 0.
Hence, net worth share follows

µη
t “ ´p1 ´ ηtqpρe ´ ρhq

which yields the following closed-form expression for ηt

ηt “
η0e

´pρe´ρhqt

1 ´ η0 ` η0e´pρe´ρhqt

for initial condition η0.
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Frictionless Case: Main Takeaways

1 Capital Allocation: always held by the most efficient sector

2 Consumption Allocation: determined by the initial wealth distribution and
wealth only moves due to differences in preferences for the timing of
consumption

ρe “ ρh: every initial condition leads to a steady state
ρe ą ρh: converges in the long run to a boundary η “ 0
ρe ă ρh: converges in the long run to a boundary η “ 1

3 Price of Capital: qt “ ae

ρeηt`ρhp1´ηtq

ρe “ ρh: qt “ ae{ρe is constant
otherwise, it rises over time because the agents with the lower marginal propensity
to consume become richer as time passes.
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Overview: This Lecture

Complete Markets Benchmark

σ “ 0 and ℓ unconstrained

Basak Cuoco Model
ah Ñ ´8 and ℓ unconstrained

Kiyotaki-Moore Model

σ “ 0 and ℓ ď 1
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Financial Frictions and Distortions

Incomplete markets:

“natural” leverage constraint (BruSan)
Costly state verification (BGG )

Leverage constraints
(no “liquidity creation”)

Exogenous limit (Bewley/Ayagari)
Collateral constraint

Current price Rbt ď qtkt
Next period’s price Rbt ď qt`dtkt (KM)
Next period’s VaR Rbt ď VaRtpqt`dtqkt (BruPed)

state 1

state 2

Markus.Economicus@gmail.com Macrofinance 03: Simple Real Models Summer, 2026 18 / 54



Simple Two Sector Model: Basak Cuoco (1998)

Special case with

risk σ ą 0
no leverage constraint ℓ
unproductive household sector ah Ñ ´8

Expert sector Household sector

See Lecture Notes, Chapter 3 or Handbook of Macroeconomics 2017, Chapter 18
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1. Given SDF processes, derive individual FOC

Hamiltonian for the experts is given by

He
t “ e´ρet log cet ` ξet n

e
tµ

ne
t ´ ςet ξ

e
t n

e
t σ

ne
t

“ e´ρet log cet ` ξet

„

´cet ` net rt ` net θ
K ,e
t

ˆ

ae

qt
` g ` µq

t ` σσq
t ´ rt

˙ȷ

´ ςet ξ
e
t n

e
t θ

K ,e
t pσ ` σq

t q

FOCs wrt cet and θK ,e
t are given by

e´ρet pcet q
´1

“ ξet
ae

qt
` g ` µq

t ` σσq
t ´ rt “ ςet pσ ` σq

t q

The costate equation reads by virtue of the

dξet “ ´
BHe

t

Bnet
dt ´ ςet ξ

e
t dZt

“ ´rtξ
e
t ´ ςet ξ

e
t dZt

where the equality follows from the first-order condition for θK ,e
t .
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1. Given SDF processes, derive individual FOC

Using the first-order condition for consumption, we also find by Itô’s lemma that

dξet “
“

´ρe ´ µce
t ` pσce

t q2
‰

dt ´ σce
t dZt

Since for log-utility cet {net “ ρe , µce
t “ µne

t and σce
t “ σne

t .

Then the price of risk is given by ςet “ σce
t “ σne

t “ θK ,e
t pσ ` σq

t q.

Similarly, the household sector will consume according to cht {nht “ ρh.
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2. GE: Markov States and Equilibria

Equilibrium is a map
Histories of shocks ÝÑ prices qt , ς

i
t , ι

i
t , θ

i
t

tZsPr0,tsu Œ Õ

net worth distribution
ηet “ Ne

qtKt
P p0, 1q

All agents maximize utility

Choose consumption, portfolio, ...

All markets clear

Consumption, capital, debt,
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2. Evolution of state variable ηt

Recall that ηt “
Ne
t

qtKt

The total wealth of experts Ne
t follows

dNe
t

Ne
t

“
dnet
net

“ ´
cet
net

dt ` rtdt ` θK ,e
t

”

drKt ´ rtdt
ı

“ ´
cet
net

dt ` rtdt ` θK ,e
t

"„

ae

qt
` g ` µq

t ` σσq
t ´ rt

ȷ

dt ` pσ ` σq
t qdZt

*

“ ´
cet
net

dt ` rtdt ` θK ,e
t

␣

ςet pσ ` σq
t qdt ` pσ ` σq

t qdZt

(

.

