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Review: Asset pricing

"self-financing trading strategy with value At, Atξt is a martingale

Two assets: 

If asset B is risk-free: 
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Asset pricing: implications

• Valuation (e.g. the price of capital qt)
• Asset allocation:

= if agent i holds > 0 of asset A
• Evolution of wealth and wealth distribution
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Example: valuation

• Representative agent, CRRA utility, so ξt = e-ρt ct
-γ

• Single asset with divided D0, exp. growth g, volatility σ
• Find asset price and risk-free rate
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Model from online lectures
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experts households
Output per unit of capital a – ιt

CRRA utility, discount rate ρ

a – ιt,  a ≤ a

ρ < ρ

Liquid markets for capital kt with endogenous price per unit qt
dqt/qt = μtq dt + σtq dZt

issue debt & equity, but keep risk χt ≥ χ
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Question about allocation: Assume log utility and χ = 1, i.e. experts can issue only debt. 
What equation describes ψ, the fraction of capital held by experts? 
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Example: allocation, logarithmic utility

Consumption = ρ wealth

Price of risk (experts):

Asset pricing (experts): 

households: 
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Example: evolution of wealth and η: logarithmic utility

Consumption = ρ wealth

Price of risk:

Hence,

Ito implies that 
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Asset pricing: implications

• Valuation (e.g. the price of capital qt)
• Asset allocation:
with equality if agent i holds asset A in positive amount 
• Evolution of wealth and wealth distribution

Also, to solve the model we need understanding of 
• endogenous risk
• value functions (for numerical solutions)   

8

µA,i
t + µ⇠,i

t + �A,i
t �⇠,i

t  0,

8
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Model from online lectures

9

experts households
Output per unit of capital a – ιt

CRRA utility, discount rate ρ

a – ιt,  a ≤ a

ρ < ρ

Liquid markets for capital kt with endogenous price per unit qt
dqt/qt = μtq dt + σtq dZt

issue debt & equity, but keep risk χt ≥ χ
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Assume log utility and χ = 1, i.e. experts can issue only debt. Let’s solve it!

9

Logarithmic utility: model solution

Consumption = ρ wealth

Allocation:

Endogenous risk

10

η = 0, ψ = 0, q(0) = …
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Now, today’s exercise
• Households + experts,  a = a 
• Capital 

• Log utility (consumption = ρ ・wealth)
• Households

• Experts 

• Risk dZ is tradable (price of risk ςt) 11

Short Problems.

1. Suppose
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dqt
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1

where shocks dZt are aggregate and dZ̃t are idiosyncratic (agent-specific, and

canceling out in the aggregate). When managed by entrepreneurs, capital
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where � 2 (0, 1). That is, entrepreneurs are able to diversify and reduce their
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� > 0 and �
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where rFt is the equilibrium risk-free rate and ct is the entrepreneur’s con-
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cannot use derivatives to insure idiosyncratic risk. Aggregate-risk derivatives

and the risk-free asset are in zero net supply.
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where ⇢ > 0 is a discount rate and ct is the consumption of a household.
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where ⇢ > 0 is a discount rate and ct is the consumption of a household.
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Given these preferences, the optimal consumption rate of all agents is
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Big picture
• Valuation (e.g. the price of capital qt)
• Allocation

• capital 

• aggregate risk 

• Evolution of the wealth distribution
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Question 1

• What is the price of aggregate risk for households and 
experts, if households’ wealth is Nt and experts’, Nt?

(a) -σt
N and -σt

N

(b) -σt
N and -σt

N + σζ

(c) σt
N and σt

N - σζ

(d) σt
N and σt

N + σζ

(e) none of the above

13

13

Question 1

• For experts, MU = ζt/ct, volatility σζ – σt
c = σζ – σt

N.
• Price of risk = - volatility of MU, σt

N – σζ for E and σt
N for H.

• Both must equal ςt since aggregate risk is tradable

σt
N – σζ = σt

N = ςt

ςt = η(σt
N – σζ) + (1 - η)σt

N = σ - η σζ

14

14

Question 2

15

where ⇢ > 0 is a discount rate and ct is the consumption of a household.

Entrepreneurs have utility

E

Z 1

0

✓t log ct dt

�
,

where ✓t is the process of discounting and taste shocks that follows

✓0 = 1,
d✓t
✓t

= �⇢ dt+ (�✓) dZt,

where ⇢ is the same discount rate as that of households and (�✓) � 0 is an

exogenous parameter. In order to solve this problem, you can rely (without

proof) on the fact that the optimal consumption rate (of entrepreneurs as

well) is given by the discount rate ⇢ times net worth.

