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this talk

Objective: solve macro-finance models with “financial shocks” and volatile risk premia

This paper: a portfolio constraint that allows for
» fully dynamic model: long-lived agents, endogenous interest rates
» simple “myopic” portfolios with time-varying risk tolerance

» simple aggregation in general equilibrium

Existing approaches:
» preference shocks (risk aversion, robustness concerns, habits)
» preference, technology heterogeneity + redistribution

Suggested improvements: closed-form solutions + reduced demands for state space
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outline

Portfolio constraint and portfolio choice
» value-at-risk interpretation

» foundation through robustness concerns

Aggregation results
> interest rate and risk premium

» redistribution

Applications:
» risk premium dynamics with output shocks

» bond-stock correlation
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A value-at-risk constraint



environment
State x; is d-dimensional, driven by a b-dimensional Brownian motion {Z; };>¢:
dxy = px(xp)dt 4 ox(x¢)dZ;
Risk-free instant-maturity bond pays (x;) and k risky assets with excess returns dR;:
ARy = pr(xt)dt + or(x¢)dZs
Budget constraint:
dwy = (r(x;)wy — ¢;)dt + w0;dR;
Agent’s problem: given a process for ; € [0,1],
{Cf,%?});o E /Ooo pe Pt log(cr)dt
s.t. V4[01dR;] < 14IE¢[0dR;] (value-at-risk)
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heuristic explanation

Take some (L¢, at):

P{0jdR; < —/Lidt} < a

Equivalently,

® v Lydt +9t;4R(xt)dt <
\/9 U'R ’tht

Suppose & < 1/2, in the limit dt — 0,

Lt
0, 0] < ——————
toR (x¢)or (x¢)0; < @ (a2

With Ly = QEVR(xt) and oy = CD(—\/ 1/’)’t),
Wt [Géth] = QZUR(xt)(TR(Xt)ngf S Yt QZ‘MR(xt)dt = ’)’[IEt[Q;th}
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consumption and portfolio choice

Result: value separable over states w; and x;: V(wy, x¢) = log(w;) + 17(x¢) with recursive formulation
c*(wy, x¢) = pwy

0" (we, x¢) = min{1, 7} - [or (x¢)or (x¢) ] g (xr)

» capping std: Danielsson, Shin, and Zigrand (2012), Adrian and Boyarchenko (2018)

0 (wt, xt) = Ayt we, x¢) - [UR(xt)UR(xt)l]ilﬂR(xt)

» myopic agents: Vayanos and Vila (2021)

» recursive preferences of Kreps and Porteus (1978), Duffie and Epstein (1992) recursive preferences

0% (wr, x¢) = 71 - [or (xe)or (x¢)'] R () + f(x1)
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extensions

Simple portfolios survive with income from outside of financial markets:
» taxes (inducing stationarity)
» perpetual youth of Yaari (1965), Blanchard (1985)

Key to preserve consumption and portfolio choice: additional terms linear in own wealth

dw; = (r(xt)wt — Ct)dt + diRt — wtg(xt)dt — th(xt)/dZt
—_—— ————

deterministic tax stochastic tax

Can handle any deterministic tax ¢(x;), stochastic “profit” taxes T(x;)" o 0(x;) o (x¢) result

A foundation through robust choice foundation
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Aggregation



an economy with integrated markets

agents i € {1,..n} identical except for individual states: multipliers {+; } and wealth {w;; }
risky assets j € {1,..k} in fixed supply {s;} priced at {pj;}, pay dividends {y;; }

risk-free instant maturity bonds in zero net supply pay #;

vV v. vy

agents portfolio shares {6;;} translate to holdings h;j; = 6;j;w;;/ pj; and by = (1 — 6}, 1) )w;,

Given shocks {yt, Vit }+>0, an equilibrium is a set of adapted processes for prices {pj;, 7t }+>0 and
quantities {wj, cif, by, hijt}tzo that solve agents’ problems with prices taken as given and satisfy
Zi hijt = S]‘ for allj
) ibi=0
Ycit = Zj SiYjt
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equilibrium characterization

Withy, = {yjt}, v+ = {7}, wr = {w;; }, aggregate states are x; = (y,, yt, W), where W; = w; as.

dy,; = uy(y,)dt + oy (y,)dZs
dyy = po () dt + 0o () AW}

Characterize prices p(x;) = {p;(x:)} and r(x;) as functions of aggregate states:
dp(xt) = “l/lp(xt)dt + Up,y(xt)dzt + Um(xt)dwt
Vector of excess returns:

dRy = yR(xt)dt + O'R,y(xt)dzt + UR,7(xt)th
= D(py) " (up(xe) +y; — r(xe)p(x))dt + D(p,) " (0py (x0)AZi + 0 (x1)dW)
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wealth shares
Total wealth is exogenous:

Py Wi = Zj SiYjt

Denote wy = Y; w;; and define iy, (x¢) and oy, (x¢) by

dwt

1
o Ho (ye)dt + 0w (yr)dZ; = q[s/ﬂw(yt)dt + 5’0y (y,)dZi]
t

Denote wealth shares by v;; = % and define the weighted average I'; and dispersion A;
t