Also

dpqtKtq

qtKt
“
“

µq
t ` g ` σσq

t

‰

dt ` pσ ` σq
t qdZt

“

„

rt ´
ae

qt
` ςet pσ ` σq

t q

ȷ

dt ` pσ ` σq
t qdZt .

Apply Itô’s quotient rule to ηt “ Ne
t {qtKt :

dηt
ηt

“

„

´
cet
net

`
ae

qt
´ p1 ´ θK ,e

t qpσ ` σq
t q pςet ´ pσ ` σq

t qq

ȷ

dt ´ p1 ´ θK ,e
t qpσ ` σq

t qdZt
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2. Evolution of state variable ηt

Using cet “ ρenet and ςet “ θK ,e
t pσ ` σq

t q, we have

dηt
ηt

“

„

´ρe `
ae

qt
` p1 ´ θK ,e

t q2pσ ` σq
t q2

ȷ

dt ´ p1 ´ θK ,e
t qpσ ` σq

t qdZt

Goods market clearing

Ct “ ρeηtqtKt ` ρhp1 ´ ηtqqtKt “ aeKt ùñ qt “
ae

ρeηt ` ρhp1 ´ ηtq

Itô’s lemma implies

σq
t “ ´

ρe ´ ρh

ρeηt ` ρhp1 ´ ηtq
ση
t ηt

Capital market clearing

θK ,e
t “

qtKt

Ne
t

“
1

ηt

Hence ηt follows

dηt
ηt

“ p1 ´ ηtq

„

´pρe ´ ρhq `
1 ´ ηt
η2t

pσ ` σq
t q2

ȷ

dt `
1 ´ ηt
ηt

pσ ` σq
t qdZt
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2. Evolution of state variable ηt

Combining the above we get

dηt
ηt

“p1 ´ ηtq

«

´pρe ´ ρhq `
1 ´ ηt
η2t

“

ρeηt ` ρhp1 ´ ηtq
‰2

pρeq2
σ2

ff

dt

`
1 ´ ηt
ηt

ρeηt ` ρhp1 ´ ηtq

ρe
σdZt

a simple one-dimensional stochastic differential equation (SDE).
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4. Numerical Example of Basak-Cuoco
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2

1.5

2

2.5
q(
2
)
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;e = ;h

0 0.2 0.4 0.6 0.8 1
2

-0.04

-0.02

0

0.02

<
q
(2

)

;e > ;h

;e = ;h

0 0.2 0.4 0.6 0.8 1
2

0

0.5

1

2
7
2
(2

)
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0 0.2 0.4 0.6 0.8 1
2

0

0.05

0.1

2
<
2
(2

)

;e > ;h

;e = ;h

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
2

-1

-0.5

0

r(
2
)

;e > ;h

;e = ;h

ρe = 0.06, ρh = 0.04, ae = 0.11, σ = 0.10, g=0.1
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Observation of Basak-Cuoco Model

1 Changes in Risk-free Rate drives Risk Premium
Price of risk ςe , i.e., Sharpe ratio is:

1

ηt
pσ ` σq

t q “
ηtρ

e ` p1 ´ ηtqρ
h ` g ` µq

t ` σσq
t ´ rt

σ ` σq
t

Goes to 8 as ηt goes to zero
RHS can only go to 8 if risk-free rate rt Ñ 8

rt “ ηtρ
e ` p1 ´ ηtqρ

h ` g ` µq
t ` σσq

t ´ pσ ` σq
t q2{ηt Ñ ´8

Special case ρe “ ρh: since q “ ae

ρe is constant (µq “ σq “ 0), easy to see.