The goal of this problem is to characterize the equilibrium in this envi-

ronment.

(1) Given &t, what is the households’ choice aggregate risk exposure �n
t ?

How about that of entrepreneurs, �n
t ?

(2) Given the fraction  t of capital held by entrepreneurs, what are the

prices of idiosyncratic risk &̃t and &̃ t for entrepreneurs and households?

(3) As a function of the entrepreneurs’ wealth share ⌘t, determine the

fraction of capital  t that entrepreneurs hold in equilibrium.

(4) If the risk-free rate is rFt , which of the following expressions gives the

law of motion of experts’ wealth Nt?

(a) dNt
Nt

=

⇣
rFt + (&t + �✓)&t +

 t

⌘t
��̃2

⌘
dt+ (&t + (�✓)) dZt.

(b) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)&t +

 2
t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(c) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)2 +  2

t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(d) dNt
Nt

=

⇣
rFt � ⇢+  t

⌘t
�&t +

 t

⌘t
��̃2

⌘
dt+  t

⌘t
� dZt.

2

where ⇢ > 0 is a discount rate and ct is the consumption of a household.

Entrepreneurs have utility

E

Z 1

0

✓t log ct dt

�
,

where ✓t is the process of discounting and taste shocks that follows

✓0 = 1,
d✓t
✓t

= �⇢ dt+ (�✓) dZt,

where ⇢ is the same discount rate as that of households and (�✓) � 0 is an

exogenous parameter. In order to solve this problem, you can rely (without

proof) on the fact that the optimal consumption rate (of entrepreneurs as

well) is given by the discount rate ⇢ times net worth.

The goal of this problem is to characterize the equilibrium in this envi-

ronment.

(1) Given &t, what is the households’ choice aggregate risk exposure �n
t ?

How about that of entrepreneurs, �n
t ?

(2) Given the fraction  t of capital held by entrepreneurs, what are the

prices of idiosyncratic risk &̃t and &̃ t for entrepreneurs and households?

(a) &̃t =
 t

⌘t
�̃ &̃ t =

1� t

1�⌘t �̃

(b) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t �̃

(c) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t '�̃

(d) &̃t = &̃ t = '�̃

(3) As a function of the entrepreneurs’ wealth share ⌘t, determine the

fraction of capital  t that entrepreneurs hold in equilibrium.

(4) If the risk-free rate is rFt , which of the following expressions gives the

law of motion of experts’ wealth Nt?

(a) dNt
Nt

=

⇣
rFt + (&t + �✓)&t +

 t

⌘t
��̃2

⌘
dt+ (&t + (�✓)) dZt.

(b) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)&t +

 2
t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(c) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)2 +  2

t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(d) dNt
Nt

=

⇣
rFt � ⇢+  t

⌘t
�&t +

 t

⌘t
��̃2

⌘
dt+  t

⌘t
� dZt.

2
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• Hint:

where ⇢ > 0 is a discount rate and ct is the consumption of a household.

Entrepreneurs have utility

E

Z 1

0

✓t log ct dt

�
,

where ✓t is the process of discounting and taste shocks that follows

✓0 = 1,
d✓t
✓t

= �⇢ dt+ (�✓) dZt,

where ⇢ is the same discount rate as that of households and (�✓) � 0 is an

exogenous parameter. In order to solve this problem, you can rely (without

proof) on the fact that the optimal consumption rate (of entrepreneurs as

well) is given by the discount rate ⇢ times net worth.

The goal of this problem is to characterize the equilibrium in this envi-

ronment.

(1) Given &t, what is the households’ choice aggregate risk exposure �n
t ?

How about that of entrepreneurs, �n
t ?

(2) Given the fraction  t of capital held by entrepreneurs, what are the

prices of idiosyncratic risk &̃t and &̃ t for entrepreneurs and households?

(a) &̃t =
 t

⌘t
�̃ &̃ t =

1� t

1�⌘t �̃

(b) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t �̃

(c) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t '�̃

(d) &̃t = &̃ t = '�̃

(3) As a function of the entrepreneurs’ wealth share ⌘t, determine the

fraction of capital  t that entrepreneurs hold in equilibrium.

