FEconomies with
Financial Frictions —
Review and Exercises

The 2022 Princeton Initiative

Review: Asset pricing

SDF & = e "'u/(c;)
Vself-financing trading strategy with value A;, A:; is a martingale
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Asset pricing: implications

SDF & = e~/ (¢y) i+t +ofot =0

* Valuation (e.g. the price of capital qt)
* Asset allocation: pit it + ooy
= if agent i holds > O of asset A

* Evolution of wealth and wealth distribution

<0,

Example: valuation

* Representative agent, CRRA utility, so § = e®t ¢,V
* Single asset with divided Do, exp. growth g, volatility o
* Find asset price and risk-free rate
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Note: if y = 1, Dy/qy= p

9/10/22



Model from online lectures

d]TI,i" = (P(y) —6) dt + o dZ;
experts households
Output per unit of capital a — 1, a-i asa
CRRA tility, discount rate p R<p

issue debt & equity, but keep risk x; 2 x

Liquid markets for capital k, with endogenous price per unit q;
dai/q; = pa dt + o dZ,

Question about allocation: Assume log utility and.y = 1, i.e. experts can issue only debt.
What equation describes y, the fraction of capital held by experts?

Example: allocation, logarithmic utility

Consumption = p wealth
Ya+(1—v)a—u(q) = (m+p(l—n))q

Price of risk (experts):  of = —oC = —o¥ = 7%«7 +a?)
Mt

Asset pricing (experts): "%

+ cap. gains rate — rf + (0 + 09) (*/ﬂ(” + ”q)> =0
Mt

a-u : F 11—
. + cap. gains rate — r, + (0 +0?) [ ———(c +0%) | =0
households: ) D & ¢ +(0+a7) ( T, (e +a’)

subtracting
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Example: evolution of wealth and n: logarithmic utility

Consumption = p wealth

o N,
. L. & c_ _ N_ _ Yt q =t
Price of risk: i = —0i = —oi" =~ (0 +0) "= N, TN,
dN, C ) )
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Ito implies that
U !

Asset pricing: implications

* Valuation (e.g. the price of capital qt)

* Asset allocation: pitt 4 g+ oot <0,
with equality if agent i holds asset A in positive amount

* Evolution of wealth and wealth distribution

Also, to solve the model we need understanding of
* endogenous risk
« value functions (for numerical solutions)




Model from online lectures

df},(" = (P(y) —6) dt + o dZ;
K,
experts households
Output per unit of capital a — a-n, asa

CRRA tility, discount rate p R<p

issue debt & equity, but keep risk x; 2 x

Liquid markets for capital k, with endogenous price per unit q;
dai/q; = pa dt + o dZ,

Assume log utility and = 1, i.e. experts can issue only debt. Let’s solve it!

Now, today’s exercise

* Households + experts, a=a
* Capital
dky s
T (P(1¢) = 0) dt + 0 dZy + @ G dZ,

* Log utility (consumption = p * wealth)

* Households 00
E [/ e "logc, dt]

JO
* Experts

0 d
E {/ (i log ¢ dt} g = —pdt+o°dZ,
0

* Risk dZ is tradable (price of risk g)

Logarithmic utility: model solution
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q A
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Big picture
* Valuation (e.g. the price of capital qt) pg = a — u(q)
* Allocation - /
« capital a7y cap. gains rate — 7 + (o + of)s; + & 17): G =0
price of idiosyncratic risk, E
a— . F o~ 11—
+ cap. gains rate —r; + (a + (rt)gL +0o oy =0
-
- aggregate risk price of idiosyncratic risk, H
nf = —volatility of marginal utility = ¢
* Evolution of the wealth distribution
12
12
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Question 1

* What is the price of aggregate risk for households and
experts, if households’ wealth is_N: and experts’, N¢?

(a) -od and -oN

(b) -od and -oN+ ot

(c) o and oN- ot
(d) o and oV + ot

(e) none of the above

Question 1

* For experts, MU = {;/c,, volatility o°— ¢ = 6®— oM.
* Price of risk = - volatility of MU, o:N— o° for E and o;"<for H.
* Both must equal ¢ since aggregate risk is tradable

oN—ot=ofl= Gt
Gt =n(oN-0%) +(1-n)ot=0-n o

13

Question 2

(2) Given the fraction v of capital held by entrepreneurs, what are the
prices of idiosyncratic risk ¢; and ¢, for entrepreneurs and households?