2 qt Movements Mitigates rather than Amplifies Shocks, σq ď 0
Stationary distribution requires ρe ą ρh ñ qt appreciates after dZt ă 0-shock

Otherwise for ρe ď ρh, µη
t ą 0 @η,ñ ηSS “ 1

in the long run HH-net worth share vanishes (degenerated stationary distribution)

Alternative ways out to obtain a stationary distribution
without qpηq decreasing in η (instead of ρe ą ρh):

Switching types (jumps) (BGG)
2 types of experts (BruSan AEJ:Macro international paper)
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Overview: This Lecture

Complete Markets Benchmark

σ “ 0 and ℓ unconstrained

Basak Cuoco Model

ah Ñ ´8 and ℓ unconstrained

Kiyotaki-Moore Model

σ “ 0 and ℓ ď 1, and ahp¨q is a function of κh
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Financial Frictions and Distortions

Incomplete markets:

“natural” leverage constraint (BruSan)
Costly state verification (BGG )

Leverage constraints:
(no “liquidity creation”)

Exogenous limit (Bewley/Ayagari)
Collateral constraint

Current price Rbt ď qtkt
Next period’s price Rbt ď qt`dtkt (KM)
Next period’s VaR Rbt ď VaRtpqt`dtqkt (BruPed)

state 1

state 2

Debt limit
can depend on 
prices/volatility
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Kiyotaki Moore (1997) in Cts. Time

No risk: σ “ 0

Leverage constraint: ℓ ď 1

Households can produce: ahpκhq is a decreasing function of κh

Expert sector (Farmers) Household sector (Gatherers)

A L

Capital
𝜅!"𝑞!𝐾!

Net worth
𝑁𝑡"

Debt

A L

Net worth
𝑁!$

Loans

Capital
𝜅!$𝑞!𝐾!
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Kiyotaki Moore (1997) in Cts. Time

Expert Sector (Farmers) Household Sector (Gatherers)

Output: y et “ aeket “ aeκetKt

Consumption rate: cet

Output: yht “ ahpκht qkht “ ahp¨qκhtKt

Consumption rate: cet

Objective:
ş8

0 e´ρet logpcet qdt Objective:
ş8

0 e´ρht logpcht qdt

Assumptions:

Experts are more impatient ρe ą ρh

Productivity ahpκhq ď ae with equality for κh “ 0 and
constant return to scale individually, but ahp¨q decreasing in (aggregate) κh

No equity issuance

Debt issuance with collateral constraint: De
t ď ℓκet qtKt

ô
De

t
Ne

t
ď ℓκ

e
t qtKt

Ne
t

ô ´ p1 ´ θK ,e
t q ď ℓθK ,e

t

Collateral constraint in KM97: De
t p1 ` rt`dtdtq ď ℓκet qt`dtKt
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1. Portfolio choices: Hamiltonian Approach

Experts’ problem: max
cet ,θ

K ,e
t

ş8

s e´ρetupcet qdt s.t. p1 ´ ℓqθK ,e
t ď 1, and

dnet
dt

“

”

´cet ` net

´

rt ` θK ,e
t prK ,e

t ´ rtq
¯ı

Households’ problem: maxcht ,θht

ş8

s e´ρhtupcht qdt, s.t.

dnht
dt

“

”

´cht ` nht

´

rt ` θK ,h
t prK ,h

t ´ rtq
¯ı

,

The Hamiltonians can be constructed as

He
t “e´ρetupcet q ` ξet

µne
t net

hkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkj

”

´cet ` net

´

rt ` θK ,e
t prK ,e

t ´ rtq
¯ı

`ξet n
e
t λ

ℓ
t

´

1 ´ p1 ´ ℓqθK ,e
t

¯

Hh
t “e´ρhtupcht q ` ξht

”

´cht ` nht

´

rt ` θK ,h
t prK ,h

t ´ rtq
¯ı

ξit multiplier on the budget constraint, ξet n
e
t λ

ℓ
t multiplier on leverage constraint

Later we show that co-state variable ξit equals SDF, which for log-utility “ e´ρi t 1
ρinit

Fisher Separation Theorem btw. consumption and portfolio choice
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1. Hamiltonian Approach: First order conditions

FOC w.r.t c it :

#

e´ρetu1pcet q “ξet

e´ρhtu1pcht q “ξht
ñ c it “ ρinit , log utility

FOC w.r.t θK ,i
t :

#

rK ,e
t ´ rt “ p1 ´ ℓqλℓ

t

rK ,h
t ´ rt “ 0

Where capital returns are: (dividend + price drift)

$

’

’

&

’

’

%

rK ,e
t “

ae

qt
`

1

qt

dqt
dt

rK ,h
t “

ahpκht q

qt
`

1

qt

dqt
dt
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2. Net Worth Evolution
Equilibrium objects are functions of state, net worth share, ηt “