(4) If the risk-free rate is rFt , which of the following expressions gives the

law of motion of experts’ wealth Nt?

(a) dNt
Nt

=

⇣
rFt + (&t + �✓)&t +

 t

⌘t
��̃2

⌘
dt+ (&t + (�✓)) dZt.

(b) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)&t +

 2
t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(c) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)2 +  2

t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(d) dNt
Nt

=

⇣
rFt � ⇢+  t

⌘t
�&t +

 t

⌘t
��̃2

⌘
dt+  t

⌘t
� dZt.

2

�⌘
t =

 t � ⌘t
⌘t

(� + �q
t ), qt�

q
t = q0(⌘) ( t � ⌘t)(� + �q

t )| {z }
�⌘
t ⌘t

⇢qt = a� ◆(qt)

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
t )&t + '�̃

 t

⌘t
�̃

|{z}
price of idiosyncratic risk, E

= 0

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
t )&t + �̃

1�  t

1� ⌘t
�̃

| {z }
price of idiosyncratic risk, H

= 0

�⌘
t =

 t � ⌘t
⌘t

(� + �q
t ), qt�

q
t = q0(⌘) ( t � ⌘t)(� + �q

t )| {z }
�⌘
t ⌘t

⇢qt = a� ◆(qt)

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
t )&t + '�̃

 t

⌘t
'�̃

| {z }
price of idiosyncratic risk, E

= 0

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
t )&t + �̃

1�  t

1� ⌘t
�̃

| {z }
price of idiosyncratic risk, H

= 0

�⇠
t = �volatility of marginal utility = &t
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• Hint:

where ⇢ > 0 is a discount rate and ct is the consumption of a household.

Entrepreneurs have utility

E

Z 1

0

✓t log ct dt

�
,

where ✓t is the process of discounting and taste shocks that follows

✓0 = 1,
d✓t
✓t

= �⇢ dt+ (�✓) dZt,

where ⇢ is the same discount rate as that of households and (�✓) � 0 is an

exogenous parameter. In order to solve this problem, you can rely (without

proof) on the fact that the optimal consumption rate (of entrepreneurs as

well) is given by the discount rate ⇢ times net worth.

The goal of this problem is to characterize the equilibrium in this envi-

ronment.

(1) Given &t, what is the households’ choice aggregate risk exposure �n
t ?

How about that of entrepreneurs, �n
t ?

(2) Given the fraction  t of capital held by entrepreneurs, what are the

prices of idiosyncratic risk &̃t and &̃ t for entrepreneurs and households?

(a) &̃t =
 t

⌘t
�̃ &̃ t =

1� t

1�⌘t �̃

(b) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t �̃

(c) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t '�̃

(d) &̃t = &̃ t = '�̃

(3) As a function of the entrepreneurs’ wealth share ⌘t, determine the

fraction of capital  t that entrepreneurs hold in equilibrium.

(4) If the risk-free rate is rFt , which of the following expressions gives the

law of motion of experts’ wealth Nt?

(a) dNt
Nt

=

⇣
rFt + (&t + �✓)&t +

 t

⌘t
��̃2

⌘
dt+ (&t + (�✓)) dZt.

(b) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)&t +

 2
t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(c) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �✓)2 +  2

t

⌘2t
�2�̃2

⌘
dt+ (&t + (�✓)) dZt.

(d) dNt
Nt

=

⇣
rFt � ⇢+  t

⌘t
�&t +

 t

⌘t
��̃2

⌘
dt+  t

⌘t
� dZt.

2

�⌘
t =

 t � ⌘t
⌘t

(� + �q
t ), qt�

q
t = q0(⌘) ( t � ⌘t)(� + �q

t )| {z }
�⌘
t ⌘t

⇢qt = a� ◆(qt)

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
t )&t + '�̃
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⌘t
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|{z}
price of idiosyncratic risk, E

= 0
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t )&t + �̃
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'�̃

| {z }
price of idiosyncratic risk, E

= 0

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
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t = q0(⌘) ( t � ⌘t)(� + �q
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where ⇢ > 0 is a discount rate and ct is the consumption of a household.

Entrepreneurs have utility

E

Z 1

0

✓t log ct dt

�
,

where ✓t is the process of discounting and taste shocks that follows

✓0 = 1,
d✓t
✓t

= �⇢ dt+ (�✓) dZt,

where ⇢ is the same discount rate as that of households and (�✓) � 0 is an

exogenous parameter. In order to solve this problem, you can rely (without

proof) on the fact that the optimal consumption rate (of entrepreneurs as

well) is given by the discount rate ⇢ times net worth.