Ti =) . vievie

Ar= Zi VitV — (Zz Vit’)’it)2
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leverage and risk tolerance

Proposition 1: in equilibrium, agent i’s leverage A;; = Z]- Gijt is given by

/\. - -
it Ft

Proposition 2: wealth shares evolve as

1-T;

dv;
£ (=) [P oty Pt + o (y,)aZ:+ o

Vit

Proposition 3: the wealth-weighted average multiplier evolves as

Ay [1-T
drt_t-[ d

o 0w (y,) 12dt + ow(y,)dZ; + o/dwt} +vidy,
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asset prices

Proposition 4: the interest rate and asset prices solve

2
1(20) = + o) — 208
t
r)p(x0) = i+ ppl) — P20

Corollary: the PDE for asset prices is linear.

)Py (30) = 3+ D o) 50 = s o))’ |+ 31 () o)

risk adjustment

Corollary: Ayp(x;) = ]Et/ Asy ds, where Ay = 1 and
t

1 1-T
dlog(At) = —(o + pw(y,))dt — T, : {Fttaw(ytﬂzdt + 0w (y)dZ:
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Example: integrated markets



risk premia driven by output shocks

Caballero and Simsek (2020): risk premium shocks — real shocks
P speculators with heterogenous beliefs and risk tolerance make bets
» speculation redistributes wealth and changes aggregate risk tolerance
» natural interest rate changes

» failure to adjust policy rate is a monetary shock with real effects

Value-at-risk: no speculation needed, just productivity shocks, closed-form solutions
> two agents with different value-at-risk multipliers + one tree + risk-free debt
» low output — high risk premium —; low interest rate

P closely related: He and Krishnamurthy (2012)
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two agents, one tree

d
Lucas tree with % = udt + odZ; in unit supply, two agents with fixed multipliers 7 and
t

» total wealth is p; = w; = p~ly;, growth and volatility pyy = p and 0 = o
» wealth shares vy and v, =1 — 7;

» weighted average I't = v + V(7 — ) determines interest rate and risk premium:

2

n=pt+p————= = - X
t=pTH 1“’1/1‘(')/_1)/ ptu t
| S —
risk premium

» more risk-tolerant agent borrows from less risk-tolerant

T =7 X _
At_rt>1>rt Ay
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wealth shares and risk premium

More risk-tolerant agent’s wealth share:

o2dt + odZ;

vy _ 1-v)(7—2) _[1—1—yt(7_1)
v a+n(7 -1 2+(T - )

excess leverage > 0 risk compensation > 0

2 2
Risk premium x; € {U, U} :
X

dxe (e —0?)(0? — xi)

(73 =)~ 1)

= cxp(OH(F 4+ — 1) — ) dt —

Xt o o3

<0
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stationary economy

Can impose wealth taxes to make the economy stationary
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Figure: drift and volatility of the more risk-tolerant agent’s wealth share 7, stationary distribution.
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Example: bond-stock correlation



bond-stock correlation goes negative due to financial shocks

Simple model with two assets: claim to aggregate output (stocks) and bonds
Without financial shocks (fixed <) price correlation positive

With financial shocks (stochastic ;) a region with negative correlation emerges
» small enough effective risk-tolerance

» large enough volatility of risk premia
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one agent, one stock, one bond

A perpetuity (price p;, pays T), claim to aggregate output (price g;, pays y:): dyyt = udt +odZz;
t

One agent with a value-at-risk multiplier ;: dy; = p (7¢)dt + oy (7)) AW}

> set oy (7)) = 6/ (e — 1) (7 — 71) and po (1) = *(a(¥ — 7t) — b7t — 7))

» invariant distribution of 7; is B(a — 1,b — 1)

Individual wealth w;, aggregate wealth @Wy: dwy = (r(xt) — ¢t )widt + w0 dRy — %Tdt
t
> aggregate state is x; = (71, yt)
> agent is representative: w; = W; a.s., with pw; = y;

» T is tax rate, levied in proportion to individual wealth, finances coupon payments
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risk premia and asset prices

Interest rate:

2
N—— Yt Yt
—_———

risk premium

natural

Risk premium decreases in 7, decreases in coupon-to-output ratio

Asset prices solve linear PDE:

2 2 2
el =+ (= ) pylxiws 4 rp ) + G+ 20 )

o? o? o (71)?
i) = ye+ (1= 2 )yt + (000 (00 + )i + 20 g ()
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no financial shocks

Fix ¢ = v, can prove that stock and bond prices p(-) and g(-) are both increasing functions of y;

10.0

7.5

5.0

2.5

0.0

Figure: bond price p(y:) and stock price g(y;) under y¢ = 1
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adding financial shocks

With o, (¢) high enough, a region of negative correlation appears

Figure: correlation of bond and stock price increments dp(y;) and dq(y;), contour shows corr=0
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conclusion

A version of value-at-risk constraint that preserves tractable portfolios with
» long-lived agents