Ne
t

Nt
“

Ne
t

qt K̄

Price dynamics: (No arbitrage for households)

ahpκht q

qt
`

1

qt

dqt
dt

“ rt ,

State dynamics:

µN
t dt “

dNt

Nt
“

Ne
t

Nt
loomoon

ηt

µNe

t dt `
Nh
t

Nt
loomoon

p1´ηtq

µNh

t dt

µη
t “ µNe

t ´ µN
t “ p1 ´ ηtqpµNe

t ´ µNh

t q

“ p1 ´ ηtqr´pρe ´ ρhq ` θK ,e
t p

ae

qt
`

1

qt

dqt
dt

´ rtq ´ θK ,h
t

“0 from above
hkkkkkkkkkkkkkikkkkkkkkkkkkkj

p
ahpκht q

qt
`

1

qt

dqt
dt

´ rtqs

“ p1 ´ ηtqr´pρe ´ ρhq ` θK ,e
t p

ae

qt
´

ahpκht q

qt
loooooomoooooon

“rK ,e
t ´rK ,h

t

qs
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2. Net Worth Evolution

Equilibrium objects pκe , κh, q, rq are functions of state, net worth share,

ηt “
Ne
t

Nt
“

Ne
t

qt K̄

pinned down by:
qtKtrρ

eηt ` ρhp1 ´ ηtqs “ raeκet ` ahpκht qκht sKt (Goods market)

θKet ηt
loomoon

“κe
t

qtKt ` θKht p1 ´ ηtq
looooomooooon

“κh
t

qtKt “ qtKt (Capital market)

κet ď
ηt

1 ´ ℓ
(Collateral Constraint)

µη
t “ p1 ´ ηtq

„

´pρe ´ ρhq ` θK ,e
t

ae ´ ahpκht q

qt

ȷ

simplified to (and define κt :“ κet “ 1 ´ κht )

qtrpρ
e ´ ρhqηt ` ρhs “ κta

e ` p1 ´ κtqa
hp1 ´ κtq

κt ď
ηt

1 ´ ℓ

µη
t “ p1 ´ ηtq

„

´pρe ´ ρhq `
κt
ηt

ae ´ ahp1 ´ κtq

qt

ȷ
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Global Non-linear Solution
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Parameters: ρe “ 0.06, ρh “ 0.04, ℓ “ 0.05, ae “ 1.0, ahp1 ´ κq “ aeκ
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Impulse Responses
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Impulse response function with 30% (of η) negative redistribution shock.
Parameters: ρe “ 0.06, ρh “ 0.04, ℓ “ 0.5, ae “ 1.0, ahp1 ´ κq “ aeκ
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Log-linearization around Steady State

1 Derive steady state with µη “ 0
with its properties

2 Log-linearize around steady state
characterize dynamical system locally around the steady state

Markus.Economicus@gmail.com Macrofinance 03: Simple Real Models Summer, 2026 38 / 54



The Steady State: Binding Collateral Constraint

The collateral constraint always binds in the steady state

If collateral constraint does not bind λℓ
t “ 0 and hence rK ,e “ rK ,h, i.e. ae “ ahp¨q

Note, the constraint does not need to bind only if κt “ 1.

Then µη
t “ p1 ´ ηtqpρh ´ ρeq

as ρe ą ρh ñ µη
t ă 0, i.e. η declines

Characterization of Steady State (Next Page)

𝑡

𝜂

𝜂∗

unbinding

binding
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Steady State

Since Collateral constrained binds, steady state capital share

κSS “
ηSS

1´ℓ

Expert sector’s net worth share is ηt :“
Ne
t

qt K̄
, is constant, i.e. µη

t :“ dηt
dt “ 0

qSS rpρe ´ ρhqηSS ` ρhs “ κSSae ` p1 ´ κSSqahp1 ´ κSSq

pρe ´ ρhq “
κSS

ηSS
ae ´ ahp1 ´ κSSq

qSS
for µη “ 0

Combine
κSSae ´ κSSahp1 ´ κSSq ` qSSρh “ κSSae ` p1 ´ κSSqahp1 ´ κSSq

ñ qSS “ ahp1 ´ κSSq{ρh,

where the steady state κSS is implicitly given by:

ρe ´ ρh

ρh
“

1

1 ´ ℓ

ae ´ ahp1 ´ κSSq

ahp1 ´ κSSq
.