The goal of this problem is to characterize the equilibrium in this envi-

ronment.

(1) Given &t, what is the households’ choice aggregate risk exposure �n
t ?

How about that of entrepreneurs, �n
t ?

(2) Given the fraction  t of capital held by entrepreneurs, what are the

prices of idiosyncratic risk &̃t and &̃ t for entrepreneurs and households?

(a) &̃t =
 t

⌘t
�̃ &̃ t =

1� t

1�⌘t �̃

(b) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t �̃

(c) &̃t =
 t

⌘t
'�̃ &̃ t =

1� t

1�⌘t '�̃

(d) &̃t = &̃ t = '�̃

(3) As a function of the entrepreneurs’ wealth share ⌘t, determine the

fraction of capital  t that entrepreneurs hold in equilibrium.

(4) If the risk-free rate is rFt , which of the following expressions gives the

law of motion of experts’ wealth Nt? Recall that

�N
t = &t, �N

t = &t + �⇣ .

(a) dNt
Nt

=

⇣
rFt + (� + (1� ⌘t)�⇣)&t +

 t

⌘t
��̃2

⌘
dt+ (� + (1� ⌘t)�⇣) dZt.

2

(b) dNt
Nt

=

⇣
rFt � ⇢+ (� + (1� ⌘t)�⇣)&t +

 2
t

⌘2t
�2�̃2

⌘
dt+(�+(1�⌘t)�⇣)dZt.

(c) dNt
Nt

=

⇣
rFt � ⇢+ (� + (1� ⌘t)�⇣)2 +

 2
t

⌘2t
�2�̃2

⌘
dt+(�+(1�⌘t)�⇣)dZt.

(d) dNt
Nt

=

⇣
rFt � ⇢+  t

⌘t
�&t +

 t

⌘t
��̃2

⌘
dt+  t

⌘t
� dZt.

(a) dNt
Nt

=

⇣
rFt + (&t + �⇣)&t +

 t

⌘t
'�̃2

⌘
dt+ (&t + �⇣) dZt

(b) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �⇣)&t +

 2
t

⌘2t
'2�̃2

⌘
dt+ (&t + �⇣) dZt

(c) dNt
Nt

=

⇣
rFt � ⇢+ (&t + �⇣)2 +  2

t

⌘2t
'2�̃2

⌘
dt+ (&t + �⇣) dZt

(d) dNt
Nt

=

⇣
rFt � ⇢+  t

⌘t
�&t +

 t

⌘t
'�̃2

⌘
dt+  t

⌘t
� dZt

3
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Question 5

19

• Which equation should we use to derive the law of motion of η? 

(5) Which expression gives the law of motion of total wealth qtKt?

Recall that

�N
t = &t, �N

t = &t + �⇣ .

(a) d(qtKt)

qtKt
=

a�◆t
qt

dt+ (µq
t + �(◆t)� � + ��q

t ) dt+ (� + �q
t ) dZt � ⇢ dt

(b) d(qtKt)

qtKt
= (µq

t + �(◆t)� � + ��q
t ) dt+ (� + �q

t ) dZt

(c) d(qtKt)

qtKt
=

⇣
rFt � ⇢+ (&t + ⌘�⇣)&t +

 2
t
⌘t
'2�̃2

+
(1� t)

2

1�⌘t �̃2

⌘
dt+(&t+⌘�⇣)dZt

(d) all of the above

(e) (a) and (b) but not (c)

(6) Derive the law of motion of ⌘t. Please express your answer in terms

of model primitives (no endogenous variables). Recall that for processes

dXt/Xt = µX
t dt+ �X

t dZt and dYt/Yt = µY
t dt+ �Y

t dZt,

we have

d(Xt/Yt)

Xt/Yt
= (µX

t � µY
t + �Y

t (�
Y
t � �X

t )) dt+ (�X
t � �Y

t ) dZt.

(7) Under what conditions does the stationary distribution of ⌘ exist?

You may use directly the fact (which you can derive from part (6)) that

µ⌘⌘

(�⌘⌘)2
=

✓
1

1� ⌘
+

1

⌘

◆
�2
(1� �2

)

(⌘ + (1� ⌘)�2)2

�̃2

(�⇣)2
� 1

1� ⌘
.

