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The Setting

* Output a k2|12
Capital dk,

l.: 1t interpretation - intangibles (customers, know-how, etc)
« 2 interpretation: labor

dil =6 dZ!, Lt:/zgdz':l

With interpretation 1: individuals can trade coins (in fixed supply), k and
intangibles (e.g. acquire customers of a struggling business). Values

Pt dt Kt and Rt

Utility: logarithmic, discount rate p



The Setting

» Values (coins, capital, intangibles)

Pt dt Kt and Rt

e Dividend yield

aa KLy — Ky (1 —a)aKoLi™®

7 qe Iy 7 Ry

* Optimal investment FOC
(I)/(Lt)C]t =1



Question 1

1. What is the correct market-clearing condition for all output in this
economy”’

(a) p(P+ R+ K;) = KLy

(b)  pq kK = OfaKtaL%_a — 1(q) Iy

() p(Pi+ R+ qly) = aK{ L~ — () K,
(d) pRi=(1—a)aKyL, ™"



Question 2

2. Using output as numeraire, what are the returns on capital, intabgibles
and money in the stationary growth equilibrium of the economy? For money
return, assume money has value, so its return is well defined.

Kopl-o K 1 — KoL~ >
a1y 2 tdt—l—gdt, d’I“tL _ ( CK)CL t ~t dt+gdt-+odZ;, d’riw = gdt.

Ry

(b) drf =aaKPL7%dt, drf=(1—-0a)aK*L %dt+6dZ;, drM =0.

dt+(B(1g)=0)dt,  drf = (1—a)aK* L “dt+gdt, dr} =0.

(d) drf =gdt, drf=gdt+dzZ, dr} =gdt.



Question 3

3. What determines the price of capital ¢; as well as the investment rate
in the stationary growth equilibrium?

(a) The productivity parameter a and the depreciation rate .

(b) Parameters a, o and 6.

(c) The conditions ®(1) — d = g and (1) = q.

(d) The condition that the expected returns on capital and intabgibles
are the same.



Question 4

4. Write down the pricing equation for intabgibles relative to capital in
the stationary growth equilirium of this economy

(a) (1—c)aKPL,~*—(caKP Ly " —uKi) _ R, ~9
Ri+q: K¢ Ri+Pi+q: Kt

(b) (1—e)aKPL,""  aaKpLy™“—u Ky _ Ry ~9
Ry qt K¢ Ri+Pi+qi K¢

(c) (1—a)aK{L, ™% aaKPL, ™ *—uK, _ R? 52
Ry qt Kt (Rt+Pi+q: K¢)?

(d) (I-—e)aKpL;"" _ g+ Ry 52
Ry Ri+Pi+q: Ky )



Equilibrium with or without money

* Next, we’ll characterize the key ratio of output to capital Y/K = a(L/K)*,
from which we can back out everything else. We'll do it for the cases of
* no idiosyncratic risk
 large enough idiosyncratic risk so money has value

* Then we’ll answer the ultimate question: how large idiosyncratic risk
needs to be for coins to have value in equilibrium



Question 5

5. For the case when ¢ = 0, write down the quadratic equation that
characterizes the level of output per unit of capital Y/K = a(L;/K;)'™* in
the steady state. Your equations will have in it «+ and ¢ from part 3 (which
you can take as given). Hint: You should use the market-clearing condition
for output from part 1 and the pricing equation from part 4, taking ¢ and ¢
as given.

* If we know L, = e8' L,, we can use Y/K to determine K,



QU estion 5 + Quadratic equation for Y/K, no idiosyncratic risk

Solution. The market clearing and pricing conditions become

(1-—a)Y oY — K,
= and R+gK)=Y — /K.
Rl e p(R+ ¢K)

Combining these two equations, we obtain

(1-a)Y oY — K,

Y_pLK —qK K
Y/K —
p(1—a)Y/K = (aY/K — 1) ( [K=v ,0) .
q
R/(qK)

We are interested in the solution such that R/(qgK) > 0, and so aY /K >
L. Hence, money cannot have any value in this case.

10



Question 6

6. Now, consider the case of large enough idiosyncratic risk, so that there
exists an equilibrium with money. What level must Y/K attain in all these
equilibria?

11



Question 6« Y/Kwhen money has value

Solution. Capital and money are both risk-free assets, and must have
equal return if money 1s to have value. Since the dividend yield on capital
must be 0, we must have aY /K = 1. Hence,

L
Y/ K =—.
/ o)

In contrast, with ¢ =0, Y/K > 1/« and satisfies

Y/K —1
—_ IO) .
q
R/(qK)

p(1—a)Y/K = (aY/K — 1) <

As o increases, the amount of capital K grows for each L, until dividend
yield on capital erodes to 0.

12



Question /

It money has value in equilibrium, characterize R; and P; as functions of
o. For what range of ¢ is is there an equilibrium in which money has value?

13



QU estion / -« Condition for money to have value

Solution. Plugging oY /K = v into the market clearing condition and the
pricing equation, we obtain
= o
Q R+ P +qgK

p(P+ R+qK) =

Hence, we have

R . 1 —at
\fp_R—FP—I—qKO’ a p

R:ﬁl_&if(, P:(ﬁ—ﬁl—ab q)K.

~

o o p

Money has value when
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Bonus:

numerical graph
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