For specific functional form ahp¨q “ aeκt :

κSS “
1

p1 ´ ℓqpρe ´ ρhq{ρh ` 1
ñ ηSS “

1 ´ ℓ

p1 ´ ℓqpρe ´ ρhq{ρh ` 1

Markus.Economicus@gmail.com Macrofinance 03: Simple Real Models Summer, 2026 40 / 54



Steady State: Comparative Static

For the specific example ahp¨q “ aeκ:

For higher leverage, ℓ, (i.e. less tight collateral constraint)

κSS , SS-capital share, is higher.
ηSS , SS-net worth share, is lower.

qSS “ ah

ρh , price of capital, is higher.

qSS K̄ , total wealth in the economy, is higher too.
Ne,SS experts’ net worth in steady state, is higher (Check?)
Comparative Static = permanent (long-run) shift to new steady state
Next: Dynamics of how to return to the old steady state

(after an unanticipated shock)
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Log-linearized Dynamics Around Steady State

Analytical solutions to ηt , qt dynamics are hard to obtain. Expansion around the
steady state:

logpηt{η
SSq “ η̂t

logpqt{q
SSq “ q̂t

logprt{r
SSq “ r̂t

logpaht {ah,SSq “ âht

Expression for âht , q̂
h
t as a function of η̂t

State dynamics and price dynamics become:

dη̂t
dt

“
1 ´ ηSS

1 ´ ℓ

ˆ

´
ah,SS

qSS
âht ´

ae ´ ah,SS

qSS
q̂t

˙

dq̂t
dt

“ rSSpr̂t ` q̂t ´ âht q
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Global vs. Log-linearized Solution for η-drift
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Note: x-axis is logpηq, since log-linearization
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Decomposing Amplification Effects

Start at steady state tqSS , ηSS , κSSu

Shock: redistribution of a fraction of experts’ net worth share to households
In KM productivity shock lasts for one period (not for an instant), causes initial redistribution

Impulse response function (with deterministic recovery)

Immediate impact at t “ 0

direct redistributive effect/shock
price-net worth effect
decline in qt reduces experts’ net worth share as they are levered ñ feedback
price-collateral effect
decline in qt tightens collateral constraints ñ feeds back on price-net worth effect

Subsequent impact t ą 0 (which feeds back to immediate impact)

Decomposition:
Switch off price-collateral effect by assuming that
collateral constraint is determined by SS-price qSS instead of equilibrium price qt .
(Formally, collateral constraint, κt ď

ηt
1´ℓ , becomes κt ď

ηt
1´ℓqSS{qt

.)
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Decomposition of Amplification: Impulse Response Fcn
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Impulse response function with 30% (of η) negative redistribution shock.
Parameters: ρe “ 0.06, ρh “ 0.04, ℓ “ 0.5, ae “ 1.0, ahp1 ´ κq “ κ

Markus.Economicus@gmail.com Macrofinance 03: Simple Real Models Summer, 2026 45 / 54



Decomposing Amplification at t “ 0

At time t, the economy is at steady state tqSS , ηSS , κSSu.

Negative initial/direct redistributive shock η1 “ p1 ´ ϵqηSS ,
new price q1, and capital holding κ1 solves:

q1 “
κ1ae ` p1 ´ κ1qahp1 ´ κ1q

pρe ´ ρhqη1 ` ρh
(Goods market)

κ1 “
ηSSp1 ´ ϵq

1 ´ ℓ
(qt-constraint)

κ1 “
ηSSp1 ´ ϵq

1 ´ ℓqSS{q1
(qSS -constraint)

However, debt contract was signed by old price qSS ñ η drops further

Consider the balance sheet (first round effect):

η1

1 ´ ℓ
q1 “

ℓ

1 ´ ℓ
η1qSS ` η2q1

To get the convergence result, we need to do this procedure iteratively.
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Decomposing Amplification for t ą 0 (global solution)
ρe “ 0.06, ρh “ 0.04, ℓ “ 0.05, ae “ 1.0, ahp1 ´ κq “ aeκ
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Parameters: ρe “ 0.06, ρh “ 0.04, ℓ “ 0.5, ae “ 1.0, ahp1 ´ κq “ aeκ
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Decomposing Amplification for t ą 0 (log-linearized sol.)