Hint: you have to make sure that the stationary density integrates to a finite

number both near ⌘ = 0 and 1.

You can also determine the stationary density (up to an integration con-

stant) in closed form, but we will not do it in class.

4
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Question 6

20

• Derive the law of motion of η.  Recall that 

and

�⌘
t =

 t � ⌘t
⌘t

(� + �q
t ), qt�

q
t = q0(⌘) ( t � ⌘t)(� + �q

t )| {z }
�⌘
t ⌘t

⇢qt = a� ◆(qt)

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
t )&t + '�̃

 t

⌘t
'�̃

| {z }
price of idiosyncratic risk, E

= 0

a� ◆t
qt

+ cap. gains rate� rFt + (� + �q
t )&t + �̃

1�  t

1� ⌘t
�̃

| {z }
price of idiosyncratic risk, H

= 0

�⇠
t = �volatility of marginal utility = &t

 t

⌘t
'2�̃2 =

1�  t

1� ⌘t
�̃2 )  t =

⌘t
⌘t + (1� ⌘t)'2

E

Z 1

0

e�⇢t
log ct dt

�
) ct = ⇢nt, &t = �(��c

t ) = �n
t

E

Z 1

0

✓t log ct dt

�
with

d✓t
✓t

= �⇢ dt+ (�✓
) dZt, also ct = ⇢nt

volatility �⇠
t + �Y

t (minus the price of risk of Y )

µ⌘
= � ⌘

1� ⌘
µ⌘

dnt

nt
= rFt dt+ �n

t (&t dt+ dZt)�
ct
nt

dXt

Xt
= µX

t dt+ �X
t dZt,

dYt

Yt
= µY

t dt+ �Y
t dZt )

d(Xt/Yt)

Xt/Yt
= (µX

t � µY
t � �Y

t (�
X
t � �Y

t )) dt+ (�X
t � �Y

t ) dZt

dZ̃t

5

(b) dNt
Nt

=

⇣
rFt � ⇢+ (� + (1� ⌘t)�⇣)&t +

 2
t

⌘2t
�2�̃2

⌘
dt+(�+(1�⌘t)�⇣)dZt.

(c) dNt
Nt

=

⇣
rFt � ⇢+ (� + (1� ⌘t)�⇣)2 +

 2
t

⌘2t
�2�̃2

⌘
dt+(�+(1�⌘t)�⇣)dZt.
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Summary
• Valuation (e.g. the price of capital qt)
• Capital allocation

• Wealth distribution
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Bonus question
• Suppose we have a Markov diffusion process

then density over X follows

Stationary density satisfies

For today’s exercise, under what conditions does the stationary
density exist?
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Kolmogorov Forward Equations.

The Kolmogorov forward equation (KFE)

gt(x, t) = � @

@x
(µ(x)g(x, t)) +

1

2

@
2

@x2
(�(x)2g(x, t)) (14)

describes how a density evolves over time when each point follows the Markov
di↵usion process

dXt = µ(Xt) dt+ �(Xt) dZt. (15)

How should one understand equation (14), and what is a good way to
remember it? Suppose that one is interested in the rate of change of E[f(Xt)]
with time for a twice continuously di↵erentiable function f. There are two
ways to derive this quantity. First,

E[f(Xt)] =

Z
f(x)g(x, t) dx ) dE[f(Xt)]

dt
=

Z
f(x)gt(x, t) dx.

Second, the expected rate of change of f(Xt) is f 0(Xt)µ(Xt)+f
00(Xt)�(Xt)2/2,

and integrating over the density g(x, t), we obtain

dE[f(Xt)]

dt
=

Z
(f 0(x)µ(x) + f

00(x)�(x)2/2)g(x, t) dx =

�
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(µ(x)g(x, t) dx+

Z
f(x)
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2

@
2

@x2
(�(x)2g(x, t)) dx,

where we obtain the last line integrating by parts, assuming the right bound-
ary conditions. Equating the two expressions for dE[f(Xt)]/dt, we get

Z
f(x)gt(x, t) dx =

Z
f(x)
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dx.

Since this equation must hold for any function f(x), we get (14).

The stationary version the KFE, which sets the time derivative to zero,
can be used to compute the stationary distribution of a Markov di↵usion.
Specifically, the stationary density g(x) must satisfy

0 = � d

dx
(µ(x)g(x)) +

1

2

d
2

dx2
(�(x)2g(x)).
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