» time-varying risk tolerance

Robustness interpretation

Simple aggregation in general equilibrium

» potential for studying segmented markets
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recursive problem formulation

With (w, x) as states, value V(w, x) solves back

pV(w,x) = max plog(c) + (r(x)w — ¢ + w8 ug(x)) Vi (w, x) + 0'or (x)or(x)'0 Viww (W, x)

c,0 2
+ (%) Vi (w, %) + %tr[gx(x)lvxx’ (w, x)ox (x)] + w8 TR (x) 0 (x) Vipwr (w, )

st 0'og(x)oR(x)'0 < v - 0'ug(x)
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relation to recursive preferences

Take Kreps and Porteus (1978) preferences in Duffie and Epstein (1992) form, keep EIS=1: back

Vt:]Et/too(p(Cs,Vs)dS with (P(C,v)_P”(Vry_l) 10g(c)—7r1110g(0(77—1)>}

Value is no longer separable over w and x:

(wi (x))' /7

Viw,x) = 1—1/y

Optimal portfolio includes hedging motives if y # 1:

c*(w,x) = pw
112 (X)
7(x)

hedging motives

0" (w,x) = 1 - [or(x)or (x)'] TR (%) + (1 = 1) [or(x)or (x)'] " or (x)0(x)
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a foundation through robustness preferences

Same consumption and portfolio choice with a version of robust preferences technical details  back
Take an “alternative” Brownian motion {B; };>0 : By = Zg and dB; = dZ; — h;dt
Agent entertains alternative models under which dB; is a true standard Brownian motion

Assumes the following processes for excess returns and states:

ARy = pg(x¢)dt + or(xt)dZs = (ur(xt) — or(x¢)he)dt + or (x4 )dBy
dxt = yx(xt)dt + Ux(xt)dBt
———

no mistake

Willingness to entertain pessimistic scenarios: parameter ¢y — risk-tolerance 7y,
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multiplier problem

Let {Z;}¢>0 be a standard Brownian on (Q, F, { ; };>0, IP), take an adapted process {/1; }+>0
» consider an adapted process {M; };>0 : My = 1 and dM; = —hiM;dZ;
» defines a probability measure Q : EQ[&] = EF[M;&] for all bounded {&};>0and all t > 0
» {B:}>0 with By = 0 and dBy = dZ; — h;dt is a standard Brownian on (Q, F, { F; }+>0, Q)

» given an adapted process {{;}+>0 and m; = log(M;), agent solves a multiplier problem

inf EQ /oo et dt+/°° Pt yyd ]
{I(ijl%ﬁ IB {0 pe P log(ct) . e Prdmy

solving the problem back
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solving the multiplier problem

Log-likelihood process m; evolves as back
1 1
dmy = > \hy|?dt — WdZ; = 5 \hy|*dt — h}dB;

Recursive formulation:

plnp

pV(w,x) = max min plog(c) +
b h 2

() e 08 (g (x) — OR () Vi (0, )+ 20 () () BV (10, )
() Vi (@, ) 20000 (2) Vi (10,207 (6)] + 080k (x)0 () Vg (0,7)
Separability preserved: V (w, x) = log(w) + (x) and
¢ (w,%) = pw
0" (wx) = 37 - oo ()] ()
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relation to standard robustness setup

In the standard case, model for states is misspecified too: back
dxy = px(x¢)dt + oy (x)dZs = (ur(xt) — ox(x¢) Iy )dt + 0y (x¢)dBy

Recursive formulation:

lnp

V(w,x) = in pl
PV (w,x) = max min plog(c) + =5

+ (r(x)w — ¢ +wb' (ur(x) — og (x)h)) Vi (w, x) + EG'UR(x)UR(x)’Bwa(w,x)

+ (mx(x) = g:(ﬁﬁ)’Vx/ (w, x) + %tr[vx(X)’Vxx/(w, x)0 (x)] + w6'oR (%) 02 (%) Vi (w, X)

Separability V(w, x) = log(w) + 7(x) preserved but optimal & and 60 pick up V. (w, x):

9*(6(),)() _ Y . [O'R(X)U'R(X)/]_l‘uR(x) _ m —1|- 1 [O'R(X)O'R(x)/]—la'R(X)O'x(x)/';;,,(S;)

Pp+1
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stochastic taxes proportional to profits

Consider the following class of tax rates: back

T(xe) = ¢(x1)ve - or (xe) [or (xr)or (x1) ] g (xe)

Tax payments proportional to resulting profits:

T(Xt)/dzt = @(xt)G(xt)'UR(xt)dZt = g(xt)()(xt)’(th — yR(xt)dt)

Optimal portfolio the same unless {(x;) very negative:

0(wy, x¢) = min{y, 1+ {(xe) 71} - [or (xe)or ()] g (xe)
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common component in prices
Prices load on local and global shocks: back

dp(x,7) = pp(x,7)dt + 0px (x, 7)AZs + 05 (x, 7)AW;

Figure: common component ¢y, (x,y)/p(x, )
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