Price dynamics:

dq̂t
dt

“ rSS r̂t ´ rSS âht ` rSS q̂t

State dynamics with qt-collateral constraint:

dη̂t
dt

“
1 ´ ηSS

1 ´ ℓ

ˆ

´
ah,SS

qSS
âht ´

ae ´ ah,SS

qSS
q̂t

˙

State dynamics with qSS -collateral constraint:

dη̂t
dt

“
1 ´ ηSS

1 ´ ℓ

ˆ

´
ah,SS

qSS
âht ´

1

1 ´ ℓ

ae ´ ah,SS

qSS
q̂t

˙

q̂t , âht , r̂t are different with different constraints.
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“Single Shock Critique”

Critique: After the shock all agents in the economy know that the economy will
deterministically return to the steady state.

Length of slump is deterministic (and commonly known)

No safety cushion needed

In reality an adverse shock may be followed by additional adverse shocks

Build-up extra safety cushion for an additional shock in a crisis

Impulse response vs. volatility dynamics
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Overview: This Lecture

Real Macrofinance Models with Heterogeneous Agents

A Two-Sector Macrofinance Model

Complete Markets Benchmark

No risk and no frictions

Basak-Cuoco Model

Risk, one unproductive sector and no frictions

Kiyotaki-Moore Model

No risk, two production sectors and leverage constraints

Physical Investment
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Adding Investments/Physical Capital Formation

Instead of exogenous capital stock,
convert goods into physical capital (not buying it from others)

Capital conversion function Φpιq (increasing and concave)

dk it “ pΦpιitqk
i
t ´ δk itqdt ` ∆k,i

t k it

ιit is investment rate of new physical capital (real investment is ιitk
i
t)

occurs within the period (no “time-to-build”) ñ static problem

∆k,i
t k i

t is the purchase/sale of physical capital at qt from/to others

Hint: ∆k,i
t k i

t doesn’t impact return on capital rK ,i
t

δ is the depreciation rate of capital

Optimal investment rate ιit depends on price of physical capital qt .
Tobin’s Q:

qt “ 1{Φ1pιtq

attractive functional form with adjustment cost ϕ:
Φpιq “ 1

ϕ log pϕι ` 1q

Kt is a second state variable, which can be solved ex-post

Homework: Redo continuous time KM analysis with ι-investment.
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Bernanke, Gertler, Gilchrist 1999

Fully fledged DSGE Model with price stickiness, idiosyncratic firm risk, ...

Aggregate shocks are unanticipated zero-probability shocks (MIT shocks)

No fire-sale to less productive household sector (unlike in KM97)

Divestment: Convert physical capital back to consumption good at a cost
(captured by Φp¨q-adjustment cost function)

Financial Frictions:

No equity issuance
Debt issues with costly state verification (instead of collateral constraint)

If firm defaults (after negative idiosyncratic shock),
creditor has to pay cost to verify true (remaining) cash flow
Optimal contract is a debt contract
(debt payoff is hockey stick function of cash flow)
De-facto borrowing firms pay verification costs in expectations
(in form of higher interest rate/funding costs)

A negative aggregate shock, lowers firms’ net worth ñ firm’s default prob. rises
ñ expected verification cost rise ñ Firms funding costs rise
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Conclusion & Takeaways

Equity Issuance Friction

1 Incomplete Markets (Basak-Cuoco)

No fire sales (since ah Ñ ´8)
Asset Price constant (or appreciates after adverse shock σq ď 0q ñ Fluctuating
risk-free rate
No net worth trap, fat tails, spillovers

Debt Issuance Friction (explicit)

2 Collateral Constraint (Kiyotaki-Moore)

Fire sales (since ahp¨q ą 8q

Dynamic amplification
Single zero-probability shock
No risk dynamics, no net worth trap
No Volatility Paradox, Minsky Hypothesis

Physical Investment/ Tobin’s Q is within-period/static Decision

Markus.Economicus@gmail.com Macrofinance 03: Simple Real Models Summer, 2026 53 / 54



Extra Slides for KM97: Understanding Asset Prices

Price dynamics (with some proper initial conditions):

1

qt

dqt
dt

`
ahpκht q

qt
“ rt ,

qt “

ż 8

t
e´

şs
t ruduahpκhs qds

Discrete time analogy:

qt`1 ´ qt
qt

`
ahpκht q

qt
“ rt

qt “

8
ÿ

s“0

«

s
ź

u“0

1

p1 ` rt`uq

ff

ahpκht`sq

Asset price = sum of discounted dividend flows.

Asset prices are solved backward
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