~ e~ ~ 1= ~
a) t =00 &= 177“0'

o

~ / ~ ~ 1—
b) t = ﬂ‘po— S = 1_17/;:

(
(
() & =1rwo & =i
(

15
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Question 3
(3) As a function of the entrepreneurs’ wealth share 7, determine the
fraction of capital v, that entrepreneurs hold in equilibrium.
int- a—t . p - Yy
* Hint: — 4 cap. gains rate — 17 + (0 + 0f)g + 97 o5 =0
qr M
price of idiosyncratic risk, E
a—t —
L 4 cap. gains rate — 1l + (0 4+ 0)¢ + & 5 =0
' 1—mn
price of idiosyncratic risk, H
16
16
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Question 3

(3) As a function of the entrepreneurs’ wealth share 7;, determine the
fraction of capital ¢, that entrepreneurs hold in equilibrium.

* Hint: -y cap. gains rate — 1/ + (0 + of)s + & ﬂg,oa =0
qt

a—
.+ cap. gains rate — " + (0 + %) + &

price of idiosyncratic risk, H

Question 4

(4) If the risk-free rate is r;", which of the following expressions gives the
law of motion of experts’ wealth N;? Recall that

N
o = S, UtN =g+

(a) djflvl‘ = (7f+ €t+0'<)€t+ L ) dt + (s + 0°) dZ;

() &= (r,F —p+ (o) + % ) dt + (s + 0%) dz,
(0) = (rf—p+ (4 0¢)? +—2'<pa) dt+ (s + 0%) dZ;
(d) 4= (rf—p+ Yog + 2 )dt+ o 47,

L e L N
Ly =t = pp = ———————
A YA me
17
17
Question 5
(5) Which expression gives the law of motion of total wealth ¢, /;?
Recall that ,
Uél = G, U{V =¢ + o°.
(a) KD — ozt gt 4 (uf + @(1y) — 6 + 007) dt + (0 + 0f) dZ, — pat
(b) o) — (4} + ®(u) — 6+ 00l) db + (0 + f) dZ,
(¢) 7‘12‘1’;‘?) = (rf —p+ (& +n0%)s + '“ L?5% 4 (=g “) &2> dt+(+n0°)dZ;
(d) all of the above
(e) (a)and (b) but not (c)
* Which equation should we use to derive the law of motion of n?
19
19
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Question 6
* Derive the law of motion of n. Recall that
dTAf' = (rt —pt(s+o)g+ 2»47 o ) dt + (s + 0°) dZ;
d(aly) _  p ¢ U, 52 (=), ¢
W—(rt —p+(a+no®)a+ PRl +Tm )dt+ (s +no®)dZ;
Y25t since Lp2g2=1"0g0 by = U
Pt — 1\ o
ne+ (1 —m)p?
and
d(Xi/Ys
AL = i =l = oY (o = o) dt+ (o = oY)
20
20



Question 6 %:(Mf‘—uf7af(affo}’))dt+(of‘faﬁ’)d2t

* Derive the law of motion of n. You can use

Ua

o= (rLF —p+ (s +0%)s + %92&2) dt + (s + 0°) dZ, e =

d(q K Y} 1—y)?
Ul _(or i qrmatrar Lrar+ 2050y (q 4oty az,
q: Ky UG 1—mn
o252 since Spoi=1=hLs?

dn P*(1 = 9?5 2
P <(1 - U)m +n(n—1)(c%) > + (1 —n)ot dZ,

21

N+ (1= ne)p?

Summary
* Valuation (e.g. the price of capital g) pa: = a — t(qr)
* Capital allocation " U

Tt (1)

* Wealth distribution  dn. ((1777)(7]'>9+(21’7>9”))Zz)2+,]<7171)<J()2)+(1771)Uc(lzt

1 0.08 0.015
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— //_\
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0.4 / \ 0

0.2 // 002 ’/ \\ -0.005 \\\ /
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Bonus question
* Suppose we have a Markov diffusion process

dX, = p(Xy) dt + 0(Xy) dZy

then density over X follows

e,1) = — 2 (gl 1) + 5 (o0, 1)

Stationary density satisfies

g(x) = constﬁ exp < / 127/(15;2 dy>

For today’s exercise, under what conditions does the stationary
density exist?
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